608

12. Linear Prediction

R(0)= cr)Z,. You can easily determine R, by doing a maximum entropy extension to
order six, starting with the four reflection coefficients and setting ys = ys = 0.)

In generating y, make sure that the transients introduced by the filter have died out.
Then, generate the corresponding N samples of the signal x,. On the same graph,
plot x,, together with the desired signal s,,. On a separate graph (but using the same
vertical scales as the previous one) plot the reference signal y, versus n.

. For M = 4, design a Wiener filter of order-M based on the generated signal blocks

{Xn,Ynt,n=0,1,...,N — 1, and realize it in both the direct and lattice forms.

. Using the lattice form, filter the signals X, y, through the designed filter and generate

the outputs X, e,. Explain why e,; should be an estimate of the desired signal s,,. On
the same graph, plot e, and s, using the same vertical scales as in part (a).

. Repeat parts (b) and (c) for filter orders M = 5,6, 7, 8. Discuss the improvement ob-

tained with increasing order. What is the smallest M that would, at least theoretically,
result in e,, = 5,7 Some example graphs are included below.

Wiener filter inputs Wiener filter - error output, M=6

50 100 150 200 0 50 100 150 200
time samples, n time samples, n
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Kalman Filtering

13.1 State-Space Models

The Kalman filter is based on a state/measurement model of the form:

Xp+1 = ApXn + Wp (state model)
(13.1.1)

(measurement model)

Yn = CnXn + vy

where x,, is a p-dimensional state vector and y,,, an r-dimensional vector of observations.
The pXp state-transition matrix A, and rXp measurement matrix C, may depend on
time n. The signals wj, v, are assumed to be mutually-independent, zero-mean, white-
noise signals with known covariance matrices Q, and Rp:

E[angr] = Qnbni
E[vpvl] = Ry (13.1.2)

E[wnviT] =0

The model is iterated starting at n = 0. The initial state vector x¢ is assumed to be
random and independent of wy,, vy, but with a known mean Xy = E[X(] and covariance
matrix Xy = E[ (xo — Xo) (Xo — Xo) T]. We will assume, for now, that xo, Wy, v, are nor-
mally distributed, and therefore, their statistical description is completely determined
by their means and covariances. A non-zero cross-covariance E [w,,v,-T] = §,0, may
also be assumed. A scalar version of the model was discussed in Chap. 11.

The covariance matrices Q,, R, have dimensions pXp and rXxr, but they need not
have full rank (which would mean that some of the components of x, or y, would, in
an appropriate basis, be noise-free.) For example, to allow the possibility of fewer state

noise components, the model (13.1.1) is often written in the form:
Xn+1 = AnXn + GpWny (state model)
(13.1.3)

Vn = CnXp +Vp (measurement model)

609



610 13. Kalman Filtering

where the new w, is lower-dimensional with (full-rank) covariance Q,. In this model,
the covariances of the noise components will be E[ (G,wn) (Gawn) 1= GnQnGZ, In
addition, external deterministic inputs may be present, for example,

Xn+1 = ApXp + Bpuy + Gpwy (state model)
(13.1.4)

Vn =CnXn +Vn (measurement model)

where u,, is the deterministic input. Such modifications do not affect much the essential
form of the Kalman filter and, therefore, we will use the simpler model (13.1.1).

The iterated solution of the state equation (13.1.1) may be obtained with the help of
the corresponding pXp state-transition matrix &, x defined as follows:

Ppx =An-1---Ax, for n>k
P =1 (13.1.5)
Ppy = by, for n<k

where I is the pXxp identity matrix and the third equation is valid only if the inverse
exists. In particular, we have &, 9 = Ay - - - Ap for n > 0, and @0 = I. If the state
matrix Ay is independent of n, then the above definitions imply that @, x = ANk we
note also the properties:

Ppn1=An, n=1
Ppi1k = AnPnk, n=k (13.1.6)
DPpx = PpniPix, n=i=k

It is easily verified that the solution of Eq. (13.1.1) is given by:

n
Xn = PpoXo+ 2. Pppwr-1, n=1 (13.1.7)
k=1

so that x, depends only on {xq, wg, W1,...,Wn_1}, for example,

X1 = P19X0 + P1,1Wo
X; = Py 0Xg + P 1Wo + P2 oWy
x3 = P30Xo + P31Wo + P32W1 + P33W2

Xp = PpoXo + PniWo + Ppowr + - - - + Py pWpn1

and more generally, starting at time n = I,

n
Xp = PniXi+ O PppWko1, N> (13.1.8)
k=i+1

Let %X, = E[x,] and =, = E[(Xn — Xn) (Xn — X») ] be the mean and covariance
matrix of the state vector x,. Then, it follows from Egs. (13.1.2) and (13.1.7) and the
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independence of xy, and w,, that,

Xn = ‘I’n,ofio

n
13.1.9
S = BpoSo®lo+ Y PurQa®l,, n=1 (13.1.9)

k=1
It is straightforward to show from (13.1.9) or (13.1.1) that X, and 2, satisfy the recur-
sions:
Xp+1 = Anin
Sl = ApShAT +Qn, nx=1

Indeed, subtracting (13.1.1) and (13.1.10) and using the independence of x,, and wy,,
we find:

(13.1.10)

Xni1 — Xnt1 = An(Xn — Xn) +Wp
o1 = E[ (11 — Xnv1) (Xni *)_(nH)T]: E[(An(Xn —Xn) +Wp) (Ap (Xn *in)JFWn)T]
= AnE[ (xn — %n) (Xn — XH)T]AZ; + E[WnW£]= AnZnAz; + Qn

In a similar fashion, we can obtain the statistical properties of the observations y,
from those of x, and vj:

i’n = Cni(n
Yn—Vn = Cn(Xn —Xn) +Vvp (13.1.11)
ZYnyn =E[(Yr1_?n)(Yn_yn)T]zannCz;+Rn, n=0

Example 13.1.1: Local Level Model. The local-level model discussed in Chap. 6 is already in
state-space form:
Xn+1 = Xn + Wp

Yn =Xn + Vn

and represents a random-walk process x,, observed in noise. The noise variances are de-
fined as Q = 02, and R = 072. |

Example 13.1.2: Local Trend Model. The local-trend model was discussed in Sec. 6.13. Let
an, by be the local level and local slope. The model is defined by,

A1 = An +bp +wy
bn+1 = bn + Un

Yn =dn +Vn

with mutually uncorrelated noise components Wy, U, V,. The model can be written in
state-space form as follows:

An+1 1 1 dan Wn an
S | K e B

The noise covariances are:

wn:[W"], Q:E[wnwg]:[ga 02], R =03

Un
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As we mentioned in Sec. 6.13, the steady-state version of the Kalman filter for this model
is equivalent to Holt’s exponential smoothing method. We demonstrate this later. m]

Example 13.1.3: Kinematic Models for Radar Tracking. Consider the one-dimensional motion
of an object moving with constant acceleration, X (t) = a. By integrating this equation, the
object’s position x (t) and velocity X (t) are,

. 1
X(8) = x(to) + (t = to)X(to) + 5 (t = to)* @
x(t)=x(tg)+(t—ty)a

(13.1.12)

Suppose the motion is sampled at time intervals T, i.e., at the time instants t,, = nT, and
let us assume that the acceleration is not necessarily constant for all t, but is constant
within each interval T, thatis, a(t)= a(t,), fort, <t < t,;1. Then, applying Eq. (13.1.12)
att =ty and ty = ty,, and denoting X (t,) = Xn, X(t,)= X,, and a(t,) = a,, we obtain,

1
=Xn+ Txn + =T?a
Xl = Xn = X 5 (13.1.13)

Xn+1 = Xp + Tan

To describe an object that is trying to move at constant speed but is subject to random
accelerations, we may assume that a, is a zero-mean random variable with variance og. If
the object’s position x, is observed in noise v,, we obtain the model:

1
Xns1 = Xn + Tkn + ETza,,
Xny1 = Xn + Tan (13.1.14)

Yn =Xn +Vn

which may be written in state-space form:

xne1 | |1 T Xn N T?%/2
e | 10 1 || K T |9

(13.1.15)
Yn = [1’0]|:§n ] +Vn

n

with measurement noise variance R = (75, and state noise vector and covariance matrix:

T2/2 T4/4 T3/2]
w,,:[ T ]an > (2:1:"[wnw£]:[T3/2 - }cré (13.1.16)

This model is, of course, very similar to the local-trend model of the previous example if
we set T = 1, except now the state noise arises from a single acceleration noise a, affect-
ing both components of the state vector, whereas in the local-trend model, we assumed
independent noises for the local level and local slope.

We will see later that the steady-state Kalman filter for the model defined by Egs. (13.1.15)
and (13.1.16) is equivalent to an optimum version of the popular «- radar tracking filter
[868,869]. An alternative model, which leads to a somewhat different «-f tracking model
[870,874], has state noise added only to the velocity component:

L= T ]

(13.1.17)
Yn = [1y0]|:§n ] +Vn
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with R = 02 and
0 T 0 0
Wn:|:wn:|, Q:E[anrl[]z[o 0.‘24/j|

The models (13.1.15) and (13.1.17) are appropriate for uniformly moving objects subject
to random accelerations. In order to describe a maneuvering, accelerating, object, we may
start with the model (13.1.15) and make the acceleration a, part of the state vector and
assume that it deviates from a constant acceleration by an additive white noise term, i.e.,
replace a, by a, + wy. Denoting a, by X,, we obtain the model [874,875]:

. 1 .
Xni1 = Xn + TXn + ETZ(X,. + Wn)

Xn+1 = Xn + T (Xy +wy)

(13.1.18)
Xnt1 = Xn + Wy
Yn =Xn +Vn
which may be written in the matrix form:
Xni1 1 T T?/2 Xn T?%/2
Xns1 | =10 1 T Xn | + T Wn
Xn+1 0 0 1 Xn 1
(13.1.19)
Xn
Yn=1[1,0,01| Xn |+ vy
Xn

This leads to the so-called «x-fB-y tracking filter. An alternative model may be derived by
starting with a linearly increasing acceleration X(t)= a(t)= a(ty)+(t — to)a(ty), whose
integration gives:

X ()= x(to) +(t — to) u(to) +%(t - to)2a<to)+é (t—to)3a(ty)

X(0)= (1) +(t = to)alt) + 3 (¢~ t0)2d(to) (13.1.20)

a(t)=al(ty)+(t —to)al(ty)

Its sampled version is obtained by treating the acceleration rate d, as a zero-mean white-
noise term with variance cré, resulting in the state model [876]:

Xni1 1 T T?/2 Xn T3/3
Xni1 | =] 0 1 T Xn |+ | T%/2 |an
Xn+1 0 0 1 Xn T
(13.1.21)
Xn
Yn=1[1,0,0]| Xn | +Vn
Xn

Later on we will look at the Kalman filters for such kinematic models and discuss their
connection to the &-f and «-p-y tracking filters. o
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13.2 Kalman Filter

The Kalman filter is a time-recursive procedure for estimating the state vector x, from
the observations signal y,,. Let Y,, = {yy,V1,-..,Yn} be the linear span of the observa-
tions up to the current time instant n. The Kalman filter estimate of x, is defined as
the optimum linear combination of these observations that minimizes the mean-square
estimation error, and as we already know, it is given by the projection of x, onto the
observation subspace Y. For the gaussian case, this projection happens to be the con-
ditional mean X,,, = E[X,|Y5]. Let us define also the predicted estimate X;,/,,—1 based
on the observations Y,—1 = {yq,V1,---,¥n_1). Again, for the gaussian case we have
Xnm-1 = E[x,|Yn-1]. To cover both the gaussian and nongaussian, but linear, cases,
we will use the following notation for the estimates, estimation errors, and mean-square
error covariances:

Xnin-1 = Proj[xn|Ypn_1] Xp/n = Proj[x,|Yy]
€n/n-1 = Xn — Xn/n-1 and en/n = Xn — Xn/n (13.2.1)

T T
Pym-1 = E[en/n—len/nq] Pum = E[en/nen/n]

We will first state the estimation algorithm, and then prove it. The Kalman filtering
algorithm for the model (13.1.1)-(13.1.2) is as follows:

Initialize in time by: Xg/-1 = X, Po/-1 =20
At time n, X,/n-1, Pn/n-1, Yn are available,
Dy = CnPn/n—lczq- + Ry
Gn = Pn/n—lcz;DHl
Ky = AnGn = AnPn/n—lczl-Dy_ll
i’n/n—l = CnXn/n-1
En=Yn—Vnm-1=Yn— CnXn/n-1
Measurement update / correction:

innovations covariance
Kalman gain for filtering
Kalman gain for prediction
predicted measurement
innovations sequence
Xn/n = Xnn-1 + Gnén filtered estimate
Pn/n = Pn/nfl - GnDnGZ
Time update / prediction:
Xn+1/n = AnXnin = AnXnm-1 + Kn&n
Pn+1/n = AnPn/nAz; + Qn
Gototimen + 1

estimation error

predicted estimate
prediction error

(13.2.2)

The quantity D, represents the innovations covariance matrix, thatis, D,, = E [Eneg] .

The innovations sequence {&g, &1, ..., &y}, constructed recursively by the algorithm, rep-
resents the Gram-Schmidt orthogonalization of the observations {yg,yi,...,¥,} in the
sense that the innovations form an orthogonal basis for the observation subspace Y,
that is, Y, is the linear span of either set:

Yn=1{yo,¥1,.--,Vn} = {€0,€1,...,&n}

The orthogonality property of &, is expressed by:
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Elenel 1= Dponi (13.2.3)

There are some alternative ways of writing the above equations. For example, the
equation for P/, may be written in the equivalent ways:

1. Pn/n = Pn/nfl - GnDnGz =~ GnCn)Pn/nfl

2. Pun = Puin-1 — Puyn1CED, ' CpPpyn—1 = standard form
(13.2.4)
3. Pun=(I—GnCp)Ppmr(I—-GnCp)T+GR,GE = Joseph form

4. Ppin = [Pplay + CIR,;'Cn] ™" = information form

with Dy, = CpPum-1CE + Ry and Gy = Pp/n-1CLID;t. Similarly, we can write the
Kalman gain G, in its information form:

Gn = Pnin-1CID,Y = PpynCIR,! (13.2.5)

It follows from the information forms that the filtered estimate may be re-expressed as:
f(n/n = f(n/n—l + Gnen = f(n/n—l + Pn/nCZ;RZI (Yn - Cnf(n/n—l)
= Pn/n[ ;lln - CZRHICn]ﬁn/nfl + Pn/nCZRHIYn
= Pn/nP;I/lnflf(n/n—l + Pn/nCZ;RHIYn

from which we obtain the information form of the updating equation:

Py lwZnim = Pylu1Znm-1 + CLR, 'y, (13.2.6)

In the relations that involve R;;', one must assume that R, has full rank. The differ-
ence equation for the predicted estimate may be written directly in terms of the current
observation y,, and the closed-loop state matrix F,, = A, — K,,Cy, as follows:

f(n+1/n = Anf(n/n—l + ann = Anf(n/n—l + Kn (Yn - Cnf(n/n—l)
= (An — KnCn)Xnn-1 + Knyp

that is,

Xn+1/n = (An — KnCn)Xn/n-1 + Knyy (13.2.7)

A block diagram realization is depicted in Fig. 13.2.1. The error covariance update
equations,
Pn/n = Pn/nfl - Pn/n—ICZDQICnPn/nfl

Pn+1/n = AnPn/nA£ + Qn
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+ A
Yn—>Q ™ Yn/n-1

A
Yn/n-1

Fig. 13.2.1 Kalman filter realization.

may be combined into a single equation known as the discrete-time Riccati difference
equation, to be initialized at Py/—; = 2y

Pn+1/n = An |:Pn/n—1 - Pn/n—lcz;(cnpn/n—lczl‘ + Rn)ilcnpn/n—l] A;{ + Q_n (13-2-8)

which can also be written in the “information” forms (if R;l exists):

Pn+1/n = An [P;I/ln_l + CZ{Rglcn)]ilAyTl + Qn

o (13.2.9)
Puiin = An[l + Pn/n—ICZRglcn)] Pn/n—lAZt‘ + Qn
and in the Joseph-like forms:
Pn+1/n = AnPn/n—lAZ + Qn - KnDnKZ;a Kn = AnPn/n—lczl‘Dgl
- (13.2.10)
Pn+1/n = (An - KnCn)Pn/nfl (An - Kncn) + KanK,T + Qn
Similarly, the closed-loop transition matrix can be written as,
Fn=Ap—KnCp = An[I + Pun1CIR, Cn] ™" (13.2.11)

We note also that since, X,+1/n = AnXn/m and Xp/n-1 = Apn—1Xn-1/n-1, the difference
equations for the predicted and filtered estimates would read as follows in terms of the
Kalman gains K, and G, respectively,

Vam-1 = Cn&nm-1 = CnAn—1Xn—1/n-1 predicted measurement

En=VYn—Vn/m-1 innovations sequence

& o . . (13.2.12)
Xn+1/n = AnXn/n-1 + Kné&n predicted estimate

Xn/m = An—1Xn—1/n-1 + Gnén filtered estimate

13.3 Derivation

To derive Eqg. (13.2.2), we recall from Chap. 1 that the optimum linear estimate of a zero-
mean random vector x based on a zero-mean random vector y, and the corresponding
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orthogonality condition and error covariance, are given by:
X =RyR,yy = Elxy"1E[yy"] 'y
e=X-%, Re =Eley']=0 (13.3.1)
Ree = E[ee”]= Ryx — RyyRyy Ryx

When the vectors have non-zero means, say X,y, the same results apply with the
replacementx - x - X, y - y—V,and X — X — X in (13.3.1). Under this replacement,
the correlation matrices are replaced by the corresponding covariances, e.g.,

Ry =E[xy"]- E[(x-%) (y-9)T]= 3y, et
Hence, the optimum estimate is now:
X=X%X+3y2, (y-V)
e=xX-%, Re =23, =Eley']=0 (13.3.2)
See = Zxx — SxyZyy Syx

We note that the estimate is unbiased, that is, E[X] = X, and therefore, the estimation
error has zero mean, E[e]= 0, its covariance matrix will be Xz, = Ree = E[eel], and
the orthogonality condition may be written as E[e(y —y) T 1= E[ey!]= 0.

