
4.3 Laplace Transform in Linear System Analysis

The main goal in analysisof any dynamicsystemis to find its responseto a given

input. Thesystemresponsein generalhastwo components:zero-stateresponsedue

to externalforcing signalsandzero-inputresponsedueto systeminitial conditions.

The Laplacetransformwill produceboth the zero-inputandzero-statecomponents

of the systemresponse.We will alsopresentproceduresfor obtainingthe system

impulse,step,andrampresponses.Note that usingthe Fouriertransform,we have

beenable to find only the zero-statesystemresponse.

It is important to point out that the Laplace transform is very convenientfor

dealing with the systeminput signals that have jump discontinuities(and delta

impulses).Note that in generalthe linear systemdifferentiatesinput signals. The

delta impulseinputscancomefrom the systemdifferentiationof input signalsthat

have jump discontinuities.
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Recallfrom Chapter2 thedefinitionof thegeneralizedderivative,whichindicates

that at the point of a jump discontinuity,the generalizedderivativegeneratesthe

impulsedeltasignal. Furthermore,for the samereason,a signal that is continuous

anddifferentiablefor all , but hasa jump discontinuityat , for example

� �
, will generateanimpulsedeltasignal(afterbeingdifferentiated)at .

Thesameis truefor thesignal (afterbeingdifferentiatedtwice), which

is continuousbut not differentiableat . Note that
�
�

Using the Laplacetransformasa methodfor solving differentialequationsthat

representdynamicsof lineartime invariantsystemscanbedonein astraightforward

mannerdespitedelta impulsesgeneratedby the systemdifferentiation of input

signals.
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4.3.1 System Transfer Function and Impulse Response

Let us taketheLaplacetransformof bothsidesof a lineardifferentialequationthat

describesthe dynamicalbehaviorof an th order linear system
�

� �����
�����

�	��� ����


�
�

� �
���
�
���

����� � �

Using the time derivativepropertyof the Laplacetransformwe have

� ����� �	��� � �
� � �
��� ����� � �

where containstermscoming from the systeminitial conditions
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Recall that

�
�

� � � ����� �

�
� � � ��� � � � � ����� � � � ����� �

Note thatwe assumethat the input signal representsa causalsignalfor which

. Thus,wehaveto set
����� �

. Hence,

is a function of the coefficients � only and the systeminitial conditions.
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It can be easily shown that in general

� � � � � � � ! � � � ! � ��� � � ! � ��� �
� � " � � � � ! � � � ! � " � � � ! � ��� �

� " � # � � � � ! � � � ! � # � � � ! � " � �

! � � ! � � � � ��� � ! � � �

Note that in practicewe do not needto usethis formula.

System Response

The input signal is applied to the systemat , and we are interested

in finding the completesystemresponse—theresponsedue to both systeminitial

conditionsand input signals. From the original derivationswe have
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which producesthe solution in the frequencydomainof the original differ-

ential equation.To get the time domainsolution,we mustusethe inverseLaplace

transform,that is
%�'

.

If the initial conditionsareset to zero, then . The quantity

+-,/.�021 ) $ $ $
%�' $�%�' ' )* *�%�' *�%�' ' )
definesthe system transfer function. The transferfunction canalsobe written as

' 3 $
' 3 * $
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where 4 are the transferfunctionzeros (note that 4 )

and 5 are the transfer function polesat which 5 .

Very often, we call them the systemzerosand poles. is called the static gain.

We have assumedthat 4 5 for all so that we have poles and

zeros.However,in thecasewhentherearecommonfactorsin the transferfunction

numeratoranddenominatorthey haveto be cancelledout beforethe systempoles

and zerosare identified.

Example 4.17: Let the systemtransferfunction be given by

After the cancellationof commonfactors,the systemzerosandpolesareidentified

as 6 and 687:9;7=< . Hence, is neitherthe systemzero

nor the systempole.
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Example 4.18: Considerthe electrical circuit from Figure 1.10. Denote the

input voltage by , that is > , and denotethe output voltage by

, that is ? . The correspondingdifferentialequationis given by
@

@ A @
@

A @
@

To simplify notation, we introduce

A A @
@ ? A @

@ ?
Assumingthatthesysteminitial conditionsarezero,theLaplacetransformproduces

@ A ? ?
so that the systemtransferfunction is given by

BDCFEGCFH ? ?@ A ?
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The quantity

