
7.8 Stability of Discrete-Time Linear Systems

We distinguish between internal system stability (stability of the system zero-

input response) and bounded-inputbounded-output (BIBO) stability (stability of

the system zero-state response).As in the continuous-time domain, discrete-time

internal system stability depends on the location of the system eigenvalues and

system BIBO stabilityis determined by the nature ofthe system impulse response.

7.8.1 Internal Stability of Discrete-Time Linear Systems

Definition 7.3: A discrete-time input freesystem isstable if its zero-input

responseis bounded in time, thatis

zi
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The lineardiscrete-time systemis asymptotically stableif in addition of being

stableits zero-inputresponse tends tozero as time increases, that is

k!1 zi

Internal system stabilityis related to the systemeigenvalues. The discrete-time

linear systemeigenvalues are the solutions ofcorresponding system characteristic

equation. Consider first the case when thecharacteristic values are distinct. The

homogeneoussolution of the corresponding difference equation, which for a zero-

input systemrepresents the zero-input response isgiven by

zi 1 1
k

2 2
k

n n
k

1 2 n

Let us observethat k will decay to zero as increases if . The term

k will tend to infinity as time increases if . For , which

The slides contain the copyrighted material from Linear Dynamic Systems and Signals, Prentice Hall 2003. Prepared by Professor Zoran Gajic 7–126



represents theunit circle in the complexplane, k remains onthe unitcircle since

j' k k jk' jk'. It can be concludedthat asymptoticstability requires

i . For marginal stability,it is neededthat i . In the case

when only one i , the system isunstable. These simpleobservations can

be stated inthe form of the following discrete-time stability theorem valid for the

case ofdistinct system eigenvalues.

Theorem 7.7A discrete-time linear time invariant systemwith distinct eigenval-

ues isasymptotically stable if i . It is stable (marginally stable) for

i , and it is unstable if there existsan eigenvalue such that i .

Theorem 7.7can be interpreted as: the discrete-time linear system with distinct

eigenvalues isasymptotically stable if all itseigenvalues are located in the unit

circle of the complex plane; the system is marginally stable if all eigenvalues are

either inside or onthe unit circle; and that the system is unstable ifonly one of its
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eigenvalues isoutside theunit circle, seeFigure 7.6.
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Figure 7.6: Unit circle eigenvalue stability criterion for discrete-time linear systems

In the case of a multiple eigenvalue, the zero-input system response has terms

of the form

i k

where indicates the multiplicity of the given eigenvalue. It follows that in

the case of multiple eigenvaluesdiscrete-time system asymptotic stability requires
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i and thatif thereexists a multipleeigenvalue with i the system

is unstable. Thiscan be formulatedin the following theorem.

Theorem 7.8A discrete-time linear time invariant system with multiple eigenval-

ues is asymptotically stable if i . The system is marginally stable if all

multiple eigenvalues satisfy i and for all distinct eigenvalues the following

hold i . The systemis unstable if there existsa multiple eigenvalue such

that i .

Remark 7.3: The statement of Theorem7.8 is superficial. It claims that all

multiple eigenvalues of a discrete-time linear system that lie on the unit circle are

unstable.This is true in most cases. However, it is possible that multiple eigen-

valueson the unit circle bemarginally stable. A deeper study of this phenomenon

requiresdiscrete-time linear system representation in the state space form (to be

introduced in Chapter8) and the use of the corresponding Jordan canonical form.
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This observationindicates thatthe system representationin the state space form is

moregeneral thanthe system representationusing difference equations.

Example 7.33: The linear discrete-time system in Example 7.8 has the eigenval-

ues given by 1 2 . Since both eigenvalues are inside the unit

circle thesystem is asymptoticallystable. The same is true for the discrete-time

linear system from Example 7.9that has a triple eigenvalue withinthe unit circle,

1 2 3 . The systemin Example 7.10 has foureigenvalues inside

the unitcircle, 1 2 3 4 and a doubleeigenvalue on

the unit circle, 5 6 . According to Theorem 7.8, this system is unstable

due to a double eigenvalue at .
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7.8.2 Algebraic Stability Tests for DiscreteSystems

In this section we study the stability of time invariant linear discrete-time systems

and presenttwo algebraic methods: Jury’s test and the bilinear transformation

method.

7.8.2.1Jury’s Stability Test

Consider a polynomialrepresented in the-domain by

n
n

n�1 n�1
1 0

The algebraictest to be presented is basedon Table 7.2, thesimplified Jury’s table,

which can be easily obtained by playing simple algebra with the polynomial’s

coefficients.
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n n�1 n�2 2 1 0

n�1 n�2 1 0

n�2 n�3 0

1 0

0

Table 7.2: Simplified Jury’s table

n�1 n 0 0 n�2 n�1 0 1 0 1 0 n�1

0
0

n

n�2 n�1 1 0; n�3 n�2 1 1 0 1 1 n�2

1
0

n�1
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Theorem 7.9Assume that n . Then,the polynomialunder consideration is

asymptoticallystable ifand only ifall coefficients in the first column of Table 4.2 are

positive.In addition,the number ofnegative coefficients inthe first column indicates

the number ofpoles outside theunit circle.