Let us apply now this result to the state model (13.1.1) at n = 0. This will also clarify
the manner in which the algorithm is to be initialized. As part of the model, we assume
that the initial state xy has a known mean X, and covariance matrix X,. According to
(13.3.2), the optimum estimate X¢,o of xo based on the observation y, will be given by:

X0/0 = Xo + ZxoyeZyoye (Yo — Vo)
€0/0 = Xo — Xo/0, Eleoso(yo—¥0)T1=0 (13.3.3)
Zeoeo = E[EO/Oeg/O] = ZXOX(J - Zxoyoz;ﬂlyoz)’oxo

with E[X¢,0]= %o and E[eg,o] = 0. Let us define &y = y, -y, and Gy = ZXOonyolyo- From
the measurement model y, = CoXo + vo, we have y, = CoXo, which gives:

& =Y~ VYo = Co(Xo —Xo) +Vo
Clearly, E[&o]= 0. Since vy is uncorrelated with x(, we will have:
El&0el 1= CoE[ (%9 — %o) (X0 — %) T1CY + E[vovi], o,
Do = Elg0el 1= 2y, = CoZoCE + R

where X = E[ (Xo — Xo) (X0 — X0) T]1= Zx,x,- Similarly, we find:

Sxove = E[ (X0 — %0) €l 1= E[ (%0 — %X0) (x0 — %0) T1CT = 3o CT
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Thus, the Kalman gain becomes,

_ -1
Go = Zxoyo2ygy,

=3,ClDy!
With the definitions Xy, = Xg and Py,—; = X, we may rewrite (13.3.3) as,
%0/0 = Xo/-1 + Go&o, Go =Py;-1C{Dy? (13.3.4)
The corresponding error covariance matrix will be given by (13.3.3):
Zever = Zxaxo = ZxovoZyoyeSyoxe = 20 — 20C Dy CoZo, or,
Pojo = Po/—1 — Po/-1CE Dy CoPo/—1 = Poj—1 — GoDoG{ (13.3.5)
Because e/ has zero mean, we may write the orthogonality condition in Eq. (13.3.3) as,
Eleo/0yd 1= Eleoso (yo — Vo) 1= Eleos o€l 1= 0

which states that the estimation error is orthogonal to the observation y, or equiva-
lently, to the innovations vector &. To complete the n = 0 step of the algorithm, we
must now determine the prediction of x; based ony, or &g. We may apply (13.3.2) again,

X1/0 = X1 + le)/()z;olyo (Yo - Vo)=%1 + E[x180] E[€0el 1 &0
e 0=x1 —%i0, Eleio(yo—¥o) T 1=E[ei0el]1=0 (13.3.6)
See, = E[ T ol=Zxix — Zxyooh =
eye; €1/0€1/0 X1X1 X1Y0<yoyo<YoX1
From the state equation x; = Ayxo + wo and the independence of wy and y,, we find,
ZXU’() = Z(A()><0+W0))/0 = AOZX()YO
_ -1 -1
Ko = Zxinyoy, = AoZxonZyey, = AoGo
lexl = Z(A0X0+W0) (Apxo+wp) = Aozxoong + QO
_ _ -1
Pijo = Zere; = Zxixi — SxayoSyepevox:
= AOzXnXOAg + Qo — AOzXoYOZ;olyUZYoXnAg
=Ap [ZXUX(] - Zxoygz;olyozyoxu]Ag + QO = AOPO/OAg + QO
Since, X; = ApXy = ApXg/—1, we may rewrite the predicted estimate and its error as,
X1/0 = AoXo/ -1 + Kogo = Ag[Xo/ 1 + Gogo]l= AoRoso
. (13.3.7)
Pyjo = AoPojoAg + Qo

This completes all the steps at n = 0. We collect the results together:
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Xo/-1 =Xo, Po/-1=20

Dy = C()P()/_lc(]; + Ry

Gy = Po/_lch(;l

Ko = AoGo = AgPo/-1C{Dy"
Vo/—1 = CoXo/-1

€ =Yo~Yo/-1 = Yo — CoXo/—1
Xo/0 = Xo/-1 + Go&o

Pojo = Po/-1 — GoDoG{

X170 = AoXo/0 = AoXo/-1 + Ko&o
P1j0 = AoPooAl + Qo

Moving on to n = 1, we construct the next innovations vector &; by:
&1=Y1— Y10 =Y1— CiXiyo (13.3.8)
Since y; = C1x; + vy, it follows that,
& =C1(x1 —Xy1/0)+v1 = Crey o +v1 (13.3.9)
Because & is orthogonal to e; ¢ and v; is independent of y,, we have:
Ele1el1=0 (13.3.10)
We also have E[&;]= 0 and the covariance matrix:
Dy = E[g,eT]= C,P,0CT + R, (13.3.11)

Thus, the zero-mean vectors {&p, €1} form an orthogonal basis for the subspace
Y1 = {yo,y:}. The optimum estimate of x; based on Y is obtained by Eq. (13.3.2), but

£
with y replaced by the extended basis vector [ 50 ] whose covariance matrix is diagonal.
1

It follows that,

-1

N . ) ) Elgogl] 0 £

X1/1 = Proj[x;|Y1]= Proj[x: &, &1]=% + E [Xl [53,8{]] |: 8 0 Eleel] 8(1)
1

=% + E[x160]E[£0&l 17 €0 + E[x1611E[£167 ] L &y
(13.3.12)

The first two terms are recognized from Eq. (13.3.6) to be the predicted estimate
X1/0. Therefore, we have,

i1 = %0+ Elxie11E[e167]1 7 ey = %150 + Gr&y (13.3.13)
Since £, L &y, we have E[%;,0&] ]= 0, and using (13.3.9) we may write:

Elx1611= E[(x; — %X10)€] 1= E[e106T 1= E[e1s0 (el ,oCT +vI) 1= Py)oCT
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Thus, the Kalman gain for the filtered estimate is:
Gi = Elxi&]E[&16] 17" = P1,oCT Dy

The corresponding error covariance matrix can be obtained from Eq. (13.3.2), but
perhaps a faster way is to argue as follows. Using Eq. (13.3.13), we have

ey =x1 —X1/1 = X1 — X0 — G1& = ey0 — G1&, or,

ejo=ey1 +Gi1& (13.3.14)

The orthogonality conditions for the estimate X;,; are E[emsg] = E[emslT] = 0.
Thus, the two terms on the right-hand-side of (13.3.14) are orthogonal and we obtain
the covariances:

Eleijoel,o1=E[ei1el,,1+GE[&1€] 1G], or,
Pijo = Pi/1 + GiD1G], or,
Py = P10 — GiD1G| = P10 — P1,0CI DT C1Pijo (13.3.15)

To complete the n = 1 steps, we must predict x, from Y; = {yq,y1} = {&o,&1}.
From the state equation x, = A1X; + wy, we have:

Xo/1 = Proj[xz|Y1]=Proj[A1x; + wi|Y1]= A1X1/1 = A1 (X1/0 + G181) = A1Xy0 + K181
ey =X —Xoy1 = A (X1 — Xy/1) +wyp = Arey +wy
Poj1 = Elexiel; 1= AiEfer el 1 1AT + Q1 = AP AT + Qu

where we defined K; = A;G, and used the fact that w; is independent of x; and X;/1,
since the latter depends only on Xo, v, y;. We collect the results for n = 1 together:

Dy = C1Py,0C] + Ry

G1 = P1,oC{ D7

Ki = A1Gy = A\Py,oCT D!
V170 = C1Xij0

&1 =y1-Vi0=Y1—CiXipo
X111 =X10 + G1€;

P11 = P19 — G1D1GT

Xo1 = A1Xy1 = ArXyp0 + Ki€)
Py = A1Pip AT + Q

At the nth time instant, we assume that we have already constructed the orthogo-
nalized basis of zero-mean innovations up to time n — 1, i.e.,

Yn-1={yo, V1, ¥n-1} = {€0,€1,--.,En-1}
E[Eiejr]:Di(Sjj, 0<i,j<n-1
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Then, the optimal prediction of x, based on Y,_; will be:

n-1
Kn/n-1 = Proj[xu|Yn-1]=%n + > E[xne] |E[£e] 1 "¢ (13.3.16)
i=0

Defining & =Y, — Vu/n-1 = Yn — CnXn/n-1, We obtain,

En=Yn— CnXpn-1 =Cp (Xn — Xp/m-1) +Vn = Cnenn-1 + vn (13.3.17)
Therefore, E[&,]= 0, and since v,, L e,,,—1 (because e,,,—1 depends only on X, ..., Xy
and yy,...,y,—1), we have:

Dn =E[5nfg]= CnPn/n—1C£+Rn (13318)

From the optimality of X,;/,,—1, we have the orthogonality property e,;;,-1 L &;, or,
E[en/n,leiT]= 0, fori = 0,1,...,n — 1, and since also v,;, L &;, we conclude that the
constructed &, will be orthogonal to all the previous &;, i.e.,

Eleqef1=0, i=0,1,...,n—-1
Thus, we may enlarge the orthogonalized basis of the observation subspace to time n:
Yn=1¥0:¥1,--,¥n-1,¥n} = {€0,€1, ..., En—1, En}
El&ig[1=Disy, 0<ij<n

We note also that the definition ¥,,,,_; = CnXn/n-1 is equivalent to the conventional
Gram-Schmidt construction process defined in Chap. 1, that is, starting with,
n-1
i’n/n—l = Proj [YH Yn-1]= Yn + Z E[YHSI'T]E[SisiT
i=0

17

&1 =Yn—Vn/n—

then, we may justify the relationship, ¥,,/n-1 = CnXn/n—1. Indeed, since, y,, = CnXn +Vp,
we have, ¥,, = CyXy, and using Eq. (13.3.16), we obtain:
n-1
Vam-1 =VYn+ Z E[YneiT]E[fifiT]_lEi
i=0
n-1
= CnXn + > E[(CnXn +vn)el 1E[g€] 17
i=0

n-1
=Cp |:)_(n + Z E[anjT]E[fiij]lfi] = CnXn/n-1
i=0

Next, we consider the updated estimate of x, based on Y, and given in terms of the
innovations sequence:

n
Kn/n = Proj[xn|Ynl=%n + > E[xn&l 1E[£i€] 17 e (13.3.19)
i=0
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It follows that, for n > 1,
Rnjn = Knyn-1 + E[Xn€R 1E[€n€) ] €n = Knin1 + Gnén (13.3.20)
Because €, L &,i=0,1,...,n — 1, we have E[&/n-1€L]= 0, which implies,
Elxn€l] = E[ (xn — Xn/n-1) €5 1= Elenm-1€51= E[enm-1 (Cnenm-1 +vn) ]
=E[en/m-1€l,,_,1CL = Ppm_1CL

Thus, the Kalman gain will be:

Gn = E[Xn&} 1E[€n€1 17 = Ppyn-1CED;" = Pryn-1CL[CnPrn-1Ch +Rn] ™" (13.3.21)
The estimation errors ey, and e,,,—1 are related by,

€n/n =Xn —Xn/n = Xn — Xn/n-1 — Gn€n = €n/n-1 — Gn&n, OI,

en/n-1 = en/n + Gnén (13.3.22)

and since one of the orthogonality conditions for X,,, is E[ep /neg] = 0, the two terms
in the right-hand side will be orthogonal, which leads to the covariance relation:

Puin—1 = Pun + GnDnG;];y or,

Pn/n = Pn/n—l - GnDnGz = Pn/n—l - Pn/n—lch,Dy;lCnPn/n—l (13.3.23)

A nice geometrical interpretation of Egs. (13.3.17) and (13.3.22) was given by Kron-
hamn [867] and is depicted below (see also Chap. 11):

Chenn-1

The similarity of the two orthogonal triangles leads to Eq. (13.3.21). Indeed, for
the scalar case, the lengths of the triangle sides are given by the square roots of the

covariances, e.g., \/E[£4] = v/Dy. Then, the Pythagorean theorem and the similarity of
the triangles give,

E[fi]= CﬁE[ei,n,l]-rE[v?,] = Dn=CyPnmn-1Cn + Rn
E[ei/n—l]z E[ei/n]""GﬁE[E%] = Pum-1=Pnm+ GnDnGp

Gn Dy _ Cn\/Pn/n—l > G, = Pn/n—lcn
n=—77—7-

cos O =

\/Pn/n—l B \/Dn Dn
JP JR
sinf = = NI o p D' =PunR;' = Eq.(13.2.5)

\/Pn/nfl \/Dn
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Finally, we determine the next predicted estimate, which may be obtained by using
the state equation x,,+1 = ApX, + Wy, and noting that E [xn+1£iT] = E[(Anxp +wn)£iT] =
AnE[XneiT], for 0 < i < n. Then, using X,,+1 = AyXy, we find,

n

~ - T T—

Xn+1/n = Xn+1 + ZE[XVI+1£1' 1E[&ig; ] lg
i=0

n
=Ap |:Xn + ZE[XnEiT]E[EiEiT]lfi:| = AnXnn = An [f(n/n—l + ann]
i=0

= AnXp/m-1 + Knén = (Ap — KnCn)Xn/n1 + Knyn
where we defined K, = A,,G,. The error covariance is obtained by noting that,
€ni1/n = Xnt1 — Xnt1/n = An€n/n + Wn
and because wy, is orthogonal to ey, this leads to
Pyiim= E[en+1/ne£+1/n] = AyE [en/neg/n]Az; + E[anz;] = AnPn/nAZ + Qn

This completes the operations at the nth time step. The various equivalent expressions
in Egs. (13.2.4) and (13.2.5) are straightforward to derive. The Joseph form is useful
because it guarantees the numerical positive-definiteness of the error covariance matrix.
The information form is a consequence of the matrix inversion lemma. It can be shown
directly as follows. To simplify the notation, we write the covariance update as,

P=P-GDG' =P-PC"D'CP, D=R+CPCT
Multiply from the right by P! and from the left by P! to get:
pl=pt - p-lpcTp-ic (13.3.24)
Next, multiply from the right by PCT to get:
cT =p~tpcT - p~tpcTDtcpCT = P~1pCT (1 - D-'cPCT)
=P 'PCTDY(D - CPCT)= P7'PCTD™'R
which gives (assuming that R~! exists):
CTR ' =ptpCcTD™!
Inserting this result into Eq. (13.3.24), we obtain
pl=pt—plpCTD'C=p'-C'R'C = P '=P'+C'RIC

and also obtain,
PCTR'=PC™D ' =G
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Since the information form works with the inverse covariances, to complete the op-
erations at each time step, we need to develop a recursion for the inverse P!, ,,, in terms
of P;}n. Denoting Pj;+1/n by Pnext, we have

Prext = APAT +Q

If we assume that A~! and Q! exist, then the application of the matrix inversion
lemma to this equation allows us to rewrite it in terms of the matrix inverses:

Pl =ATP AL ATTP A QL+ ATTP AT AP A
To summarize, the information form of the Kalman filter is as follows:
Pyly = Ppjp-1 + CoRy'Cr
PpJnXnin = Pyln_1Xnm-1 + CiRy vy (13.3.25)

— — — — — — — — — — —171-1 4= — —
nJlrl/n = AnTPn/lnAn1 - AnTPn/lnAnl [in + AnTPn/lnAnl] AnTPn/lnAn1

13.4 Forecasting and Missing Observations

The problem of forecasting ahead from the current time sample n and the problem of
missing observations are similar. Suppose one has at hand the estimate X,,, based
onY, = {yg,Vi,.--,¥Yn}. Then the last part of the Kalman filtering algorithm (13.2.2)
produces the prediction of x4, based on Y,

f(nJrl/n = Anf(n/n

This prediction can be continued to future times. For example, since X,,1» = Ap+1Xp+1+
Wp+1 and wy 4 is independent of Y, we have:

Xn+2/n = Proj [Xn+2|Yn]
= Proj [An+1xn+1 + Wn+1 |Yn]
= An+1§(n+l/n = An+1An7A(n/n = ¢n+2,n&n/n
and so on. Thus, the prediction of X, based on Y is for p > 1,
Xnip/n = PnapnXn/n (13.4.1)

The corresponding error covariance is found by applying (13.1.8), that is,

n+p
Xnip = PnipnXn + Z PnipkWk-1, P =1 (13.4.2)
k=n+1

which in conjunction with (13.4.1), gives for the forecast error e,4p/n = Xn — Xn+p/n,

n+p

€nipin = Pnipnenm+ . PnipkWk-1 (13.4.3)
k=n+1
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which implies for its covariance:

n+p

Pyipin = ‘I)n+p,npn/nd)rT1+p,n + Z ‘pn+p,ka—1d)Z+p_k (13.4.4)
k=n+1

Egs. (13.4.1) and (13.4.4) apply also in the case when a group of observations, say,
{Yn+1,Yn+2,---»Ynsp-1}, are missing. In such case, one simply predicts ahead from
time n using the observation set Y. Once the observation y,,,, becomes available, one
may resume the usual algorithm using the initial values X,,4p/n and Pypip/n.