I J K
I J L

M
M

is called the systemDC gain (systemgain at zero frequency).It is alsocalled the

systemsteadystategain sinceit showshow muchthe systemmultiplies a constant

input signalat steadystate. It follows from the final valuetheoremof the Laplace

transformthat for , we have

N�N OQPSR N P M N P M
Notethatthefinal valuetheoremis applicableundertheassumptionthatthefunction

hasno poleson the imaginaryaxis and in the right-handhalf

of the complexplane,that is, whenall polesof arestrictly in the left-hand

half of the complexplane. In sucha case,the systemoutput can reachits steady

statevalue that can be found by using this simple formula.
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Example 4.19: The steadystateresponseto a constantinput of

a systemwhosetransferfunction is given byT U
V T U

existssinceall polesof are in the left-handhalf of the complexplane(the

polelocationcanbecheckedby MATLAB). Thesteadystatesystemoutputvalueis

WXW
Sincefor the impulsedeltasignalthe Laplacetransformis givenby ,

we concludefrom that under zero initial conditions, the

systemresponseto the impulsedeltasignal is equalto Y[Z . In the time

domain, the system impulse response is definedby

Y�Z
For the systemimpulseresponse,thesysteminitial conditionsmustbesetto zero.
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Example 4.20: The systemimpulseresponsefor

\/]8^ \�_�^ \`_ ^

is obtainedas follows

a _ a _ ] a _

acb a ] b

Thesystemimpulseresponseis plottedusingMATLAB andpresentedin Figure4.2.
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Figure 4.2: The system impulse response

Figure4.2 representsa typical impulseresponseof a realphysicallinearsystem.

The impulse delta signal at brings the energy into the system(system

excitation),which basicallysetsup systeminitial conditionsto nonzerovaluesat
d

. As time passes,the systemenergy dissipatesand the systemresponse

tendsto zero. Note that in this examplewe have e f2g h e .
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It is easyto concludefrom the expressionobtainedfor that at i we

have i j2k l i . In Chapter7, wherewe will presentthemethod

for finding thesystemimpulsein thetime domain,wewill addressthis phenomenon

of instantaneoussystemsignalchangesat the initial time in moredetail.

4.3.2 System Zero-State Response

The systemresponse(systemoutput)dueto the given input andzerosystem

initial conditionsis obtainedin the frequencydomainusing the formula

mDn
Applying the convolutionpropertyof the Laplacetransform,we obtain

mDn o k
This formula statesthat the systemoutput under systemzero initial conditionsis

equalto theconvolutionof the systeminput and the systemimpulseresponse.
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We haveestablishedthe most fundamentalresultsof linear time invariant dy-

namic systemtheory. From theseresults,we can notice that in order to find the

systemresponseto any input signal,onemustfirst find the systemresponsedueto

the impulsedeltasignal,and thenconvolvethe obtainedsystemimpulseresponse

with the given systeminput signal. Note that the systemimpulseresponseis ob-

tained(anddefined)for thesystemat rest(zeroinitial conditions).It shouldbealso

emphasizedthat for thegiven time invariantsystem,the impulseresponsehasto be

foundonly once.Hence,any linear time invariantsystemis uniquelycharacterized

by its impulseresponse(or by its transferfunctionin thefrequencydomain). In gen-

eral, it is easyto find thesystemimpulseresponseby using p�q .

As a matterof fact, this formula representsthe mostefficient way for finding the

impulseresponseof continuous-timelinear time invariant systems.
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Example 4.21: The zero-stateresponseof the systemdefinedby

r�sut r�v8t r/w�t r�w�t

dueto the input signal xGy�z canbe obtainedasfollows. We first find

the systemtransferfunction andthe Laplacetransformof the input signals,that is

s v
Then, we have

{}| x w x w

x w

x~z x v z x[yXz
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This responsecanalsobe obtainedby usingMATLAB, seeFigure4.3.
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Figure 4.3: The zero-state response for Example 4.21

It shouldbe pointedout that in Example4.21 the initial conditionsoriginally

were given by �D� � �`� ��D� � �/�8��D� � . However, if we check

the expressionobtainedfor �D� , we will find that �D� � ������D� �
and

�/�8��D� � .
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We knowthat only an impulsedelta signal at zero is able to changethe system

initial conditionsinstantaneously. In this example,the impulse delta function is

generatedby the system’sdifferentiationof the input signal. Namely,we have

�2� � �G�X� �[�X�
�[�X� �[�X� �[��� �[�X�

Note that whenno differentiationof the input signal takesplace( ), the

instantaneouschangeof the initial conditionscould happenonly in the casewhen

the input signalis the impulsedeltasignal. Hence,wecanconcludethat thesystem

input signaldifferentiation,in general,canproducean instantaneouschangein the

systeminitial conditions.
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It is also interestingto observethat

�G���

which is identical to

����� �

It canbeconcludedfrom thepreviousexampleandthefollow up discussionthat

the Laplace transform has a built-in mechanism that takes into the account

the delta impulses generated by the system differentiation of the input signals.

