7.8 Stability of Discrete-Time Linear Systems

We distinguish between internal system stability (stability of the system zero
input response) and bounded-inpobunded-output (BIBO) stability (stability of
the system zero-state responsdys in the continuous-time domain, discrete-time
internal system stability depends on the location of the system eigenvalues ar

system BIBO stabilityis determined by the nature tfe system impulse response.

7.8.1Internal Stability of Discrete-Time Linear Systems

Definition 7.3: A discrete-time input freesystem isstable if its zero-input

responsds bounded in time, thais

ly.i[k]| < M = const < oo, Vk

The slides contain the copyrighted material from Linear Dynamic Systems and Signals, Prentice Hall 2003. Prepared by Professor Zoran Gajic 7—125



The lineardiscrete-time systens asymptotically stabléf in addition of being

stableits zero-inputresponse tends tpero as time increases, that is

klim {y.:[k]} — O

Internal system stabilitys related to the systemigenvalues. The discrete-time
linear systeneigenvalues are the solutions afrresponding system characteristic
equation. Consider first the case when tlebaracteristic values are distinct. The
homogeneousolution of the corresponding difference equation, which for a zero-

input systenrepresents the zero-input responsaien by

y=ilk] = Ci(p1)“ +Ca(p2)“ +-+ -+ Cn(pn)*, pr# p2 # -+ # pn, k>0

Let us observehat p* will decay tozero ask increases iflp| < 1. The term

p* will tend to infinity astime increases ifjp| > 1. For |p| = 1, which
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represents thenit circlein the complexplane, p* remains orthe unitcircle since
(1ej30)k = 1*ei*® = eI*k¥ |t can be concludethat asymptoticstability requires
|pi| < 1,Vz. For marginal stability,t is neededthat |p;| < 1,V:. In the case
whenonly one |p;| > 1, the system isunstable. These simplebservations can
be stated inthe form ofthe following discrete-time stability theorem valid for the

case ofdistinct system eigenvalues.

Theorem 7.7 A discrete-time linear time invariant systemith distinct eigenval-
ues isasymptotically stable if|p;| < 1,Vs. It is stable (marginally stable) for

|pi| < 1,Vz, and itis unstable if there exis@n eigenvalue such thap;| > 1.

Theorem 7.7can be interpreted as: the discrete-time linear system with distinc
eigenvalues isasymptotically stable if all iteeigenvalues are located in the unit
circle of the complex plane; the system is marginally stable if all eigenvalues ar:

either inside or orthe unit circle; and that the system is unstablenfy one of its
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eigenvalues ioutside theunit circle, seeFigure 7.6.
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Figure 7.6: Unit circle eigenvalue stability criterion for discrete-time linear systems
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In the case of a multiple eigenvalue, the zero-input system response has tert

of the form

i k 0 pl <1 :
k'(p) _>{oé>, IPI>1, k— oo, 1=1,2,...,7—1

where r indicates the multiplicity of the given eigenvalue. It follows that in

the case of multiple eigenvalueéscrete-time system asymptotic stability requires
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|pi| < 1,V and thatf thereexists a multipleeigenvalue witH p;| > 1 the system

Is unstable. Thigan be formulatedn the following theorem.

Theorem 7.8A discrete-time linear time invariant system with multiple eigenval-
ues is asymptotically stable [ip;| < 1,Vz. The system is marginally stable if all
multiple eigenvalues satisty;| < 1 andfor all distinct eigenvalues the following
hold |p;| < 1. The systenis unstable if there exista multiple eigenvalue such

that |p;| > 1.

Remark 7.3: The statement of Theorem7.8 is superficial. It claims that all
multiple eigenvalues of a discrete-time linear system that lie on the unit circle ar
unstable. This is true in most cases. However, it is possible that multiple eigen-
valueson the unit circle bemarginally stable. A deeper study of this phenomenon
requiresdiscrete-time linear system representation in the state space form (to k

introduced in Chapte8) and the use of the corresponding Jordan canonical form.
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This observationndicates thathe system representatiam the state space form is
more general tharthe system representatiasing difference equations.