This procedure is equivalent to setting, in the algorithm (13.2.2), G,+; = 0 and
&n+i = 0 over the period of the missing observations, i = 1,2,...,p — 1, that is, ignoring
the measurement updates, but not the time updates.

In some presentations of the Kalman filtering algorithm, it is assumed that the ob-
servations are available from n > 1, i.e, Y, = {y;,Vo,...,Yn} = {€1,&2,...,&n}, and
the algorithm is initialized at X,9 = Xo with Py/o = 2. We may view this as a case of
a missing observation y,, and therefore, from the above rule, we may set & = 0 and
Gy = 0, which leads to Xy,0 = Xg/-1 = X9 and Py,o = Py/—1 = 2. The algorithm may be
stated then somewhat differently, but equivalently, to Eq. (13.2.2):

Initialize at n = 0 by: X0 = Xo, Poj/o = 20

Attime n > 1, X,-1/n-1, Pn-1/n-1, Y, are available,

predicted estimate
prediction error
innovations covariance
Kalman gain for filtering
predicted measurement

f(n/n—l = An—lf(n—l/n—l

Ppin-1 = An—lpn—l/nflAgfl + Qn-1

Dn = CnPn/n—1C£ +Rn

Gn = Pn/n—lchﬂl

i’n/n—l = Cnf(n/n—l

En=Yn—VYnn-1=Yn — CnXnn-1

)A(n/n = )A(n/n—l + Gnén

Pnin = Pnin-1— GnDnGJE
Gototimen +1

innovations sequence
filtered estimate
mean-square error

13.5 Kalman Filter with Deterministic Inputs

A state/measurement model that has a deterministic input u, in addition the noise input
wp, can be formulated by,

Xn+1 = AnXn + Bpuy + Wy (state model)
(13.5.1)

Vn =Cnxn + vy (measurement model)

As we mentioned earlier, this requires a minor modification of the algorithm (13.2.2),
namely, replacing the time-update equation by that in Eq. (13.5.3) below. Using linear
superposition, we may think of this model as two models, one driven by the white noise
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inputs, and the other by the deterministic input, that is,
1 @
X,(,H)l Anxﬁll) + wp X,,H)l = Anx,(qz) + Bpuy
and (13.5.2)

vV = CxV + v, vy = CpxP

If we adjust the initial conditions of the two systems to match that of (13.5.1), that

is, xg = xél) + XO , then the solution of the system (13.5.1) will be the sum:

xn =X + %, ya =y v
System (2) is purely deterministic, and therefore, we have the estimates,

%7 = Proj[xi” |Yn] = xi

N 2
;(1/n 1 *PTOJ[XH [Yn-1] _Xsl)

and similarly, if,(ﬁ)n,l = y,(qz) . For system (1), we may apply the Kalman filtering algorithm
of Eq. (13.2.2). We note that

N 1 2 ~ (1) ~(2) 1 ~ (1)
En=Yn—Yn/in-1= YV(z ) +Y§1 ) ~Yn/in-1 =~ ¥Yn/m-1 = Yﬁl ) ~ Yn/n-1

so that D, = ,(ql). Similarly, we find,

(1) (1) (1)
en/n-1 = Xn — Xn/n-1 = Xn —Xpym-1 = Pum-1 = Pn/n_1
a (1) (1) (1)
€n/n =Xn —Xn/n =Xn —Xp/p = Pum =Pn/n

and similarly, G, = GLD and K, = Kr(,l). The measurement update equation remains
the same, that is,

. ~(1) ~(1 °
Xn/n = Xp/n +x£lz) = ( ) 1+ Gnén +x( ) = Xp/n-1 + Gnén

The only step of the algorithm (13.2.2) that changes is the time update equation:
Xni1/n = X£1+)1/n + X512+)1/n = ﬁﬁlﬁl/n + X
[AnAﬁnl/)n |+ Kngn] + [Anxi? + Byup]
= An(Xyny + X)) + Butty + Knén

= AnXp/n-1 + Bpun + Kn&n = ApXp/n + Bpuy, or,

Xn+1/n = AnXn/n-1 + Bnun + Kn&n = ApXn/n + Boup (13.5.3)

13.6 Time-Invariant Models

In many applications, the model parameters {A,, Cp, Qn, Ry} are constants in time, that
is, {A, C,Q, R}, and the model takes the form:

Xp+1 = AXp + Wy (state model)

(13.6.1)

n=CXp+Vvy (measurement model)
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The signals wy,, v, are again assumed to be mutually-independent, zero-mean, white-
noise signals with known covariance matrices:

E[WnWiT] = Q0ni

E[vyvl] = Rbni (13.6.2)

Elwyvli1=0

The model is iterated starting at n = 0. The initial state vector x; is assumed to be
random and independent of w,,, vj, but with a known mean X, = E[X(] and covariance
matrix Xy = E[ (X9 — %o) (X0 —Xo) T]. The Kalman filtering algorithm (13.2.2) then takes
the form:

Initialize in time by: X¢,-1 = X0, Po/—1 = 20
At time n, Xn/n—1, Pn/n-1, Y, are available,
Dy =CPpm1CT+R
Gn = Pn/n—ICTD;1
K, =AGy, = APn/n,lCTDgl
Yum-1 = CXn/n-1
En=Yn V-1 =Yn— CRnna
Measurement update / correction:
Xn/n = Xn/in-1 + Gnén
Pn/n = Pn/n—l - GnDnGZI‘
Time update / prediction:
)A(n-*—l/n = Af(n/n = A)A(n/n—l + Kné&n
Ppiin = APpnAT +Q
Go to time n + 1

innovations covariance
Kalman gain for filtering
Kalman gain for prediction
predicted measurement
innovations sequence

filtered estimate
estimaton error

predicted estimate
prediction error

(13.6.3)
Note also that Egs. (13.2.12) become now,
Va1 = CXnn-1 = CAXp—1/n-1 predicted measurement
En=Yn—Vn/n- innovations sequence
no e Tt (13.6.4)

Xn+1/n = AXpm-1 + K&y predicted estimate

Xnn = AXn-1/n-1 + G&, filtered estimate

The MATLAB function, kfi1t.m, implements the Kalman filtering algorithm of Eq. (13.6.3).

It has usage:

[L,X,P,Xf,Pf] = kfi1t(A,C,Q,R,Y,x0,S0); % Kalman filtering
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Its inputs are the state-space model parameters {A, C,Q, R}, the initial values Xy,
2, and the observations y,, 0 < n < N, arranged into an ¥x (N + 1) matrix:

Y =[yo, Y1,y ¥ne s YN
The outputs are the predicted and filtered estimates arranged into px (N + 1) matrices:
X = [Ro/-1, R1/0, --+» Rn/n=1s -+, RN/N-1]
Xr = [%o/0, Ri/1s -+ Rniny -y RN/N]

whose error covariance matrices are arranged into the pxpx (N + 1) three-dimensional
arrays P, Py, such that (in MATLAB notation):

PC:,:,n+1) = Pyyp—1, Pf(C:,:,n+l) =Pum, 0<n<N

The output L is the value of the negative-log-likelihood function calculated from Eq. (13.12.2).

Under certain conditions of stabilizability and detectability, the Kalman filter pa-
rameters {Dy, Ph/n-1,Gn, Kn} converge to steady-state values {D, P, G,K} such that P
is unique and positive-semidefinite symmetric and the converged closed-loop state ma-
trix F = A — KC is stable, i.e., its eigenvalues are strictly inside the unit circle. The
steady-state values are all given in terms of P, as follows:

D =CPCT +R

G=PC™D7 ' =[I+PCTR™'C]7'PCTR™!
(13.6.5)
K = AG = A[I + PCTR™'C17'PCTR™!

F=A-KC=A[I+PCTR'C]!

and P is determined as the unique positive-semidefinite symmetric solution of the so-
called discrete algebraic Riccati equation (DARE), written in two alternative ways:

P = APAT — APCT(CPCT +R)"'CPAT + Q
(DARE) (13.6.6)
P=A[I+PCTR'C]I'PAT +Q

The required conditions are that the pair [C, A] be completely detectable and the
pair [A, Q2], completely stabilizable,t where Q!/2 denotes a square root of the posi-
tive semidefinite matrix Q. Refs. [863,865] include a literature overview of various con-
ditions for this and related weaker results. The convergence speed of the time-varying
quantities to their steady-state values is determined essentially by the magnitude square
of largest eigenvalue of the closed-loop matrix F = A — KC (see for example [871,872]).
If we define the eigenvalue radius p = max; |A;|, where A; are the eigenvalues of F, then
a measure of the effective time constant is:

Ine

Nef = In p2 (13.6.7)

TFor definitions of complete stabilizability and detectability see [863], which is available online.
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where € is a small user-defined quantity, such as € = 10~2 for the 40-dB time constant,
or € = 1073 for the 60-dB time constant.

The MATLAB function, dare(), in the control systems toolbox allows the calculation
of the solution P and Kalman gain K, with usage:

[P,L,KT] = dare(A’, C’, Q, R);

where the output P is the required solution, KT is the transposed of the gain K, and L
is the vector of eigenvalues of the closed-loop matrix F = A — KC. The syntax requires
that the input matrices A, C be entered in transposed form.

Example 13.6.1: Benchmark Example. Solution methods of the DARE are reviewed in [877].
The following two-dimensional model is a benchmark example from the collection [878]:

4 -45 9 6 3
I Pt I F T

The MATLAB call,
[P,L,K_tr] = dare(A’, C’, Q, R);

returns the values:

14.5623  9.7082 r_ [ 18541 0.3820
b= [ 9.7082  6.4721 ]  K=Ka= [ 1.2361] b= [ —0.5000]

These agree with the exact solutions:

1+/5[9 6 V5-1(3 (3-+5)/2
P=" [6 4]'K: 2 [2]’L:[ -0.5 ]

This example does satisfy the stabilizability and detectability requirements for conver-
gence, even though the model itself is uncontrollable and unobservable. Indeed, using the
square root factor q = [3,2]7 for Q where Q = qq’, we see that the controllability and
observability matrices are rank defective:

3 3 & 1 -1
[q'Aq]:[z 2]’ [CA]:[I —1]
The largest eigenvalue of the matrix F is A; = —0.5, which leads to an estimated 40-dB

time constant of ney = log(0.01)/log((0.5)%) = 3.3. The time-varying prediction-error
matrix P,,,—1 can be given in closed form. Using the methods of [871,872], we find:

Pun1=P+F'M,F™", n=0 (13.6.8)
where, F" is the nth power of F and can be expressed in terms of its eigenvalues, as follows,

3AZ —2A7  3AY —3A1 3-5
n_ 2 1 1 2 _ _
B = [22\3722\? 3)\?72/\3} o A=-05, A 2
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This is obtained from the eigenvalue decomposition:

F:VAV”:“ 1i5][A01 /\O][ﬁ g] 5> F'=VA"IV!
) -

The matrix M, is given by:

M, ! [C“d C”*b], e = = (1=

:adfbc+(a+b+c+d)cn ch—C Cchp+a J5

and the numbers a, b, ¢, d are related to an arbitrary initial value Py, via the definition:

a b 1 d -b
[c d:|:(P()/—17P)71 = P(]/71*P=m[_c a]

provided that the indicated matrix inverse exists. We note thatatn = 0, My = Py,—; —P and
the above solution for P,,,—1 correctly accounts for the initial condition. It can be verified
that Eq. (13.6.8) is the solution to the difference equation with the prescribed initial value:

Pniym = A[Pn/n—l - Pn/n—ICT(CPn/n—lcT + R)ilcpn/n—l]AT +Q, or,

Pn+l/n = A[I + Pn/n—ICTRilc]ilpn/nflAT + Q

Since |A»| < |A1], it is evident from the above solution that the convergence time-constant
is determined by |A1|2. As Py/n_1 — P, so does the Kalman gain:

Kn = APpjn1CT(CPpjn1CT +R)'— K = APCT(CPCT +R)™!

The figure below plots the two components of the gain vector K, = [k; (n),kz (n) 17 versus
time n, for the two choices of initial conditions:

100 0 1/100 0
Porr=1"¢" oo |» P = 0 1/100

Kalman Gains Kalman Gains

0 1 2 3 4 5 6 7
time samples, n

0 1 2 3 4 5 6 1T
time samples, n

We note that we did not initialize to Py;_; = 0 because P is rank defective and the initial

matrix My = —P would not be invertible. m]
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Example 13.6.2: Local Level Model. Consider the local-level model of Example 13.1.1 (see also

Problem 11.13),
Xn+1 = Xn + Wp

Yn =Xn + Vn

with Q = 02 and R = 0. The Kalman filtering algorithm (13.6.3) has the parameters
A =1, C =1, and satisfies the Riccati difference and algebraic equations:
Pum-1R PR p?

Poma+R TS T PEpipte 2 pip=C

Pn+1/n =

and has time-varying and steady gains:

Pn/n—l P
K, = =" K=G=
n=Gn=p " TR C= PR
and closed-loop transition matrix:
R R
Fph=1-K,= —"—"— F=1-K-=
" " Puma+R P+R

The positive solution of the algebraic Riccati equation is:

P=%+,/QR+%2

The convergence properties to the steady values depend on the closed-loop matrix (here
scalar) F. Again, using the methods of [871,872], we find the exact solutions:

(Py — P)F2n - __P+R
1+ (Pp—P)S(1 —F?n)’ =7 7 P(P+2R)

Pn/n—l =P+
where Py is an arbitrary positive initial value for Py,_;. Since Py/n-1 — P as n — oo, it
follows that also F, — F and K, — K, so that the Kalman filtering equations read,

Xn+1/n = R = R + Kn (Vn = Rnm) = FaRpmoa + (1= Fp)yn

Rnt1m = R = Rn/n-1 + K(Yn = Rnn) = FRpny + (1 = F)yp

where the second one is the steady-state version, which is recognized as the exponential
smoother with parameter A = F. We note that because P > 0, we have 0 < F < 1. m|

13.7 Steady-State Kalman Filters

As soon as the Kalman filter gains have converged to their asymptotic values, the Kalman
filter can be operated as a time-invariant filter with the following input/output equations
for the predicted estimate:

Xn+1/n = AXp/m-1 + K(yp — CXnyn-1)
R . (steady-state Kalman filter) (13.7.1)
Xn+1i/n = (A = KC)Xnm-1 + Kyy,
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or, in its prediction-correction form, where K = AG,

Xn/n = Xnm—1 + G(yy — CXp/n-1)
. A (steady-state Kalman filter) (13.7.2)
Xn+1/n = AXn/n

or, in its filtered form, using Eq. (13.6.4),

Xnm = AXn-1/n-1 + G(y, — CAXpn_1/n-1)
. . (steady-state Kalman filter) (13.7.3)
Xnm = (A—GCA)Xp_1/n-1 + GYn

Since these depend only on the gains K, G, they may be viewed as state-estimators,
or observers, independently of the Kalman filter context.