Example 7.34: The polynomial underconsideration is givenby

3 2

The simplified Jurytable for this example hasthe form

1 0.5 0.3 0.1

0.99 0.47 0.25

0.93 0.35

0.80

with coefficients 0 1 2 .
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From thistable andTheorem 7.9, weconclude that the considered polynomial

is stable. UsingMATLAB, we find the eigenvalues as1 2;3

, i.e. all of them are insidethe unit circle.

7.8.2.2Bilinear Transformation

It important to point out that the Routh–Hurwitzmethod can be usedfor studying

the stabilityof discrete-time linear systems as well.That is, the very well-known

bilinear transformation definedby

maps the unitcircle in the -domain into theleft complex plane in the-domain.

For the given discrete-time characteristic equation , by using the

bilinear transformation, we get another characteristic equation in the-domain,

d , so that the Routh–Hurwitzcriterion can be directly applied to d .
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The stability conclusion reachedfor the polynomial d is valid also for the

polynomial . The following example demonstratesthis procedure.

Example 7.35: Consider the discrete-time characteristic equation

3 2

By using the bilinear transformation, this ismapped into

3 2

which implies

d
3 2

Using the knowledgefrom the previous section, weimmediately conclude that this

polynomial is unstable (it has coefficients of opposite signs). The same instability

conclusion is validfor the polynomial . If we form the Routhtable we obtain
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3 5 7 0
2 –3 –1 0
1 16/3 0
0 –1 0

The first columnof this table indicates theexistence of three-domain unstable

roots (threesign changes), which means also thatin the -domain there arethree

roots outside ofthe unit circle. This can beconfirmed by MATLAB, which produces

the following roots: 1 2;3 . Jury’s table:

1 1 1 2

–3 –1 –1

–8/3 –2/3

–15/6

Using Theorem 7.9, we concludethat all three roots are outside the unit circle.
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7.8.3 Discrete-TimeSystem BIBO Stability

Bounded-input bounded-output stability requires that a bounded input signal

f , producesa bounded signal on the sys-

tem output, that is zs y . The zero-state response

of a linear discrete-time system is given by the convolution formula, that is

i
zs

k

m=0

�1

where is the discrete-time system impulse response and is the discrete-

time systemtransfer function, �1 .
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It follows that

zs

k

m=0

k

m=0

k

m=0

f

k

m=0

Since the abovecondition has to holdto any , we concludethat

1

m=0

zs y

The last formulaproduces the following bounded-input bounded-output stability

theorem fordiscrete-time linear systems.

Theorem 7.10A discrete-time linear system is bounded-inputbounded-output

stable if and onlyif its impulse response is absolutelysummable.

The slides contain the copyrighted material from Linear Dynamic Systems and Signals, Prentice Hall 2003. Prepared by Professor Zoran Gajic 7–138



Weknow fromChapter 5 thatthe system poles (at which the discrete-time system

transferfunction isequal to infinity, i ) aredefined by

m
m

m�1 m�1
1 0

n
n�1 n�1

1 0

m 1 2 m

1 2 n

It follows from this expression that the discrete-timesystem poles are equal tothe

system eigenvaluesexcept for those eigenvalues thatdisappear from the system

transfer function due to cancellations of common factors. Since the discrete-time

impulse response is the inverse transform of the discrete-time system transfer

function, weconclude that the discrete-time system impulse response is a linear

combination ofthe discrete-time exponential termski . The discrete-timesystem

impulse response willbe absolutely summable if all these exponential terms decay

to zero as time increases, that is, ifall the system poles are located in the unit circle.
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Theorem 7.11A discrete-timelinear systemis bounded-input bounded-output

stableif and only if all its poles are in the unit circle of the complex plane.

Note that an asymptotically stable discrete-time system has all eigenvalues in

the unit circle, which impliesthat all system poles are also in the unit circle of

the complex plane. Hence,an asymptotically stable discrete-time systemis at the

same time bounded-input bounded-outputstable. However, it is possible thatall

system poles are locatedin the unit circle, but notall system eigenvalues are inthe

unit circle (those eigenvalues cancelled in the system transfer function are either on

the unit circle or outside the unit circle). It can be concluded thatbounded-input

bounded-output stability does notimply in general asymptotic system stability.
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Note thatonly in the case whenno cancellation of common factors in the discrete-

time system transferfunction takes place(when the number of the discrete-time

systempoles isidentical to thenumber of thesystem eigenvalues) is discrete-time

systemasymptotic stabilityequivalent to discrete-timesystem BIBO stability.

Example 7.36: Let the discrete-time systemtransfer function be given by

It can be observed that the eigenvalues of this discrete-time system are given by

1 2 3 . The discrete-time system poles are

1 2 . It follows that this system is BIBO stable since all its

poles arein the unit circle, but the system is not asymptotically stable since it has

the eigenvalueoutside the unit circle, 3 .
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The discrete-timesystem transferfunction given by

indicates that 1 1 2 2 3 3 . The

corresponding systemis marginally stable since theeigenvalues are distinct and

i . However, thesystem is not BIBO stablesince the system

poles 2 3 are on theunit circle so that thecorresponding impulse

response is not absolutely summable. Note that contains a term k

contributed by thepole 2 and a unitstep function contributed by the pole

3 , which impliesthat the corresponding sum diverges, that is, that sum is

equal to .
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