Example 7.33: The linear discrete-time system in Example 7.8 has the eigenval
ues given byp; = 1/2, po = —1/3 . Since both eigenvalues are inside the unit
circle thesystem is asymptoticallgtable. The same is true for the discrete-time

linear system from Example 7tat has a triple eigenvalue withthe unit circle,

p1 = p2 = ps = —0.5. The systemn Example 7.10 has fouwrigenvalues inside
the unitcircle, p1 = 0.5, p2 = ps = py = —0.25, and a doublesigenvalue on
the unit circle,ps = p¢ = —1. According to Theorem 7.8, this system is unstable

due toa double eigenvalue at1.
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7.8.2 Algebraic Stability Tests for DiscreteSystems

In this section we study the stability of time invariant linear discrete-time system:
and presentwo algebraic methods: Jury’'s test and the bilinear transformation

method.

7.8.2.1Jury’s Stability Test

Consider a polynomiatepresented in the-domain by
anz™ + ap_12"" "+ -+ a1z + ag
The algebraidest to be presented is basaw Table 7.2, thesimplified Jury’s table,

which can be easily obtained by playing simple algebra with the polynomial’s

coefficients.
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Table 7.2: Simplified Jury’s table

bn—l = anp — k0a09 bn—2 = Qp—-1 — kOala o0y bO = a; — kOan—l

a
ko = -0
an
Cn—2 = bp—1 — k1bo, cn_3 =bp_2 —k1b1, ..., co=0b —kib,_»
b
ki = 0
bn—l
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Theorem 7.9Assume that,, > 0. Thenthe polynomiaunder consideration is
asymptoticallystable ifand only ifall coefficients in the first column of Table 4.2 are
positive.In addition,the number ohegative coefficients ithe first column indicates

the number ofpoles outside thenit circle.

Example 7.34: The polynomial undeconsideration is gively
2% 4+ 0.522 + 0.3z + 0.1

The simplified Jurytable for this example hathe form

1 0.5 0.3 0.1
0.99 0.47 0.25
0.93 0.35
0.80

with coefficientsky = 0.1, k1 = 0.25, ko = 0.24.
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From thistable andTheorem 7.9, weconclude that the considered polynomial
is stable. USingIATLAB, we find the eigenvalues g8, = —0.3893, py3 =

—0.0554 £+ 50.53038, i.e. all of them are insideghe unitcircle.

7.8.2.2Bilinear Transformation
It importantto point out that the Routh—Hurwittmethod can be usefr studying
the stabilityof discrete-time linear systems as wellhat is, the very well-known

bilinear transformation definely

maps the unitircle in the z-domain into thdeft complex plane in thea-domain.

For the given discrete-time characteristic equati&x(z) = 0, by usingthe
bilinear transformation, we get another characteristic equation instdemain,

A,4(s) = 0, so that the Routh—Hurwiteriterion can be directly applied tA4(s).
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The stability conclusion reachedbr the polynomialA,4(s) is valid also for the

polynomial A(z). Thefollowing example demonstratéBis procedure.

Example 7.35: Consider the discrete-time characteristic equation
A(z) =224+ 2°+242=0

By usingthe bilinear transformation, this imapped into
s+ 1\° s+ 1\2 s+1
(5) +(5) +((5)+2=
s —1 s —1 s —1

Ag(s) =58 —3s2+7s—1=0

which implies

Using the knowledgérom the previous section, wienmediately conclude that this
polynomial is unstable (it has coefficients of opposite signs). The same instabilit

conclusion is validor the polynomialA(z). If we form the Routhtable we obtain

The slides contain the copyrighted material from Linear Dynamic Systems and Signals, Prentice Hall 2003. Prepared by Professor Zoran Gajic 7—135



s3 5 7 0
s2 -3 -1 0
s! 16/3 0
sY -1 0

The first columnof this table indicates thexistence of threg-domain unstable
roots (threesign changes), which means also thrathe z-domain there aré¢hree

roots outside othe unit circle. This can beonfirmed by MATLAB, which produces

the following roots:p; = —1.3532, p23 = 0.1766 £ 31.2028. Jury’s table:
1 1 1 2
-3 -1 -1
—8/3 —2/3
—15/6

Using Theorem 7.9, we concludkat all three roots are outside the unit circle.
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7.8.3 Discrete-TimeSystem BIBO Stability