In cases when one does not know the state-model noise parameters Q, R, non-
optimal values for the gains K, G may be used (as long as the closed-loop state-transition
matrices F = A — KC and A — GCA are stable). Such non-optimal examples include the
single and double exponential moving average filters and Holt’s exponential smoothing
discussed in Chap. 6, as well the general «x-f and x-f-y filters.

The corresponding transfer function matrices from the input y,, to the prediction
Xn/n—1 and to the filtered estimate X,;/,; are found by taking z-transforms of Egs. (13.7.1)
and (13.7.2). Denoting the identity matrix by I, we have:

Hp(z) = (zI -A+KC)'K
(13.7.4)
Hf(z) =z(zI - A+ GCA)'G

Example 13.7.1: «-f Tracking Filters. The kinematic state-space models considered in Exam-
ple 13.1.3 for a moving object subject to random accelerations were of the form:

Xn+1 | _ 1 T Xn +
Xpr | L0 1| R [ 7Y

(13.7.5)
Yn = [1,0][22 :| + Vn

with measurement noise variance R = 02 and two possible choices for the noise term wy,

0 T?/2
Wn = wn | Wp = T an

where w, represents a random velocity and a, a random acceleration. The corresponding
covariance matrices Q = E[w,w]] are,

0 0 T4 T32 |
Q:[o ozw]' Q:[ﬁ/z T? ]“a

An «-p tracking filter is an observer for the model (13.7.5) written in its prediction-
correction form of Eq. (13.7.2) with a gain vector defined in terms of the «, 8 parameters:

G:[B(H
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Egs. (13.7.2) then read:
)A(n/n )A(n/n—l [0 ~
2 = 2 + — X —
|:Xn/n :| |:xn/n—1 :| |:B/T:| n nin-1)
>:<n+1/n _| 1! T ?:‘n/n
Xn+1/n 0 1 Xn/n
>:<n/n-1

where we used ¥/, 1 = CXp/p-1 = [1,0][ -
Xn/n-1

(13.7.6)

] = Xn/n-1. Explicitly, we write,

Rn/n = Rnm-1 + & (Yn = Rnyn-1)

>?<n/n = >T<n/n—l + g()’n = Rn/n-1)
(- tracking filter)

2n+1/n = f‘n/n + Txn/n

>.<n+1/n = xn/n

These are essentially equivalent to Holt’s exponential smoothing method discussed in
Sec. 6.12. The corresponding prediction and filtering transfer functions of Eq. (13.7.4)
are easily found to be:

o B 1 (x+B)z -«
P = T B-Dzrl-«| Blz-1)/T
8 (13.7.7)
1 Z(B— x+ xz)
Hf(z)=22+(o<+B72)z+lf(x[ Bz(z-1)/T }

The particular choices &« = 1 — A% and B = (1 — A)? result in the double-exponential
smoothing transfer functions for the local level and local slope of Eq. (6.8.5):

1 [(1—2\)(1+A—2)\z’1)]

Hf(z)= (1-AzDH2| (1-A)20-zY/T

(13.7.8)

The noise-reduction ratios for the position and velocity components of H (z) are easily
found to be [870,874]:
20° + 2B - 3« 2B%/T?
R - B-3ap B/
x(4-20—B x(4-20—B

x =

Example 13.7.2: «-f Tracking Filters as Kalman Filters. Optimum values of the «, B param-
eters can be obtained if one thinks of the «-f tracking filter as the steady-state Kalman
filter of the model (13.7.5). We start with the case defined by the parameters,

1 T 0 0 0
a3 1] conon e[ 2] @e[3 2] weer

Let P denote the solution of the DARE, P = A(P — GDGT) AT + Q, where the gain G is:

P p
P:|: 11 12

P12 P

_ 1 Py
D=CPCT+R=P, +R =pPC'D! =
]’ cre n ’ G ¢ P +R Py,
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and we set Po; = Ppp. If G is to be identified with the gain of the «-f tracking filter, we
must have:

B 1 P B 0% Py _ P> _é
G7P11+R|:P12]7[.3/T:| T Pu+R Y Pu+RTT

which may be solved for Py, P1»:

B D= R
1-«x 1-«x

«
Py=R——, Ppp= (13.7.9)
1 -«

SR

The three parameters &, 8, P> fix the matrix P completely. The DARE provides three equa-
tions from which these three parameters can be determined in terms of the model statistics
O'a,, (7\2,. To this end, let us define the so-called tracking index [869], as the dimensionless
ratio (note that o, has units of velocity, and o, units of length):

i 2 TZ
A% = U:;Z (tracking index) (13.7.10)
\4
Using Egs. (13.7.9), we obtain
R« RB/T
P-GDGT = 2,12
RB/IT Py — ?7 o

Then, the DARE, P = A(P — GDG") AT + Q, reads explicitly,

Py P | |1 T Rex RB/Z/T2 10 + 00 (13.7.11)
P, Pu| |0 1 RB/T szfliia T 1 0 o} o

Forming the difference of the two sides, we obtain:

R 2_p R
PopT? — R{(oc+ B)*=2B) ;—LB)a B) P2 T — 77{;((1012(3))
AP -GDGTY)AT+Q-P= ,
p T_RB(a+B) o2 RB?
2 T - «) YT - )

Equating the off-diagonal matrix elements to zero provides an expression for P;;:

p,, - RB(a+B)
2T TN1- 00

Then, setting the diagonal elements to zero, gives the two equations for «, f3:

2 2 ZTZ
= thx’ 1lj¢x - 0(‘;2 = A2 (13.7.12)
v

The first of these was arrived at by [870] using different methods. The system (13.7.12)
can be solved explicitly in terms of A2 as follows [873]:

1 1 4 2 2
e . - =< 13.7.1
r 2+ 4+/\2’ « r+1’ B rir+1) (13.7.13)
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Next, consider the alternative kinematic model defined by the parameters [868,869]:

1T T4 T3/2| , )
A:[O 1], C=1[1,0], Q:|:T3/2 T2 ]cra, R =0y

A similar calculation leads to the DARE solution for the covariance matrix:

o4 R R 20+ B)
PH:R—O(, P12=*L Pzz*fu

R
D=Py+R=———
1- T1l-«’ 1

T2T? 1-o 1-«
with «, B satisfying the conditions:

— — x2 2 2
Boapood A By (13.7.14)
1-« 4 1-«x

where now the tracking index is defined as the dimensionless ratio:

a2 = gl (13.7.15)
gy
The solution of the system (13.7.14) is found to be [868]:
r= 1+§, o= (r4+r1)2’ B = (r+81)2 (13.7.16)
It is easily verified that these satisfy the Kalata relationship [869]:
B=202-x)-4/1-« (13.7.17)

For both models, the optimum solutions for «, 8 given in Egs. (13.7.13) and (13.7.16) lead
to a stable closed-loop matrix F = A — KC, that is, its eigenvalues lie inside the unit
circle. These eigenvalues are the two roots of the denominator polynomial of the transfer
functions (13.7.7), that is, the roots of z? + (& + 8 —2)z + 1 — &« = 0. The graphs below
show a simulation.

noisy position measurements

0 50 100 150 200 250 300
t (sec)
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true position and its estimate true velocity and its estimate

0 50 100 150 200 250 300 0 50 100 150 200 250 300
t (sec) t (sec)

The following parameter values were chosen o, = 0.02, o, = 2, T = 1, which lead to
a tracking index (13.7.15) of A = 0.01, and the value of the parameter ¥ = 28.3019 in
Eq. (13.7.16), which gives the «f-parameters « = 0.1319 and = 0.0093. The algorithm
(13.7.6) was iterated with an initial value Xo,_; = [v,0]7.

The following MATLAB code segment shows the generation of the input signal y,, the
computation of «, 8, and the filtering operation:

t0 = 0; tl = 75; t2 2

= 225; t3 = 300;
b0 = 0.8; bl = -0.3; b2 = 0.4;

% turning times
% segment slopes

m0 = 20;
ml =m0 + b0 * (tl-t0);
m2 = ml + bl * (t2-tl);

% segment turning points

t = (t0:t3); T=1;

wn
]

(mO+b0*t) . *upulse(t,tl) + (ml+bl*(t-tl)).*upulse(t-tl,t2-tl) +...
(m2+b2*(t-t2)) .*upulse(t-t2,t3-t2+1);

sdot = bO*upulse(t,tl) + bl*upulse(t-tl,t2-tl) + b2*upulse(t-t2,t3-t2+1);

seed = 1000; randn(’state’,seed);
sv = 2; v =sv * randn(l,length(t));
y =S + V; % noisy position measurements

sa = 0.02; Tambda = sa*TA2/sv; r = sqrt(1+8/Tambda);

a = 4*r/(r+1)A2; b = 8/(r+1)A2; % alpha-beta parameters
A=1[1, T; 0, 1]; C=[1,0]; G = [a; b/T];
xp = [y(D; 0]; % initial prediction

for n=1:length(t),
x(:,n) = xp + G*(y(n) - C*xp);
xp = A*x(:,n);

end
figure; plot(t,y,’b-"); % noisy positions
figure; plot(t,s,’r--", t,x(1,:),’b-"); % true & estimated position

figure; plot(t,sdot,’r--", t,x(2,:),’b-"); % true & estimated velocity
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Example 13.7.3: Transients of «-B Tracking Kalman Filters. Here, we look at a simulation of
the random-acceleration model of Eq. (13.1.15) and of the time-varying Kalman filter as it
converges to steady-state. The model is defined by

Xn+ 1 T Xn T2/2 Xp
|:)‘(n+i:|:|:0 lj||:)'(n:|+|: T :|Hn, YH:[I,O][XYI]-FV"

with model matrices:

1T T84 T3/27 , »
A—[O 1], C=1[1,0], Q_|:T3/2 T2 ]cra, R=o0;

The corresponding Kalman filter is defined by Eq. (13.6.3). If we denote the elements of
the time-varying Kalman gain G, by

then, we expect &y, B, to eventually converge to the steady-state values given in (13.7.16).
The Kalman filtering algorithm reads explicitly,

Xn/n Rn/n-1 Xn S Rn+1/n 1 T RXn/n
2 =1\ z + — Xn/n-1) 2 = 2
|:Xn/n :| |: Xn/n-1 :| |: Bn/T :| n nin-1) |: Xn+1/n :| |: 0 1 :| |: Xn/n :|
where
Dp = CPuyn-1C" +R, Gn=Pnn1C"/Dy
Pn/n :Pn/n—l _GnDnqu-q Pn+l/n :APn/nAT+Q

The figures below show a simulation with the same parameter values as in the previous
example, 0, = 0.02, 0, =2,and T = 1.
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- - = velocity |
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P
03 ke
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/
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NH " [ kol o
iy Vv (LN ' it
\ B ] Vg Y R,
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v v u
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The upper-left graph shows the noisy measurement y, plotted together with the position
X, to be estimated. The upper-right graph plots the estimate X,,, together with x,. The
lower-left graph shows the velocity and its estimate, X, and f(n /n- The lower-right graph
shows &y, B as they converge to their steady values « = 0.1319, 8 = 0.0093, which were
calculated from (13.7.16):

oaT? 8 4r 8
A=——=0.01, =,/1+ - =28.3019, = =, =
oy r \ A T e b (r+1)2

The model was simulated by generating two independent, zero-mean, gaussian, length-300
acceleration and measurement noise signals a,, v,. The initial state vector was chosen at
zero position, but with a finite velocity,

[z]-3]

The Kalman filter was initialized to the following predicted state vector and covariance:

N _ ?20/,1 _ Yo _ 0.01 0
Xo/-1 = [?20/—1 ] = [ 0 ] y Pojm1 = [ 0 0'01]

The following MATLAB code illustrates the generation of the graphs:

N =301; T=1; Tmax = (N-1)*T; t = 0:T:Tmax;
seed = 1000; randn(’state’,seed);

sv = 2; sa = 0.02; lambda = sa*TA2/sv; r = sqrt(1+8/Tambda);
a = 4*r/(r+1)A2; b = 8/(r+1)A2;

v = sv * randn(1,length(t)); % measurement noise
w = [TA2/2; T] * sa * randn(l,length(t)); % state noise

R = svA2; Q = [TA4/4, TA3/2; TA3/2, TA2]*saA2;

A

[1,T; 0,1]; C = [1,0];

x0 = [0; 0.1]; x(:,1) = x0; % initial state
for n=1:N-1

x(:,n+1) = A*x(:,n) + w(n);

y(n) = Cx(:,n) + v(n);
end

y(N) = CxC,N) + vIN) ;5

% generate states and measurements

xp = [y(1);0]; PO = diag([1,1]1/100); P = PO; % initialize Kalman filter
for n=1:Tength(t), % run Kalman filter

D = C*P*C’+R;

G(:,n) = P*C’/D; % G = Kalman gain

X(:,n) = xp + GC:,n)*(Cy(n) - C*xp); % X(:,n) = filtered state

Pf = P - G(:,n)*D*G(:,n)"; % error covariance of X

xp = A*X(:,n); % xp = predicted state

P = A*PF*A’ + Q; % error covariance of xp
end

13.7. Steady-State Kalman Filters 639

figure; plot(t,x(1,:),’r--", t,y,’b-");
figure; plot(t,x(1,:),’ r--", t,X(1,:),’b-");
figure; plot(t,x(2,:),’r--", t,X(2,:),’b-");

figure; plot(t,G(1,:),’b-", t,G(2,:),'r--");

The eigenvalues of the asymptotic closed-loop state matrix F = A — KC, which are the
roots of the polynomial, z> + (x + B2)z + (1 — &), can be expressed directly in terms of
the parameter r as follows:

_r?-3-2jV/rz-2

r2—3+42j/r2 -2
Al— =
(r+1)2

;Ao = (r+1)2

The eigenvalues are complex conjugates whenever r> > 2, or equivalently, when the track-
ing index is A < 8, which is usually the case in practice. For A > 8, or 1 < r? < 2, they are
real-valued. For the complex case, the eigenvalues have magnitude:

r-1

Al = 1As] =
[Ay] = [Az] —

One can then determine an estimate of the convergence time-constant of the Kalman filter,

n Ine
eff = =7 /o _ 1\
21n<r 1)
r+1

For the present example, we find neg = 49 samples for the 60-dB time constant (€ = 1073),
which is evident from the above plot of &, . Using the methods of [871,872] one may
also construct closed-form solutions for the time-varying covariance P,/,- and gain G,.
First, we determine the eigenvector decomposition of F:

2 o 2
FoA_KC- 1 [r 2r—7 T(r+1)

(r+1)2 -8T (r+1)2

v A0 o1 1 -w
o T P B B

w:g[wz_jm], v2:§[r+z+jm]

] =vAv!