Note that the delta impulsesare generatedby taking the first and higher order

derivativesof the input signalssatisfying
� �

. Also, in the case

when
� �

, but the input signal is not differentiablein the ordinary

senseat , for example , the secondandhigherordergeneralized

derivativesof this signalwill producethe delta impulses,seeProblem4.21.
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Anotherinterestingphenomenoncanbededucedfrom Example4.21by observ-

ing the expressionobtainedfor the systemzero-stateresponse.It canbe seenthat

the input signal �[��� produceson the systemoutput the component

proportionalto �[�X� (which is expected)and componentsthat correspondto

systemmodes(poles) � � � . Hence,despitethe fact that

all initial conditionsarezero, the systeminput excitesall systemmodesso that, in

general,all of themappearon the systemoutput.
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4.3.3 Unit Step and Ramp Responses

Findingthesystemresponsedueto a unit stepis a commonproblemin engineering.

The unit step responsecan be relatedto the systemimpulse responseby a very

simpleformula,assumingthat in this casethe systeminitial conditionsare alsoset

to zero. Namely, for , we have�

���

�

���
� � �Q¡

where � �Q�¢¡ denotesthesystemstepresponseundersystemzeroinitial conditions

(systemat rest). Note that we havetaken the lower integrationlimit at £
in order to be ableto completelyincludethe delta impulsesignal within the

integration limits since in the casewhen the systemimpulse response

containsthe delta impulsesignalat the origin. From the aboveformula we have

� �¤�¢¡
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This correspondsin the frequencydomain to

¥¢¦Q§ ¨

Note that by the definition of the systemstep response,the zero systeminitial

conditionsmustbe used. Very often this formula representsan easierway to find

the systemstepresponsethanthe correspondingtime-convolutionformula.

Similarly, we can get the systemunit ramp responsesubject to zero-initial

conditions. In this case so that

©8ª¬«­¨
¦

®�¯
¦

® ¯
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Integratingby partsandusing the result for °¢±¤²Q³ , we have
±

´�µ °¢±¤²¢³ ¶¸· ±
¶¹· ´�µ

±
´�µ °¢±¤²¢³

±
´ µ ° ±Q²¢³

that is

º8»D¼ ³
±

´�µ ° ±Q²¢³

By taking the derivativeof º8»¬¼ ³ , we obtain

°¢±¤²¢³ º8»¬¼ ³

The relationshipbetweenthe impulseresponseandthe rampresponseis

°¢±Q² ³ ½ º8»¬¼ ³
½
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It follows also from the abovediscussionthat

¾8¿¬À­Á
Â

Ã�Ä
Å ÂQÆ Á

Â

Ã�Ä

Ç

Ã�Ä
Note that in the frequencydomainthis result correspondsto

¾8¿¬À­Á È

Example 4.22: The stepresponseof the systemat rest consideredin Example

4.21 can be obtainedby integrating the correspondingimpulse response. The

impulse responseis obtainedfrom

É[Ê É�Ê Ë È É�Ê

É�Ê É Â É È Â
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The step responseis given by

Ì¢ÍQÎQÏ
Í

Ð

Í

Ð
ÑÓÒ ÑGÔÕÒ

Ñ Í Ñ[Ô Í
Ñ Í Ñ[Ô Í

The ramp response,obtainedfor zero initial conditions,is

Ö�×¬Ø­Ï
Í

Ð
Ì¢Í¤Î¢Ï

Í

Ð
ÑGÒ Ñ[ÔÕÒ

Ô Ñ Í Ñ[Ô Í
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4.3.4 Complete System Response