Bounded-input bounded-output stability requires that a bounded input signe
|f[k]] < My = const < oo, Vk, producesa bounded signal on the sys-
tem output, that is|y.s[k]| < M, = const < oo, Vk. The zero-state response

of a linear discrete-time system is given by the convolution formula, that is

E
Y[kl = ) flk — mlh[m] = Z~{F(2)H(2)}

whereh|[k] is the discrete-time system impulse response Hi(d) is the discrete-

time systemtransfer functionh[k] = Z7'{H(2)}.
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It follows that

k k
ly=s[k]l = | D Flk —m]h[m]| < > |f[k — m]h[m]|

k k
< Y Iflk — m]||h[m]| < My ) |h[m)]|

Since the aboveondition has to holdo any k, we concludethat

Z |h(m)| < const < oo = |y.s[k]| £ M, = const < oo, Vk

m=0

The last formulgproduces the following bounded-input bounded-output stability
theorem fordiscrete-time linear systems.

Theorem 7.10A discrete-time linear system is bounded-inpounded-output

stable if and onlyif its impulse response is absolutedymmable.
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We know fromChapter 5 thathe system poles (at which the discrete-time system
transferfunction isequal to infinity, H (p;) = oo) aredefined by
binz™ + by12™ " - 4 bz + by

2" 4+ ap_1z2" 14+ ---+ a1z + ag

_bm(z—z1)(2 —22) - (2 — Zm)

(z —p1)(z —p2)---(z — pn)

H(z) =

It follows from this expression that the discrete-timgstem poles are equal the
system eigenvalueexcept for those eigenvalues thdisappear from the system
transfer function due to cancellations of common factors. Since the discrete-tim
impulseresponse is the inversg transform of the discrete-time system transfer
function, we conclude that the discrete-time system impulse response is a lineg
combination ofthe discrete-time exponential terrpé. The discrete-timesystem
Impulse response wilbe absolutely summable if all these exponential terms decay

to zero as time increases, that isalf the system poles are located in the unit circle.
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Theorem 7.11A discrete-timdinear systemis bounded-input bounded-output

stableif and only if all its poles are in the unit circle of the complex plane.

Note that an asymptotically stable discrete-time system has all eigenvalues
the unit circle, which impliesthat all system poles are also in the unit circle of
the complex plane. Hencen asymptotically stable discrete-time systisnat the
same time bounded-input bounded-outptatble. However, it is possible thatl
system poles are locateéa the unit circle, but noall system eigenvalues are tine
unit circle (those eigenvalues cancelled in the system transfer function are either
the unit circle or outside the unit circle). It can be concluded timinded-input

bounded-output stability does nioiply in general asymptotic system stability.
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Note thatonly in the case wheno cancellation of common factors in the discrete-
time system transfefunction takes placéwhen the number of the discrete-time
systempoles isidentical to thenumber of thesystem eigenvalues) is discrete-time

systemasymptotic stabilityequivalent to discrete-timgystem BIBO stability.

Example 7.36: Let the discrete-time systemnansfer function be given by

(z—2)(z+1.5) . z—2
(z+ 0.3)(z — 0.4)(2 + 1.5) (2 + 0.3)(z — 0.4)

H(z) =

It can be observed that the eigenvalues of this discrete-time system are given
p1 = —0.3, po = 0.4, ps = —1.5. The discrete-time system poles are
p1 = —0.3, ps = 0.4. It follows that this system is BIBO stable since all its
poles arein the unit circle, but the system is not asymptotically stable since it has

the eigenvalueoutside the unit circleps = —1.5.

The slides contain the copyrighted material from Linear Dynamic Systems and Signals, Prentice Hall 2003. Prepared by Professor Zoran Gajic 7—141



The discrete-timesystem transfefunction given by

3
H(z) = s
z(z4+1)(z—1)
indicates thatpy = p1 = 0, p2 = p2 = —1, ps = ps = 1. The

corresponding systens marginally stable since theigenvalues are distinct and
lpi| < 1,2 =1,2,3. However, thesystem is not BIBO stablsince the system
polesps = —1, ps = 1 are on theunit circle so that theorresponding impulse
response is not absolutely summable. Note fifaf] contains a tern(—1)"u[k]
contributed by thepole p» = —1 and a unitstep function contributed by the pole
ps = 1, which impliesthat the corresponding sum diverges, that is, that sum is

equal tooo.
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