Then, the nth power of F is given by:

_ 1 VIAL = V2Adz Viva (A2 —Ay)
_ 1_
F=vav Vi — V2 [ A=A Vidz — VoA, ]
_ 1 len - VzAn Vi1V2 (An — An)
n _ n | 1 2 2 1
B =vATv ‘vlwz[ A=A AL vl

The converged steady-state value of P,,,-1, which is the solution of the DARE, may also
be expressed in terms of the parameter r, as follows:

2
1 —

p_ 4R Tr
T (r+12| 2 8

Tr T2r(r+1)
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Given an initial 2X2 matrix Py,_;, we construct the matrix Ey = Py,_; — P. Then, the exact which are precisely Holt’s exponential smoothing formulas,
solution of the Riccati difference equation is given by: . .
An/n 1 1 Ap-1/n-1 &8 ~ ~
Puin-1 = P+ F'Eo[I + SyEq] ' F™" |:i,n/” ] = [0 1 ] [[,n_”n_l ] + [ B :| (Yn = @n-1/m-1 = bn-1/n-1)
where I is the 22 identity matrix and S, is defined as follows, for n > 0, [ dne1/m ] = [ L1 ] [ dnn-1 ] + [ x+h :| (Yn — anm-1)
bn+1/n 0 1 bn/n—l ﬁ
Tnepn r2-1 1 ~-T/2
Sn=S8-F"SF", §= 8rR [ —-T/2 T?>(r?+1)/8 ] The corresponding model parameters Q 4, Qp and the error covariance matrix P can be
reconstructed in terms of R and the gains «, f3, as follows,
These expressions demonstrate why the convergence time-constant depends on the square .
ofthemzliximumeigenvadueofF.y ’ ’ ! O Q:[Q“ O]: R [0(3+0(B—23 O] P:L[‘X B ]
0 Qp 1-« 0 B |’ l-a| B Blax+p)

Example 13.7.4: Local Trend Model. Holt’s exponential smoothing model is an effective way of
tracking the local level a,, and local slope b, of a signal and represents a generalization of
the double exponential moving average (DEMA) model. Its state-space form was considered

One can easily verify, according to Eq. (13.6.5), that,

R o
briefly in Sec. 6.13. The following time-invariant linear trend state-space model has steady- D=CPCT +R = -’ G=PC'D! = [ B ]
state Kalman filtering equations that are equivalent to Holt’s method,

a 1 1 a a and that P satisfies the algebraic Riccati equation (13.6.6), that is,
el | Y oy =101 9 v, (13.7.18)
bn+1 0 1 bn Un bn

P = APAT — APCT (CPCT + R)"'CcPAT + Q

so that its state-model matrices are, . . . . "
Assuming that &, f are positive and that « < 1, the positivity of Q, requires the condition,

A [ 1 1 ] C=[1,0] o? + B > 2, which also implies that P is positive definite since its determinant is,
= 0 1 y = ’
2 _ 2 _
detp — g2 & (J; ch )ZB)B _ge @ +EX1B7 2)Bg+5)ﬁ 50
where ay,, b, represent the local level and local slope, and w, Uy, vV, are zero-mean, mutu- « «
s ) ) 5 o .o
ally uncorrelated, w}yte pmse signals Wth Varlan.ces Qq = 0y, Qp = 0y, R = 0y. Denote Thus, Holt’s method admits a Kalman filtering interpretation. o
the state vector and its filtered and predicted estimates by,
dn o dn/n o Adn+1/n 1 1 An/n . . .
Xp = [b ] y Ko = [5 ] Y [i, ] = [0 1 ] [l; ] 13.8 Continuous-Time Kalman Filter

n n/n n+l/n n/n

so that The continuous-time Kalman filter, known as the Kalman-Bucy filter [853], is based on

an+1/n = an/n + bn/n ’ bn+1/n = bn/n the state-space model:

Then, the predicted measurement can be expressed in two ways as follows, x() = AWOx (D) +w(1) (13.8.1)

y() = C(Ox()+v(1)

ﬁn/n—l
bn/n—l

)A’n/n—l = C)A(n/n—l = [1;0]|: :| = an/n—l = an—l/n—l + Bn—l/n—l

where w(t), v (t) are mutually uncorrelated white-noise signals with covariances:

Denote the two-dimensional steady-state Kalman gains G and K = AG by, T
ElwOw(T)"1=Q(t)6(t—T)

1 1 +B
G:[Z]' K:AG:[O 1][‘;]:[0(3 ] Elviv(T)T] =R(®)S(t - 1) (13.8.2)
Elwmv(T)] =0

Then, the steady-state Kalman filtering equations Eq. (13.7.1) and (13.7.3) take the form,

RKnn = A&n-1/n1+ GWn = V1) We assume also that w(t),v(t) are uncorrelated with the initial state vector x(0).

. . . More precisely, one should write the stochastic differential equation for the state in the
Xns1/n = AXnin-1 + K(Yn — Ynm-1)
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form: dx(t)= A(t)x(t)dt + w(t)dt and view the quantity db(t) = w(t)dt as a vector-
valued Brownian motion, with covariance E[db(t)db(t)T]= Q (t)dt. However, for the
above linear model, the formal manipulations using w(t) lead to equivalent results.

The continuous-time Kalman filter can be obtained from the discrete one in the limit
as the sampling interval T tends to zero. One of the issues that arises is how to define
the white-noise sequences wy, v, of the discrete-time model of Eq. (13.1.1) in terms of
the sampled values of the continuous-time signals w (t), v (t). The covariance matrix at
a single time instant is not well-defined for white noise signals. Indeed, setting t = T =
tn = nT in Eq. (13.8.2) would give an infinite value for the covariance E[w (t,)w(t;)T].

Since the delta function d (t) can be thought of as the limit as T — 0 of a square
pulse function p (t) of width T and height 1/T shown below, we may replace 6 (t — T)
by pr (t — T) in the right-hand-side of Eq. (13.8.2).

00
PT(t)\s T
T
TR0 T2 !

This leads to the approximate but finite values:

Q(tn) R(ty)
T

. Elv(t)v(ty) 1= - (13.8.3)
The same conclusion can be reached from the Brownian motion point of view, which

would give formally,

E[W(tn)w(tn)T] =

T T
Elw(O)w(t)T]= E[db(t) db(t) } _Eldb®)db("] _Q(ndt _ Q1)

dt dt de? Todee T dt

and identifying dt by the sampling time T. We may apply now Eqg. (13.8.3) to the sampled
version of the measurement equation:

y (tn) = C(tn)x(tn) +v(tn)

Thus, the discrete-time measurement noise signal v, is identified as v(t,), with
covariance matrix:
(tn)

E[vavi]=R, = - (13.8.4)

To identify w,, we consider the discretized version of the state equation:

X(tys1) =X (tn)

X (ty) = T

= A(ty)x(ty) +w(ty)

which gives,
X(tn+1)= [I+ TA(tn)]X(tn)+TW(tn)

and we may identify the discrete-time model quantities:

Ap=1+TA(ty), wn=Tw(ty)
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with noise covariance matrix E[w,w}]= T?E[w(t,)w(t,) ], or using (13.8.3),

Q)
T

E[wywl]=T? =TQ(ty) = Qn (13.8.5)
To summarize, for small T, the discrete-time and continuous-time signals and model
parameters are related by

Xn =X(tn), Wp=Tw(tn), y,=y(tn), vn=v(ly)
_ R(tn) (13.8.6)

Apn=1+TA(ty), Ch=C(ty), Qun=TQ(tn), Rn T

Next, consider the limit of the discrete-time Kalman filter. Since T' — 0, there will be
no distinction between P,, and P,,n-1, and we may set P(t,)~ Pp/n = Pyn/n-1. Using
(13.8.6), the innovations covariance and the Kalman gains become approximately (to
lowest order in T):

R(tn) _ R(ty)
T T
Gn = Pn/n—lcz;Dgl = P(tn)c(tn)TR(tn)ilT =K(ty)T

Dy = CnPn/nflchl + Ry = C(tp)P(tn)C(tn) +

Kn = ApPpm 1 CEDY = [T+ TA(ty) |P(tn) C(tn) TR (ty) "' T = K (ty) T

where we set K (t,) = P (t,) C (ty) TR (t,) 1. Setting X (t,,) = Xp/n—1 and hence X (t,11) =
Xn+1/n, the Kalman filtering equation X,+1/n = AnXn/n-1 + Kn&n becomes:

X(tys1) = [I+ TA(tn)]f((tn)‘i‘TK(tn)f(tn) , Or,

)A((tn+1) _ﬁ(tn)
T
which becomes the differential equation in the limit T — 0:

= A(tn)f((tn)""K(tn)f(tn): A(tn)i(tn)+K(tn) [Y(tn)_C(tn)f((tn)]

X(t)= AR +K (D) e(t)= AR +K (1) [y(t) —C(D)%(t) ]
with a realization depicted below.

vo— S k)

40

Finally, we consider the limiting form of the Riccati difference equation:
Pn+1/n = An [Pn/n—l - GnDnGz;]AZ; + Qn
Using Eqgs. (13.8.6) and noting that Py.1/, = P(ty+1), we obtain:

P(tns1)= [T+ TA(tn) [[P(tn) =K (tn) TR (t) T ' TK (tn) " ][I + TA(tn) "] + TQ (tn)
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which may be written to order T as follows:

P(tn+1) =P (tn)

T = A(tn) P(tn) +P(tn) A(tn) " =K (tn) R (tn) K (tn) T+Q (t)

which becomes the differential equation in the limit T — 0,
P(t)= AP +PMAM)T-K(ORMOK () T+Q (1)
Substituting K (t) = P(t) C(t) TR (t) !, we obtain the Riccati differential equation:
P(O)=AMPWO+POAMT-POCOTROCOPO)+Q (D)

To summarize, the continuous-time Kalman filter for the model (13.8.1) is given by:

K({t) =P CH)TR()™
x(t) = AR +K () [y(©) —C®)x(1)] (13.8.7)
P(t) = AP0 +POADT-P®)C@OTR®)ICOP)+Q (1)

where P (t) represents the covariance E[e(t)e (t) 7] of the estimation error e (t) = x(t) —%(t),

and the initial conditions are taken to be:
%(0)=E[x(0)], P(0)=E[(x(0)-%(0)) (x(0)—%(0))T]

For time-invariant models, i.e. with time-independent model parameters {A, C,Q, R},
and under the same type of complete stabilizability and detectability assumptions as in
the discrete-time case, the Riccati solution P (t) tends to the unique positive-semidefinite
symmetric solution P of the continuous-time algebraic Riccati equation (CARE):

AP + PAT —PCTR7'CP+Q = 0| (CARE) (13.8.8)

and the Kalman gain tends to the corresponding steady gain K(t)—~ K = PCTR™!,
resulting in a strictly stable closed-loop state matrix F = A — KC, i.e., with eigenvalues
in the left-hand s-plane.

Example 13.8.1: Local Level Model. The continuous-time version of the local-level model of
Example 13.6.2 is defined by the one-dimensional model:
x(0)=w(), Elw®Ow(T)]=Q6(t—T1)
y(O)=x(O)+v(t), E[VO)v(T)]=R6(t-T)

It represents a Wiener (Brownian) process x(t) observed in noise. The Kalman filtering
algorithm (13.8.7) has parameters A = 0, C = 1, and satisfies the Riccati differential and
algebraic equations:

2 2
P(t):QfPTft), Qf%:o = P=,0R
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and has time-varying and steady gains:

_ PO _P_jQ
K(t)= R > K= R-VR
and closed-loop transition matrices:
F(t)=-K(t) > F=-K=- %

and time-varying and steady Kalman filtering equations:
X(1) = -K(OXRO+K()y (1)
X(t) = —KX(t) +Ky (t)
with the latter representing a continuous-time version of the exponential smoother. The

convergence properties to the steady values depend on F. Using the methods of [871,872],
we find the exact solution for P (t), and hence K (t)= P(t) /R:
2P (Py — P)e?ft

P(t)=P >
© +P0+P*(P0*P)€2F” t=0

where Py is an arbitrary positive initial value for P(0), and e?/t = e~2Kt which decays

to zero exponentially with a time constant determined by 2F, a result analogous to the
discrete-time case. ]

13.9 Egquivalence of Kalman and Wiener Filtering

We saw in Chap. 11 that for the case of a simple scalar state-space model the steady-state
Kalman filter was equivalent to the corresponding Wiener filter, and that the innovations
signal model of the observation signal was embedded in the Kalman filter. Similar results
can be derived in the multichannel case.

Consider the problem of estimating a p-dimensional vector-valued signal x, from an
r-dimensional signal of observations y,,. In the stationary case, the solution of this prob-
lem depends on the following pXxr cross-correlation and rxr autocorrelation functions
and corresponding z-transform spectral densities:

Ry (K)=E[xnyE 1,  Sw(2)= > Ry (k)z K
k=—00

™ (13.9.1)
Ryy (k)= Ely,yh i1, Sy(2)= > Ry (k)z™*
k=—o0
The desired causal estimate of xj, is given by the convolutional equation:
Xn= > hynx, H(2)= hzk (13.9.2)

k=0 k=0
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where hy is the optimum pXxr causal impulse response matrix to be determined. The
optimality conditions are equivalent to the orthogonality between the estimation error
e, = X, — X, and the observations y,,_y, k > 0, that make up the estimate:

Rey (k)= E[enyl ,1=0, k=0 (13.9.3)

These are equivalent to the matrix-valued Wiener-Hopf equations for hy:

hmRyy (k = m)= Ry, (k), k=0 (13.9.4)
0

Me

m

The solution can be constructed in the z-domain with the help of a causal and
causally invertible signal model B (z) for the observations y,,, driven by an r-dimensional
white-noise sequence &, of (time-independent) covariance E [enesz] = D¢ (k), that is,

Yu= > brén-k, B(z)=> bz * (13.9.5)
k=0 k=0

where by is the causal ¥Xr impulse response matrix of the model. The model implies
the spectral factorization of observations spectral density Sy, (z):

Syy(z)=B(z) DBT (z71) (13.9.6)

We will construct the optimal filter H (z) using the gapped-function technique of
Chap. 11. To this end, we note that for any k,

Rey (k) = E[enyg,k]= E[(xy — )A(n)ysz]z E |:(Xn - Z hmYn—m) YZk:|

m=0

= ny (k)_ Z hmRyy (k - m)

m=0
and in the z-domain:
Sey (z)= Sxy (z) _H<Z)Syy (z)= Sxy (z)—H(z)B(z) DBT (Zﬁl)

The orthogonality conditions (13.9.3) require that Sey (z) be a strictly left-sided, or an-
ticausal z-transform, and so will be the z-transform obtained by multiplying both sides
by the matrix inverse of BT (z~!) because we assumed the B(z) and B~!(z) are causal,
the therefore, B(z~!) and B~!(z~!) will be anticausal. Thus,

Sey(2)B T (z7Y) = Sy (2)B™T(z7})~H (z) B(z) D = strictly anticausal
and therefore, its causal part will be zero:

[Sw (@ B(z) T-H(@2)B(2)D], =[Sy (2B Tz )], - [H@B()DI], =0
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Removing the causal instruction from the second term because it is already causal,
we may solve for the optimum Wiener filter for estimating x, from y,:

H(z)= [Sxy (z)B~T(z71 ] . D 'B7'(z) | (multichannel Wiener filter)  (13.9.7)

This generalizes the results of Chap. 11 to vector-valued signals. Similarly, we may
obtain for the minimized value of the estimation error covariance:

El[enel]= Ree (0) = § [Sxx (2) —H (2) Syx (2) ] (13.9.8)

2Tjz
The results may be applied to the one-step-ahead prediction problem by replacing
the signal x; by the signal x; (n) = X,,+1. Noting that X; (z) = zX(z), we have:

Hi(2)= [Sxy (BT (z)]| DB (2)

and since Sy,y (z) = zSxy (z), we find:

H,(z)= [szy (z)B~T(z71) ] . D™ 'B7(z) | (prediction filter) (13.9.9)

and for the covariance of the error e,1/n = Xn — X1 (N) = X5 — Xn+1/n,

dz

: (13.9.10)
2Tjz

Elenimehor ] = § [Sw () -H (250 (2)27]

where in the first term we used Sy, x, (2) = zZSxx (2) 27! = Sxx(2), and in the second term,

Syx (2)= Syx(z)z7 1.

Next, we show that Egs. (13.9.9) and (13.9.10) agree with the results obtained from the
steady-state Kalman filter. In particular, we expect the contour integral in Eq. (13.9.10)
to be equal to the steady-state solution P of the DARE. We recall from Sec. 13.6 that the
steady-state Kalman filter parameters are, where D = CPCT + R:

K =APCTD™' = FPCTR™', F=A-KC=A-APC'D"'C (13.9.11)
where P is the unique positive-semidefinite symmetric solution of the DARE:
P = APAT — APCT (CPCT + R)"'CPAT +Q (13.9.12)

which can also be written as
Q =P -FpPAT (13.9.13)

The state-space model for the Kalman filter can be written in the z-domain as follows:

Xpi1 = AXp + Wp X(z) = (zI - A)"'W(z)

- Y(z) = C(zI — A)"'W(z)+V(z)

Yn=Cxp+ vy
from which we obtain the spectral densities:
Sw(z) = (zI =A)'Q(z7' - AT}
Sxy(z) = Sxx(2)CT = (21 - A)'Q(z T - AT)~ICT (13.9.14)

Syy(2) = CSxx(2)CT + R = C(z - A)7'Q(z ' I - AT)"'CcT + R
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The steady-state Kalman prediction filter is given by
Xnsi/n = AXpm—1 + Kén = AXpyn—1 + K(Yn - C)A(n/n—l) = FXnpn-1 + KYn
which may be rewritten in terms of X; (n) = X1/, 01, X1 (n — 1) = Xp/n-1,
X1 (n)= Af(l(n— 1)+K€n =Fx;(n—- 1)+Kyn (13.9.15)

and in the z-domain, noting that ¥,,/,,_; = CXn/n-1 = Cx1(n — 1),
X, (z) = (I-2z1'A)'KE(z)= (I -z 'F)"'KY(2)

N . (13.9.16)
Y(z) =z7'CX,(z)= C(zI — A) 'KE(z)= C(zI — F) "'KY(2)

From the first of these, we obtain the prediction filter transfer function H; (z) relat-
ing the observations y,, to the prediction X; (n) = X, +1/n, i.€., X, (z)=Hy(2)Y(2):

Hi(z)= I-z'F)"'K (13.9.17)

Since €, = Y, — Vu/n_1, o1, £(2)=Y(2) —Y(z), the second of Egs. (13.9.16) allows
us to determine the signal model transfer function matrix B(z), i.e.,, Y(z)= B(2)&(z):

Y(2) = £(2)+¥(2) = [I + C(zI - A) 'K £(2)
£(2) =Y(z)-Y(2)= [1 —Clzl - F)-lK] Y(2)
from which we obtain B (z) and its inverse B! (2):
B(z) =I+C(zI -A)'K
(13.9.18)
B Y (z)=I-C(zI-F)7'K

It can easily be verified that [I + C(zI — A)~'K|[I — C(zI — F)~'K] = I by direct
multiplication, using the fact that F = A — KC. Next, we must verify the spectral
factorization of Syy (z) and show that Eq. (13.9.17) agrees with (13.9.9). We will make
use of the following relationships:

(zI - F) 'KB(z)= (zI - A)"'K
B(z)C(zI -F)'=C(zl - A)™! (13.9.19)
(Z—II_FT)—lcTBT(Z—l): (Z—II_AT)—lcT

where the third is obtained by transposing the second and replacing z by z~!. These
can be shown in a straightforward way, for example,

B(z)C(zI —F) ' = [+ C(zI - A)"'K]C(zI - F)~!
=[C+C(zl - A)T'KC](z - F)!
=C(zI-A) Yzl -A+KC)(zI - F)!
=C(zI-A) Nzl —F)(zl -F)'=C(zl - A)!
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We will also need the following relationship and its transposed/reflected version:
(zZI-F)'Q(z ' I-AT) = -z'"F)7'P+ PAT(z7'1 - AT) !
(13.9.20)
(zI-A)'Q(z ' U -F)y '=P(I —zFT) '+ (z1 - A)'AP
These are a consequence of the DARE written in the form of Eq. (13.9.13). Indeed,
(I-z'F)'P+PAT(z7'1-AT) '=
=(I-z'F) '[Pz T-AT)+ (I -z 'F)PAT| (z7'1 - AT) !
= -z F)7'z7'P - PAT + PAT — z71FPAT| (z7'T — AT)"!
=(I-z'"F) 'z (P-FPAT) (z7' U -AT) "= (zI-F)"'Q(z7'1 - AT) !