Let us definethe systemcharacteristicpolynomialby

Ù Ù�Ú[Û Ù	Ú�Û Û Ü

The completesystemresponsein the frequencydomainis given by

Ý}Þ Ý�ß

Hence,the completesystemresponseis obtainedas the sum of the zero-stateand

zero-inputresponses.By taking the Laplaceinverseof the last equation,we obtain

the completesystemresponsein the time domain

Ú�Û Ú�Û ÝDÞ Ý�ß

In sometextbooks,thezero-stateresponseis alsocalledthe forcedsystemresponse

and the zero-inputresponseis called the natural systemresponse.
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Note that there is no needthat we treat in a separatesectionthe problem of

finding the systemzero-inputresponseby using the Laplacetransform. It can be

simply found by using the resultspresentedin this sectionas

à�á â�ã à�á â�ã
Example 4.23: The completeresponseof the system

ä�å8æ ä ã æ â åXç

â ä ã æ â

canbe obtainedas follows. Applying the Laplacetransform,we have
å â ä ã æ â â

which implies

å å
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Notethatthesystemtransferfunctionandthecharacteristicpolynomialaregivenby

è è

Using the Laplaceinversewe obtain the zero-stateresponse

éDê ë(ì éDê ë�ì è
ë èîí ëGï í ëGï í

and the zero-inputresponse

é�ð ë�ì é�ð ë�ì è
ëGï í ëGï í

The completesystemresponsein now given by

éDê é�ð ë è�í ëGï í ëGï í
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In thecasewhentheinput signalhasa nonstandardanalyticalform, for example

the input signalshouldbe representedin termsof elementarysignalsconsideredin

Chapter2 (in this case, ) and the linearity

and time invarianceprinciplesshouldbe used. Note that the linearity principle is

establishedfor linear systemsat rest,that is for zeroinitial conditions.Hence,this

way we obtain ñDò componentof thesystemresponse.Thesystemresponsedue

to initial conditions, ñ�ó , hasto befoundindependently.Let ô8õ¬ö­÷ represent

the systemzero-stateresponsedue to , and let òîøúù¢÷ representthe system

zero-stateresponsedue to , then the systemzero-stateresponsedue to

can be obtainedby using linearity and time invarianceas

ñDò ô8õ¬ö­÷ ô8õ¬ö­÷ ò øQù¢÷
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Example 4.24: Find the completeresponseof the systemdefinedby

û�üþý û`ÿ�ý � û/ÿ�ý �

dueto the forcing function givenby . Since

��� ��� we canfind independently ��� and ��� .

The zero-inputresponsesatisfies
û/ü8ý
���

û�ÿ�ý
��� ��� ��� � û�ÿ�ý

��� �

By applying the Laplacetransformwe have

��� ü
The time domainzero-inputresponseis obtainedas follows

��� ��ÿ ��� ��ÿ ü ��ÿ
��� �[ü	�
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The impulse responseis


�� 

�

�� 
��	�

The step responseis given by

� �����
�

�

�

�

�� 
���� 
�� 
����

The ramp responseis obtainedas follows

����� �
�

�
� ��� �

�

�

�� 
����


�� 
��	�
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The zero-stateresponseis given by

!#" $�%'&)( "+*�, ( $�%-&.(
/ * /�0 * /21 * /
354 /�0�1 * /
3�4

/21 * /
364 /�071 * /
3�4

which simplifies to

!�" / * /�0 *

/�071 * /
3�4
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The completesystemresponseis obtainedas the sum of the zero-inputand

zero-stateresponses

8�9 8�: ;�< ;>=	<

;�=@?A<+;�B6C

Notethat in this particularexample,thesystemresponseis a continuousfunction

at despitethe fact that the systeminput signalhasa jump at thatpoint. This

canbe easilycheckedby observingthat the coefficient that multiplies is

equalto zeroat , that is . Also, the first derivative

of is continuousat since

;�=7?D<E;
B	C F
<HGIB
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The secondderivativeof has a jump discontinuityat equal to ,

which is identical to a jump in the input signal at the sametime instant. This

observationcanbe easily confirmedby finding the secondderivativeof and

evaluatingit at .
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Sinusoidal Response via the Laplace Transform

Let the systeminput be sinusoidal

S T TS
Then, the systemzero-stateresponseis given by

U�V T TS S
W

S
where

V	XZY�[]\ S S V�^_Y�[ \ S

Using the inverseLaplacetransform,we obtain

U�V `
a S S

The first componentcomesfrom the systemnatural modesexcited by the input

signal S .
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