Next, we verify the spectral factorization (13.9.6). Using (13.9.19) we have:
Syy(z) = C(zI - A)'Q(z ' - AT)'cT + R
=B(z2)C(zI-F)7'Q(z7'1-AT)"'+R
Multiplying from the left by B~!(z) and using (13.9.18) and (13.9.20), we obtain:
B(2)Syy(2)=C(zl - F)7'Q(z'I - AT)"'4+B~1 (2)R

=C[-z'F)'"P+PAT (z7'I-AT) '|CT + [I - C(z—F)'K]R
=C[U-z'F)"'P+PAT(z7'1-AT) '|CT+R-Cz '(I~-2z'F)"'KR
=C[U-z'"F)"'P+PAT(z7'1-AT) "|CT +R-Cz ' (I - z7'F)"'FPCT
=C(UI-z'"F)'U~-z'F)PCT + CPAT(z'I-AT)"'CT + R
=CPCT + CPAT (z7'1-AT)"'CT +R
=CPAT(z ' I -AT)YICT+ D =DKT (z7'1-AT)"'CT + D
=D[I+KT(z'I-AT)Y"'CT] =DBT (z7")

where we replaced KR = FPCT and CPAT = DKT from Eq. (13.9.11). This verifies
Eq. (13.9.6). Next, we obtain the prediction filter using the Wiener filter solution (13.9.9).
Using (13.9.19), we have:

Sw ()= (zI - A)'Q(z - AT ICT = (zI - A)7'Q(z ' I - FT)~ICTBT (z71)
Multiplying by the inverse of BT (z) from the right and using (13.9.20), we obtain:
ZSyy ()BT (z7Y) = z(z - A)7'Q(z7' 1 - FT)~1CT
=zP(I - zFT)'CT + z(zI — A)'APCT
=zP(I - zF")7'CT + 1 - z7'A)"'KD
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where we replaced APCT = KD. The first term is anti-causal (if it is to have a stable
inverse z-transform), while the second term is causal (assuming here that A is strictly
stable). Thus, we find the causal part:

|28 (2B T(z ]|, =U-2z14)"KD=U-2z"'F)'KB(z)D  (13.9.21)
where we used the first of Egs. (13.9.19). It follows that the Wiener prediction filter is:
H(z)= [szy(z)B‘T(z‘l)L DB Y(z)= (I-7z'F)"'K (13.9.22)

and agrees with (13.9.17). Finally, we consider the prediction error covariance given by
(13.9.10). Noting that Syx (z) = CSxx(z), the integrand of (13.9.10) becomes:

Sxx(2)—H1(2)Syx(2) 2"t = [I — 27 'H, (2) C]Sxx(2) = [I — (zI — F) 'KC]Sxx(2)
= (zI = F) 1 (2 - F = KC)Sxx(2)= (zI — F) "} (zI — A) Sxx(2)
=ZI-F) 'zl -A) @z -A)'Qz " U-AT) = zZI -F)7'Q(z'T-AT) !
=(U-z'F)7'P+ PAT(z7 1 - AT) L= z(z - F)7'P + zPAT (I — zAT) !
and the contour integral (13.9.10) becomes:

[ [swo-H@su@2] S22 < § [@r-p P+ paT(-2aT) ] 22
u.c. 2Tjz u.c. 21

The poles of the second term lie outside the unit circle and do not contribute to the
integral. The poles of the first term are the eigenvalues of the matrix F, which all lie
inside the unit circle. It is not hard to see (e.g., using the eigenvalue decomposition of
F) that the first term integrates into:

ﬂc. [(zI - F)-lp] 2‘% -p

Thus, as expected the Wiener and Kalman expressions for E[ep.1/nel.;,,] agree
with each other.

13.10 Fixed-Interval Smoothing

The Kalman filtering algorithm proceeds recursively in time using an ever increasing
observations subspace:

Yn=1{v0,¥1,---,¥Ynt = {€0,€1,...,&x}, n=0,1,2,...

with the current estimate X,/ based on Y,. In the fixed-interval Kalman smoothing
problem, the observations y,, are available over a fixed time interval 0 < n < N, so that
the observation subspace is:

YN =1y, Y1,---, YN} = {€0,€1,..., 6N}
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and the estimate of x,,, for 0 < n < N, is based on the entire subspace Yy. The two
cases are depicted below:

Y” I -
0 n N "
| v, —
0 n N

At each n, the subspace Yy can be decomposed in the direct sums:

YN = {€0,&1,...,&n} ® {Ens1, ..., EN} = Y @ {Eny1, ..., END
(13.10.1)
YN = {€0,&1,...,6n 1} @ {&n,...,EN} = Y1 ® {€n, ..., EN}

and therefore, we expect the estimate of x,, based on Yy to be equal to the sum of the
filtered estimate X,,5, or the predicted estimate X,,,—1, plus a correction coming from
the rest of the subspace. We will work with the latter decomposition. We will find that
once the ordinary Kalman filter has been run forward from n = 0 to n = N, and we
have constructed the innovations basis for Yy and the estimates X;,,/,—1, the required
correction can be constructed recursively, but running backwards from N down to n.

We begin by noting that at each n within 0 < n < N, the state vector x, can be
written in its unique orthogonal decomposition relative to the subspace Y,_1:

Xpn = Xn/m-1 + €n/n-1 (13.10.2)

where X, /-1 is the ordinary predicted estimate of x, as defined in the forward Kalman
algorithm (13.2.2), and e/, is the prediction error whose covariance matrix is Py n—1.
We observe that X,,,—1 can be expressed in terms of the innovations basis of Y,,_1, as
in Eq. (13.3.16):

n-1
Knin-1 =%Xn + . E[x4€5 1D, e (13.10.3)
m=0
where D, = E[zm&‘%]. The smoothed estimate of x,, based on the full subspace Yy is
the projection of x,; onto Y. Denoting this estimate by X,/ it is given in the innova-
tions basis for Yy = {&g, &1,...,&EN}:

N
Xn/N = Proj[xn|YN] = %n + D E[xn€], 1D, €m (13.10.4)
m=0

The summation may be split into two terms:

n-1 N

Xn/n =%n+ > E[xn€L 1D em + > E[xn€l 1Dl em
m=0 m=n
N
=Xp/n-1+ Z E[XnE%]D;nlfm
m=n
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The second term is recognized as the estimate of e;;,—1 based on Yy, that is,

N
€n/n-1 = Z E[en/n—lfgq]D;nlsm
m=0

n-1 N
= Z E[en/n—lfgq]D;nlfm + Z E[en/nflfzﬂn]D;nlfm
m=0 m=n

N
E[ (% _fin/nfl)fgq]D;nlfm = Z E[anzn]D;nlfm

n m=n

I
ﬁMz

where we dropped the terms E[en/n_lerTn] = 0for 0 < m < n—1, because of the orthog-
onality conditions for the estimate X,,,- (i.e., the estimation error must be orthogonal
to the observations that make up the estimate), and then we dropped E[Xy/n-1€5,1= 0
for n < m < N because these &,,s are orthogonal to the &,,s making up X,/,—1, as seen
from the direct sum (13.10.1). Thus, we have:

Xn/N = Xn/n-1 + €n/n-1 (13.10.5)
N
énn1 = 2. Eleqn1€L 1D, em (13.10.6)
m=n

In other words, the term é&,,,,—1 is the correction to the predicted estimate X;;/,,—1 and
represents the estimate of the prediction error e;,;/,,—1 based on the subspace {&,,...,&n}
that lies in the future of X,/,—1. The same result can be obtained by taking the projec-
tions of both sides of Eq. (13.10.2) onto Yy and noting that the projection of X,;/n—1 is
itself because Y, is a subspace of Y. The estimation error for the smoothed estimate
is equal to the estimation error for e;;,_1, indeed,

en/N = Xn — Xn/N = Xn — Xn/n-1 — €un-1, O,

en/N = €n/n-1— €n/n-1 (13.10.7)

The error covariance matrices can be obtained by writing e,/n—1 = en/N +€n/n-1 and
noting that the two terms on the right-hand-side are orthogonal because &/, is com-
posed of observations that appear in the X,y and therefore, they must be orthogonal
to the corresponding estimation error e,,y. Let,

Pyn = E[en/Neg/N] , pn/n—l = E[én/n—léz;/nq] (13.10.8)
then, the above orthogonality property implies:
E[ T _E T A AT
en/n-1€nn-11= Elen/ney N1 +E[€nn-18y,,11, or,

Pu/N = Pum-1 — Pn/n—l (13.10.9)

The term P,,/n_1 quantifies the improvement in the estimate of x,, afforded by using
all the data Y instead of only Y.

Next, we develop the backward recursions satisfied by &,,,,_1 and Py,_1, which will
allow the calculation of X,,/5 and Py,n. We recall that &, = v, — CnXm/m-1 = CmXm +
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Vin = ComXmim-1 = Cm€m/m-1 + Vm. This implies E[en/n-151= Elenm-1ek,,,,_11CE.
And it is straightforward to show that for m > n:

(13.10.10)

FYFI ... FL m>n
T nfn+1 m-1>
E[en/n—lem/m_l]: Pn/n—l‘yn,ma Yum = ‘[

I, m=n

where F,, = A, — K,;Cj, is the closed-loop transition matrix. For example, consider the
case m = n + 1. Then, ep41/n = Xn+1 — Xn+1/n = AnXn + Wn — ApXnm-1 — Kné&p, or,

eni1/n = Anepm-1 + Wn — Knép = Apenm—1 + wn — Ky (Cnenm-1 + vn)
= (Ap — KnCn)enm-1 +wWn — Knvn = Fpepm-1 + Wn — Kpvp

and because e;,,-1 depends on {Xy,wo,...,Wn_1,V0,...,Vn_1}, it will be orthogonal to
Wn, Vi, and we find:

E[en/n—1e£+1/n]= E[en/n—leg/nfl]F;{ = Pn/n—lFZ; (13.10.11)
For m = n + 2, we have similarly, ey+2/n+1 = Fn+1€n+1/n + Wn+1 — Kn+1Vn+1, and,
E[en/n—1e£+2/n+l] = E[en/n—le£+1/n]FZ+1 = Pun 1 FRFpi
and so on for m > n. Thus, we can write €,,/,,—1 in the form:
N

&n/n-1=Puin-1 Y. ¥YnmChDpl&m (13.10.12)

m=n

Separating out the first term and recalling the Kalman gain G, = Pp/n—1CLD;", we have:

N
&nin-1=Gn&n+Pnm-1 Y. YnmChD,lem (13.10.13)
m=n+1
On the other hand, we have:
N N
€ni1/n = Pnsim Z ‘Iln+l,mC£1Dr_n15m = Z ‘Ynﬂ,mC;nD;qlfm = P;Hl.l/nénﬂ/n
m=n+1 m=n+1

Noting that ¥, = FI¥y41,m, for m = n + 1, we obtain:

N N
T -1 T T -1 Tp-1 A
Z YumCmDy E€m = Fy Z Youi1,mCmDy €m = FpPpiqn€nii/n
m=n+1 m=n+1

and using this into Eq. (13.10.13), we find:
€nm-1=Gnén + Pn/n—le{P;}rl/nénJrl/n (13.10.14)

Thus, the required backward recursion for €,,,-1 may be written as:

L, = Pn/nlerTlpﬁil/n
. . (13.10.15)
€nm-1=Gné&n + Ln€pii/n
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forn=N,N-1,...,0. At n = N, Eq. (13.10.12) gives:

N

A T -1 T -1

én/N-1 = Pnin-1 . YNmChDy €m = Pnna1YNNCADN EN = GhEn
m=N

Therefore, the initialization of the recursion (13.10.15) at n = N is:
éni1Nn=0

The covariance P,,,_, satisfies a similar recursion. Since &, is orthogonal to all the
terms of &1/, which depend on &, m > n + 1, it follows by taking covariances of
both sides of (13.10.15) that:

Pt = GuDnGE + LpyPpi1mll, n=N,N-1,...,0 (13.10.16)

and initialized with Pn.1,5 = O.

To summarize, the smoothed estimate X,;/y is computed by first running the ordi-
nary Kalman filtering algorithm (13.2.2) forward in time for n = 0,1,..., N, saving the
quantities X,,n-1, &n, along with Py/n-1,Gn, Dy, Fy = Ay — K,,Cp, and then, carrying
out the following backward recursions from n = N down to n = 0,

Initialize: én4+1/ny =0, pN+1/N =0
forn=N,N—-1,...,0, do:
Lp = Pyn1FPoiym
€y/n-1=Gnén + Ln€nii/m (13.10.17)
Puin-a = GnDnGl + ann-v-l/nLZ
Xn/N = Xn/n-1 + érl/n—l
Pnin = Pnin-1 — pn/n—l

We note also that L,, may be written in the form:
Ln = PamALP; L 0 (13.10.18)
Indeed,
Ln = Pumn 1 FpPylin = Puno1 (Ap — KnCn) TPLL,
= Puin-1 (A} = CiDL CnPrin1AL) Priyn
= (Pn/n*l - Pn/anCZDﬂlcnPn/n—l)Azpﬂil/n = Pn/nAZPEJlrl/n

There exist a number of alternative re-formulations of the smoothing problem that
can be derived from algorithm (13.10.17). The so-called Rauch-Tung-Striebel (RTS) ver-
sion [883,884] is obtained by eliminating the variable &,,,-, in favor of X,,n. Applying
the equations for the estimate and estimation error at time n + 1, we have:

Xn+1/N = Xn+1/n + €nsi/n €ni1/n = Xn+1/N — Xn+1/n

Pn+1/N = Pn+1/n - Pn+1/n Pn+1/n = Pn+1/n - Pn+1/N
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and substituting these into the recursions in (13.10.17), we obtain:
€y/n-1 = Gnén +LnXns1/N — Xnt1/n)
pn/n—l = GnDnGZ + Ln (Pn+1/n - Pn+1/N)L£
f(n/N = ﬁn/n—l + én/n—] = f(n/n—l + ann + Ln ()A(nH/N - )A(nﬂ/n)
Pn/N = Pn/n—l - Pn/n—l = Pn/n—l - GnDnGz; + Ln (Pn+1/N - Pn+1/n)L£
but from the ordinary Kalman filter, we have the filtered estimate and its covariance:
ﬁn/n = f(n/n—l + Gnen
Pn/n = Pn/n—l - GnDnGZ

Hence, the above smoothed estimates can be written in the RTS form:

Tp-1
Ln = PnmAnPpim
f(n/N = f‘n/n +Lp ()A(n+1/N - XrHl/n)

Pn/N = Pn/n + Ln (Pn+1/N *Pn+1/n)L£

(RTS smoothing) (13.10.19)

This is to be iterated from n = N down to n = 0, where the differences in the second
terms are initialized to zero, e.g., at n = N, we have Ly (Xn+1/N — XN+1/8) = O.

A disadvantage of the algorithm (13.10.17) and of the RTS form is that the computa-
tion of L, requires an additional matrix inversion of the quantity P,+1/,. Such inversion
is avoided in the so-called Bryson-Frazier (BF) smoothing formulation [881,882]. To de-
rive it, we use Eq. (13.10.12) to define the quantity:

N
gn =Pyl 1€nm = > YamCED lem (13.10.20)
m=n
It follows from Eq. (13.10.14) and G, = Pp/n—1CED;!, and g,.1 = Pyl n@ns1/n, that

-1 4 -1 Tp-1 a4
gn=Pun1€nm-1 =Py (ann + Pn/n—anPnH/nenH/n) , Or,

g, =CID e, + Flg,.y (13.10.21)

with initial value gy ; = 0, which follows from €,:,,5 = 0. From Eq. (13.10.20) we note
that the two terms &, and g, in the right-hand-side are orthogonal, and therefore, we
obtain the following recursion for the covariance I', = E[g, gg]:

I'n=CID;'Cy + FITy 1 Fy (13.10.22)

where we used CID;'E[e,el1D;;'C, = CED;'DyD;,'Cyy = CID;;' Cy. The recursion
is to be initialized at I'y+; = 0. Noting that,

Pn/n—l = E[én/n—léz;/nfl]= Pn/n—lE[gng;{]Pn/n—l = Pum-1I'nPnm-1
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we obtain the Bryson-Frasier smoothing algorithm:

Initialize: gn 1 =0, I'n+1 =0
forn=N,N-1,...,0, do:
gn = CZDﬁlfn +F£gn+1
Iy =CID;'Cp+ FITyi1Fp

Xn/N = Xn/n-1 +Pnm-18p

(BF smoothing) (13.10.23)

Pn/N = Pn/n—l - Pn/n—lrnpn/n—l

The algorithm requires no new inversions—the quantity D;;'C,, was computed as
part of the forward Kalman algorithm. The RTS and BF algorithms have also been studied
within the statistical time-series analysis literature [885,886,903,904]. Further details on
smoothing algorithms may be found in [865].

The MATLAB function, ksmooth.m, implements the Kalman smoothing algorithm of
Eq. (13.10.23). It has usage:

[L,Xs,Ps,V] = ksmooth(A,C,Q,R,Y,x0,S0);

% Bryson-Frazier smoothing

Its inputs are the state-space model parameters {A, C,Q, R}, the initial values X,
3, and the observations y,, 0 < n < N, arranged into a ¥X (N + 1) matrix:

Y =[Yo,Vir--» Ynre--» YN]

The outputs are the smoothed estimates arranged into the px (N + 1) matrix:
X5 = [Ro/N, RN, -5 /Ny -« RN/N]

with corresponding error covariance matrices arranged into the pxpx (N + 1) three-
dimensional array Ps, such that (in MATLAB notation):

PsC:,:,n+l) =Pyn, 0<n<N

The output L is the value of the negative-log-likelihood function calculated from
Eq. (13.12.2). The quantity V is an optional output that stores the matrix Vy 1,0 =
E[enﬂ/Neg/N] into a pxpx (N + 1) array. This quantity is used in Sec. 13.13 in the
maximum likelihood estimation of the state-space model parameters using the EM algo-
rithm. A convenient expression for it can be derived as follows. We rewrite Eq. (13.10.7)
in its orthogonal decomposition forms:

€n/n-1=en/N + €nn-1
(13.10.24)
€n+1/n = €n+1/N + €nt1/n

whereE[enH/Négm,l] = E[en/NéLl/n] = 0, which follow from the fact that e, n, €n+1/N
are estimation errors and must be orthogonal to all the observations Y, and therefore,
must also be orthogonal to €,,,-1, €,+1,n because the latter are made up from a subset
of Y. Then, we find for the cross-covariance:

. T
E[en+1/ne£/n_1] = E[en+1/NerT,/N]+E[en+1/nen/n71] , Or,

- T
Vn+1,n = E[em—l/NeZ/N] = E[en-v-l/neg/nq]_E[en+1/nen/n71]
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From Eg. (13.10.11) we have, E[ens1/nel,,, ;1= FnPn/n-1, and from Eq. (13.10.20) we
may replace &,41/n = Pn/n-18, , to obtain:
Viiin = Elensinel N1= FaPrn-1 — Prs1/nE[8n 185 1Pnin-1
From the recursion (13.10.21), g, = CED; '€, + Fl g,,1, and E[g,,1€L]1= 0, we find:
Elgn 185 1=Elgn  (CED, €0+ FLgn ) T 1=Elgn 188 1 1Fn = T'niaFn
It follows then that:

T
Vn+1,n = E[en+1/Nen/N] = FnPnn-1 = Pnsimlni1FnPnin

(13.10.25)
= [I - Pn+l/nrn+1]FnPn/n—1
13.11 Square-Root Algorithms
In its most basic form the Kalman filtering algorithm reads:
D=CPCT +R
G=PCTD',K = AG
(13.11.1)

Pr=P-PCTDICP,
Pnew = APFAT +Q,

X =%+G(y—CR=(I-GC)%+Gy
Knew =Ai{f = (A—KC)X+KY

where X, Xf, Xnew denote the current prediction, filtered estimate, and next prediction,
Xn/n-1,Xn/n, Xn+1/n, and P, P¢, Ppey denote the corresponding mean-square error co-
variance matrices Pn/n-1, Pn/n, Pn+1/n, and we dropped the time indices to simplify the
notation. The matrices P, P¢, Pnew must remain positive semi-definite during the itera-
tion of the algorithm. Because of the subtraction required to calculate Py, it is possible
that rounding errors may destroy its positivity. The “square-root” formulations operate
on the square-root factors of the covariance matrices, and thus, guarantee the positivity
at each iteration step.

A positive semi-definite symmetric matrix P can always be written as the product of
a lower triangular square-root factor S and its transpose S':

p=ssT (13.11.2)

For example in MATLAB, one may use the built-in Cholesky factorization function
chol, if P is strictly positive definite, with S constructed as:

S = chol(P)’; % S = Tower triangular such that P = S*S’

If P is semi-definite with some positive and some zero eigenvalues, then one can
apply the QR factorization to the square root of P obtained from its eigenvalue or SVD
decomposition, with the following MATLAB construction:

[v,s] = eig(P); % v = eigenvector matrix, s = eigenvalues

P_sqrt = v*real(sqrt(s))*v’; % eigenvalues s are non-negative
[q,r] = qr(P_sqrt); % QR-factorization, P_sqrt = g*r
S=r"; % S = lower triangular such that P = S*S’
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Example 13.11.1: For the following positive-definite case, we find:
6 5 4 2.4495 0 0 [ 2.4495 0 0 T
P=|5 6 4 |=]2.0412 1.3540 0 2.0412 1.3540 0
4 4 3 1.6330 0.4924 0.3015 || 1.6330 0.4924 0.3015

This P has full rank as the product of two rank-3 matrices:

6 5 4 2 -1 172 -1 17"
P=|5 6 4|=|1 -2 1]|1 -2 1
4 4 3 1 -1 1|1 -1 1

Similarly, for the following semi-definite P, we have:

5 4 3 2.2361 0 01[ 2.2361 0 0
P=|4 5 3 |=]| 17889 1.3416 O 1.7889 1.3416
3 3

2 1.3416 0.4472 0 | [ 1.3416 0.4472

o

o

This P has rank two as the product of the rank-2 matrices:

5 4 3 2 1 ]F
P:453:12i§1:|
3 3 2 1 1t

and has eigenvalues {0,1,11}. O

The Joseph forms of the covariance updating equations promote the numerical sta-
bility of the algorithm because they consist of the sum of positive semidefinite terms
(provided of course that P is already positive semidefinite), but require twice as many
operations as the conventional forms:

Pf=(I-GC)P(I-GC)T+GRGT
(13.11.3)
Puew = APFAT + Q = (A-KC)P(A - KC)T+KRKT + Q

Let R, Q be lower-triangular square root factors for R, Q, so that R = RRT and

Q = QQT, and substitute the factorizations P = SST and Py = SfoT in Eq. (13.11.3):
T T T ppT s STU-GOT
SiST = (1= GC)SST (I - GOT+GRRTG = [(1 - GC)S,GR] | © “pr ot

Then, Sy can be obtained from the upper-triangular factor resulting by applying the
QR-factorization to the (p + r) Xp matrix:

T I — T ST
[S (RTGGTC) ] = U[ Of } , SfT = upper-triangular

where U is a (p + r) X (p + r) orthogonal matrix. The lower-triangular version of this
relationship reads:
[(I-GC)S, GR] = [Sf,0]1UT (13.11.4)
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where the S¢ is lower-triangular and the dimensions of the matrices are:
[U-GO)S, GR] =1[Sf, 0 JUT
— — =
pXxp pxr pXp pxr
Since UTU = I, we verify:
o[ STU-6O)T Y
[(I-GC)S,GR] [ RTGT = [Sp,01UTU Of = S¢S}

For the time-update step, we note that,

o _ ST AT
Prew = SnewSiew = APPAT +Q = ASyST +QQ" = [ASy, Q] [ or ]
so that we may obtain Sy from the lower-triangular version of the QR-algorithm applied

to the px (2p) matrix:
[ASf; Q] = [Snew, 0] uT (13.11.5)

with another (2p) x (2p) orthogonal matrix U. Combining Egs. (13.11.4) and (13.11.5),
we summarize the measurement and time updating algorithm that propagates the square-
root lower-triangular factors S, S¢, Snew:

P=SsT, D=cpPCT+R, G=PC'D™!
[(I-GC)S, GR] = [Sf,0]UT
[Ava Q] = [SneWs 0] UT

The intermediate step of computing Sy can be avoided by applying the lower-triangular
version of the QR-algorithm to the larger px (2p + r) matrix:

[(A-KC)S, KR, Q] = [Snew, 0, 0]UT,  Spew = lower-triangular (13.11.6)

which is equivalent to the second Joseph form in Eq. (13.11.3):

st -ko)T
(A—-KC)SST(A-KC)T+KRRTKT + QQT = [(A - KC)S, KR, Q] RTKT
QT
SI{EW
= [SneWy Os 0] UTU 0 = SnewSr];ew
0

Restoring the time-indices, we obtain the following square-root algorithms based on
the Joseph forms. Given S,,,-1, calculate:

Pum-1= Sn/nflsz;/n—l

Dp = CnPpin-1Cp + R, Gn = Pun1ChDy!
B (13.11.7)
[(I = GnCn) Snim-1, Gan] = [Sn/n ,0] UT

[Ansn/n: Qn] = [Sn+1/nv O]UT
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or, going directly to Sp+1/n:

‘ [(An - Kncn)Sn/n—lv Kan; Qn] = [Sn+1/ns 0, O]UT ‘ (13-11-8)

Example 13.11.2: Consider a system with constant model parameters:
0.5 0.1 1 1 1 2 9 6
A:[o.z 0.4]' C:[o 1]' Qz[z 5]' R:[G 8]
and lower-triangular square-root factors Q, R such that Q = QQT and R = RR”:

o[ 2] w2 ]

and initial square-root factor S and covariance matrix P:

13184 0 r_[1.7383 24813
S’[l.sszo 1.4731]’ P=355 ’[2.4813 5.7118]

Then, we calculate D and G:

21.4126 14.1931 0.2457 —0.0733
_ T _ _ TH-1 _
D=CPCT+R= [ 14.1931 13.7118 ] » G=PCDT = [ 0.3393 0.0653 ]

and the covariance matrices Py, Ppey from the conventional algorithm:

0.8836  0.8874 13352 23859
_p_ T _ o T _
Pr=P-GDG [ 0.8874 2.5585 ] » Poew = APPA"+Q [ 2.3859  5.5867 ]

Next, we form the matrix X = [ (I-GC)S, GR] and apply the QR-algorithm to its transpose
to get the factorization:

- 0.6702 —0.2539 | 0.5903 —0.1467
X =[U-cC)s, 6Rl = [0.6730 0.8770 | 1.1486 0.1306]

_[o9400 0 |0 0] ,_ -
*[0.9440 1.2913‘0 O]U =I5y, 0107 = LU

0.7130 —-0.0000 -0.3139 -0.6270
—-0.2701 0.8766 0.1350 —-0.3747
0.6280 0.4304 0.1856 0.6212
—-0.1560 0.2152  -0.9213 0.2839

U=

This was obtained from the MATLAB code:
[Uyr] = arX); L =r’;

Thus, we determine Sy, and verify that Py = SfoT is the same as above:

g, [ 09400 0 . _ g7 _ | 08836 0.8874
F=1 09440 1.2913 |* “F7=°°F =] 0.8874 2.5585
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Next, with this Sy, we calculate the matrix X = [ASy, Q] and apply the QR-factorization
to its transpose to get:

- 05644 01291 |1 0
X=l1aS.Ql= [0.5656 0.5165 | 2 1]

7[1.1555 0 ‘o 0

T _ 7T
2.0648 1.1503 |0 O ] U" = [Snew, 01= LU

0.4884 —0.3851 0.5883 0.5168
0.1117 0.2484 —0.5947 0.7564
0.8654 0.1852 —-0.2552 -0.3894
0.0000 0.8693 0.4849 0.0957

with L, U obtained from the same MATLAB code as above. Thus, we identify,

11555 0 " 13352 2.3859
Srew = [2.0648 1.1503] = Poow = SnewSnew = [2.3859 5.5867]

For the direct method of Eq. (13.11.8), we calculate the gain K = AG,

0.1568 —0.0301
0.1849 0.0115

and the matrix:

0.4024 —-0.0392 | 0.4100 —0.0603
0.4033 0.3000 | 0.5775 0.0229

1 0
2 1

] UT = [Snew| 0, O]UT

[(A-KC)S, KR, Q] = |:

[risss o o ofo o
~| 20648 11503 |0 0|0 0

which generates the same Sy, as the two-step procedure. [}

Using the Joseph forms in conjunction with the square root factorizations provides,
in effect, double protection at the expense of increased computation. There exist a vari-
ety of other square-root algorithms [863,865,888-896], including some for the smooth-
ing problem. One of the standard ones [889] employs the triangularization:

Rcs] [ D 0],
2]l oo w51

where D is a lower-triangular square root factor of D = CPCT + R = DDT. Its correct-
ness can be verified by noting that Py = P — PC TD-1CP and by forming the products:

R cs|[rR cs1" [ b «cp
o s |lo s | T|pcT P

D 0l D o] _[D cp
PCTDT S PCTD-T Sy | T | PCT Pp+PCTDICP

The triangularization operation produces D, S r, and PC TD~T | the latter being part
of the required Kalman gain G = PCTD~! = [PCTD~T]D~!, where the division by the
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lower-triangular matrix D is an efficient operation. Therefore, the computation of the
filtered estimate can also be done efficiently:

% =%+G(y-CX)=%+[PCTDT]D  (y - C%)

A direct-updating version [891] is possible in this case too by the triangularization
of the following matrix:

R ¢cs o] _ D U
0 AS Q| | APCTDT Spew 0
Its correctness follows from Ppeyw = SnewStew = APAT — APCTD-'CPAT + Q and
by comparing the products:

RT
R CS 0 fT TOT D CPAT
= || STcT STAT | = T T
0 AS Q 0 ar APCT APAT +Q
T -1 T
D 0 0|,y DO DS?JA | D CPAT
APCTDT Spew O 0 o | APCT  Ppew + APCTD71CPAT

This factorization allows also the efficient computation of the predicted estimate:
Kpew = AX + [APCTDT|D ' (y - C%)

Restoring the time indices, we summarize the two-step algorithm for the computa-
tion of the square-root factors of the covariances and the estimates:

Rn CnSn/n—l _ Dn _ 0 UT
0 Sn/n—l Pn/nflcz;D;T Sn/n

)A(n/n = )A(n/n—l + [Pn/n—ICZ;D;;T]Dgl (Yn - Cnf(n/n—l)

(13.11.10)
[AnSn/n, Qn] = [Sn+1/n, 0] UT
f(rwl/n = Anﬁn/n
and for the direct method:
Rn CnSn/n—l _0 _ Dn ~ 0 0 UT
0 AnSn Qn AnPn/n—lczl‘D;T 5n+1/n 0 (13_11_11)

Xn+1/n = AnXn/n-1 + [AnPn/n—lch;T]D;l (yn — CnXn/n-1)
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Example 13.11.3: For the model defined in Example 13.11.2 and the given starting S, we carry
out the triangularization of the following matrix using the QR-factorization:

1 ¢

0] 3.2004 1.4731
2 | 1.8820 1.4731]
0] 1.3184 0 J
0 | 1.8820 1.4731

S ol w

o o

[ 4.6274 0 0
_|.3.0672  2.0746 0 Ut = D 0 1yr
0.9119 —0.1521 } 0.9400 0 J PCTDT S

L 1.7706 0.1355 | 0.9440 1.2913

from which we extract:

- [46274 0 reaor | 09119 015217 . [09400 0
b= [ 3.0672  2.0746 ] peiD = [ 1.7706  0.1355 ] Sr = [0.9440 1.2913]

Using the quantities D, P computed in Example 13.11.2, we verify the factorization:

| 21.4126  14.1931 | | 4.6274 0 4.6274 0 T—DDT
© | 14.1931 13.7118 | | 3.0672 2.0746 3.0672  2.0746 -

Similarly, we may verify the correctness of PCTD~T and Sy. Next, we illustrate the direct
method. We form the following matrix and triangularize it by applying the QR-factorization
to its transpose:

3 01]3.2004 1.4731|0 0
R CcS o] |2 2|1.8820 147310 0
0 AS Q ’[0 0]0.8474 0.1473 | 1 oJ
0 0]1.0165 0.5892 |2 1
0 0 0 0

4.6274 0
_|[3:0672  2.0746 0 0 0 0 fyr_ D 0 0fyr
[0.6330 —~0.0625 ‘ 1.1555 0 ‘ 0 OJ APCTD T Spe O

0.8906 0.0238 | 2.0648 1.1503 |0 O

and we extract the same D as above and the same Sy, as in Example 13.11.2. ]

13.12 Maximum Likelihood Parameter Estimation

One issue in applying the Kalman filter is the determination of the state-space model
parameters {A, C,Q, R} and the initial values {Xq,X¢}. If the dynamics is known, as for
example in o«—p radar tracking, then {A, C} are known, but not necessarily the noise
covariances {Q, R} or the initial values. If the dynamics is not known, as for example
in the so-called unobserved components models for microeconomic applications, then
all the parameters must be estimated.

Maximum likelihood (ML) is a commonly used method for estimating the model pa-
rameters. Assuming a time-invariant model, then given a set of N + 1 observations,
Y = {yy,¥1,---, YN}, One determines the parameters {A, C, Q, R, Xy, Xy} that maximize
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the joint probability density p (yg,Vi,.-.,¥Yn) or p(Y) for short. Equivalently, one may
minimize the negative of the log-likelihood function:

L(Y)= —logp(Y)=min (13.12.1)

This problem becomes tractable under the gaussian assumption for the state-space
model. The Kalman filtering algorithm generates the equivalent orthogonalized obser-
vation basis of innovations Y = {yq,y;,..., YN} = {€0,&1,--.,EN], Which are mutually
uncorrelated and gaussian, and hence, mutually independent. Therefore, the joint den-
sity factors into the marginal densities:

exp(—&lD;'e,/2)
(ZTT)Y/Z(dEtl)n)I/Z

N N
P(Y0, Vi, YN) = P (&0, €1,....68)= [ [ P(&n) =[]

n=0 n=0

where r = dim(y,) and D, is the covariance of &, generated by the Kalman filtering
algorithm. Thus, the log-likelihood function can be expressed up to a constant by [897]:

N
L(Y)=—logp(Y)= % > [log(det D) +£}D; €, | + const. (13.12.2)
n=0

Let O denote all or a subset of the model parameters {A,C,Q,R,Xq,2o} that one
wishes to estimate. The dependence of L(Y) on 6 will be indicated explicitly by Lo (Y).

There exist several methods [897-911] of minimizing Lo (Y), some requiring only
the evaluation of the function Ly (Y) for various values 6, some requiring also the first,
and some the second, derivatives of Ly (Y) with respect to 0. The EM algorithm is an
alternative, iterative, minimization method and we discuss it in the next section.

The MATLAB function kfiT1t can evaluate Lo (Y) at any 6, and thus, it can be used,
in conjunction with the built-in function fminsearch of MATLAB’s optimization toolbox
to perform the minimization. This function uses the Nelder-Mead simplex direct search
method in which the derivatives of Ly are not required. We illustrate the approach with
two examples.

Example 13.12.1: The Nile River data set has been used as a benchmark in a variety of statistical
methods [912]. It represents the annual volume of the Nile River (discharged at Aswan, in
units of 10% m?) from 1871 to 1970. It is depicted in the left figure below (dotted line of
observations).

filtered and smoothed estimates
14 T T T T T T T T T 15

filtered and smoothed mean-square errors

P(n/n)
— P(n/N)

12r: s 1 12

y(n) /100
—
=

P /1000

@

- - - filtered I 3 & j

6»
— smoothed
““““ observations
4
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Following [903], we model it as a local-level (random walk in noise) model:

Xp+1 = Xn + Wn
Yn =Xn + Vn

with noise variances Q = 02, and R = 02 to be estimated, so that the parameter vector is
0 = [02,02]T. The MATLAB code below defines the function Ly with the help of kfilt,
with the Kalman filter initialized to the arbitrary values Xo = 0 and X, = 107. It then calls
fminsearch with the arbitrary initial values of the parameters 0y = [1,1]7, and returns

the “optimum” values:
0 oy | 1468.5
T o3 || 15099.7

y = [ 1120 1160 963 1210 1160 1160 813 1230 1370 1140 ...
995 935 1110 994 1020 960 1180 799 958 1140 ...
1100 1210 1150 1250 1260 1220 1030 1100 774 840 ...
874 694 940 833 701 916 692 1020 1050 969 ...
831 726 456 824 702 1120 1100 832 764 821 ...
768 845 864 862 698 845 744 796 1040 759 ...
781 865 845 944 984 897 822 1010 771 676 ...
649 846 812 742 801 1040 860 874 848 890 ...
744 749 838 1050 918 986 797 923 975 815 ...
1020 906 901 1170 912 746 919 718 714 740 ];

A=1; C=1; x0 = 0; SO = 1le7; % fixed model parameters

L = @(th) kfilt(A, C, th(1), th(2), y, x0, S0); % 1ikelihood function

tho = [1; 1];
th = fminsearch(L, th0);

initialize search
Nelder-Mead search

NI

Q = th(1); R = th(2);

S

estimated Q,R

[Lmin,x,P,xf,Pf] = kfilt(A,C,Q,R,y,x0,50); % run Kalman filter
[Lmin,xs,Ps] = ksmooth(A,C,Q,R,y,x0,S0); % run Kalman smoother

t = 0:Tength(y)-1;
figure; plot(t,xf/100,’--",t,xs/100,’-" ,t,y/100,’k:’);
figure; plot(t,Pf(:)/1le3,’--",t,Ps(:)/1e3,’-");

The Kalman filter and smoother are then run with the optimum parameter values for Q, R,
and the resulting filtered and smoothed estimates, X,,, and X,,y are plotted on the left
figure. The right figure plots the corresponding mean-square errors, P,;, and P,,n. We
note that P,,y is smaller than P,,, since it uses all the observations. It rises up at the end
to agree with the filtered error, that is, Py, = Py/n, when n = N. [}

Example 13.12.2: Consider the «-f tracking model discussed in Example 13.7.3 and defined
by the state-space model:

xni1 | |1 T Xn T?/2 ~ o1l X
3o | 1o 1 [ |7 T |F Yn = [LON VR

with model matrices:
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1 T T4/4 T3/2 . . .
a=ly 1] emmon -1 B |eisare koo

The model is simulated with the following values of the parameters T = 1, o, = 0.02,
0y = 2, and generating N + 1 noisy position measurements, y,, 0 < n < N, where
N = 300, starting with the initial state-vector X, = [0, 0.117. The generated observations
¥n are then used to estimate the model parameters 0 = [0, 0,]7 starting from the initial
values 8y = [0,0]7. The likelihood function is defined as in the previous example, with
the Kalman filter run with the initial values:

0 01 0
XO:[O.I]‘ ZO:[O 0.1]

The resulting estimated parameters returned from mfinsearch, and the corresponding
estimated covariance matrices Q, R, are:

[oa]_[ 00199 T
ef[crv]’[ 2.0237] > Q=Qoi. k=0

The absolute value |0,| is close to the true value of 0.02. The sign does not matter since
Q, R depend on the squares of o, T,.

The Kalman filter and smoother are then run with the estimated Q, R and the resulting
filtered and smoothed estimates are shown in the figure below.

filtered position estimate smoothed position estimate

50 n " " " 1 50 -
bservations observations
estimate ) — estimate

40

30

20

10

-10 -10
0

50 100 150 200 250 300 0 50 100 150 200 250 300
n, time samples n, time samples

The MATLAB code used to generate these graphs is as follows:

N =301; T=1; Tmax = (N-1)*T; t = 0:T:Tmax;

sa = 0.02; sv = 2;

A=1[1, T; 0, 1]; C = [1, 0];
QT = [TA4/4, TA3/2; TA3/2, TA2];
Q = QT*saA2; R = svA2;

% model parameters

seed = 100; randn(’state’,seed);
v = sv * randn(1l,length(t));
w = [TA2/2; T] * sa * randn(1l,Tlength(t));

% generate noise inputs
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x0 = [0; 0.1]; SO = 0.1 * eye(2);

x(:,1) = x0;

for n=1:N-1 % generate model signals
x(:,n+1) = A*x(:,n) + w(n);
y(n) = C*x(:,n) + v(n);

end
y(N) = Cx(:,N) + v(N);

L = @(th) kfilt(A,C, QT * th(1)A2, th(2)A2, y,x0,S0); % 1ikelihood

tho = [0, 01; % initialize search
th = fminsearch(L, th0); % Nelder-Mead search
Q = QT * th(1)A2; R = th(2)A2; % estimated Q,R
[Lmin,X,P,XF,PF] = kfilt(A, C, Q, R, y, X0, S0); % run Kalman filter
[Lmin,Xs,Ps] = ksmooth(A, C, Q, R, y, x0, S0); % run Kalman smoother
figure; plot(t,y,’:’, t,Xf(1,:),’-"); % plot position only
figure; plot(t,y,’:’, t,Xs(1,:),’-");

13.13 Parameter Estimation with the EM Algorithm

The application of the Expectation-Maximization (EM) algorithm [905,906] to the esti-
mation of the state-space model parameters has been discussed in [909-911].

We begin by developing a solution for the model parameters {A,C,Q,R,Xo,%o}
in terms of the signals x,,y, of the state-space model, then convert that into a com-
putable iterative algorithm, and then show that it is equivalent to the EM algorithm. The
approach allows us to handle also the case of a noise covariance matrix Q of less than
full rank. We start with a standard time-invariant state-space model iterated over the

time interval 0 < n < N:
Xn+1 = AXp + Wp

v, = CXn + Vn (13.13.1)

with start-up value xy with mean and covariance X, 2. The noise covariances are:

E[wnW/1=Q6ni, E[vav{1=R&n, Elwnv{]1=0
(13.13.2)
Elwyx}1=0, E[vyx{1=0

These assumptions imply that E[v,x%]= 0, which leads to
ElvaxI1=E[(y, - Cx)x}] =0 = E[y,x.]= CE[x,x]]

and using this result, we obtain:

R =E[vnvy]=E[(yn = Cxn) (yn = Cxn) "] =
= E[y,yh 1 -CE[Xny4 1 -Elynx; 1C" + CE[xnx3 1CT = Elynyi]-CE[Xnyy]

Similarly, using E [w,x.]= 0, we find:
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EWnxj 1= E[ (Xn+1 — AXn)X ] =0 = E[Xpu1xh 1= AE[X,%5]
Q = E[waw] 1= E[ (Xn+1 — AXn) Xn41 — Axp) 7] =
= E[xnﬂxzﬂ] —AE [xnxgﬂ] 7E[Xn+1Xn]AT + AE[anZ]AT
= E[Xn+1Xps1 | —AE [XnX}y1 1]
We collect the above together,
Elyux;,]1= CE[xnx;]
R = Elynyn]~CE[Xnyi] ~Elynx; 1CT + CE[xnxy 1CT =
= Elynyn1-CE[xnyy]

E[xXps1x5]= AE[xpx}]

(13.13.3)

Q = E[Xn 1%, 1 —AE XX 1 —E[Xn 1% JAT + AE [xpx, AT =
= E[XnHXZﬂ] —AE [angﬂ]

Since these are valid for each n in the interval 0 < n < N, they will also be valid if
we form the average sums over the same interval, for example,

N N-1 N-1
Z E[ynxrl C Z E[ang] and Z E[xnﬂxn A Z E[xnxn]
n=0 n=0 = n=0

This leads us to define the average quantities:

Uxx = N 1 Z E[xnxn Vix = N g xnxn
L N-
Uy = xI] Viax = Z E[xps1%%] (13.13.4)
1 Y 1 NS
Uyy = N+1 EOE[YnY,{] Vx = N EOE[XHHXZ{H]

Jvand Vi, = VI .. Then, the summed form of Eqgs. (13.13.3) read:
ny = CUxx

R = Uyy — CUyy — UyxCT + CUwCT = Uy, — CUyy

Vxlx = Avxx

Q =Vyx, —AVyxy — VxleT + AVxxAT = Vyxx —AVxy

which may be solved for the model parameters:
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C= U),XU;X1
R = Uyy — CUyy
) (13.13.5)
A= VixVix
Q = Vx1x1 - Avxxl

If A,C are known, then one can compute R, Q from the alternative quadratic expres-
sions, which guarantee the (semi) positive-definiteness property of R, Q:

R =Uyy — CUyy — UpxCT + CUWCT
(13.13.6)

Q = Vyx — AV, — VixAT + AV AT

The above can be turned into an iterative estimation algorithm as follows. We start
with the set of observations, Y = {yq,V1,...,¥Yn}, and an initial choice for the model

parameters, say,
Qold — {Aold’ Cold, Qold,Rold,)—((()Jld,Z(())ld}

The Kalman smoother is run on the data Y using this set of model parameters, and the
estimated smoothed state vectors X,,y and corresponding mean-square error covari-
ances are computed. The expectation values in Eq. (13.13.4) are then replaced by the
conditional ones based on Y and 0°4, that is,

N N-1
A 1
U= - Z E[XnXZlY] vxx = — Z E[X”Xn Y]
N+14
n=0 n=0
R -
Oy = 11 EOE[ynxim Vix = N g [Xp1XL | Y] (13.13.7)
1 N ] N
Uy = N+1 E)E[YHYZH’] Vix = N ;;)E[XHHXZH Y]

Using the orthogonal decomposition for the smoothed states, we have:
o o T
Xn = Xn/N + en/N, E[Xn/Nepn]1=0
o o T o T
Xn+1 = Xn+1/N T €n+1/N E[Xn+1/Nen+1/N]= 0, E[Xn/NenH/N]: 0

which give:
E[xnx} 1= E[&n/NRpn]+Elen/N e y]

E[xn+1xg] = E[)A(rHl/N)A(n/N] +E[en+l/Ne£/N]

N oT
E[Xn+1XyT|+1] = E[Xn+1/NXn+1/N] JrE[en+1/Ne£+1/N]

Replacing these by the conditional expectations, we obtain:
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E[xnxy | Y]= E[&nnRpyn | YI+E[en/nef | Y= Rnn iy + PN
E[Xn-v-lxg [Y]= E[)A(n-v-l/N?A(g/N |Y]+E [en+1/Ne£/N |Y]= ﬁn+1/NﬁyT1/N + Vi
E[XnﬂXZH |Y]= E[f(n+1/N5(rT,+1/N Y] +E[en+1/Ne£+1/N |Y]= ﬁnﬂ/Nf(rTlH/N + PpiiN
where we set V10 = E[enﬂ/Neg,N |Y], given by Eq. (13.10.25). Similarly, we have:
E[y x} | Y]= yn&n/n
Ely,yh|Y1=yayh

Thus, we may replace Egs. (13.13.4) by their estimated versions based on Y and 9°4:

N N-1
o 1 S T > 5 T
Uxx = Xn/NX +P Vix = = Xn/NX +P
XX N+1 rgo[ n/N&n/N n/N] XX N n%;)[ n/N&n/N n/N]
1 N 1 N-1
2 oT A o oT
Uyx = N+l HZ::OYan/N Vx = N nz::o [Xn+1/NXn/N + Vn+1,n]

N-1

R 1 . r

Vax = N Z [Xn+1/NXn+1/N +Pn+1/N]
n=0

n=0
(13.13.8)
Egs. (13.13.5) can be used now to compute a new set of model parameters:
Cnew — ny U;xl
RODew — Uyy _ Chew ny
o (13.13.9)
AR = Vxle;xl
Qnew — ‘”/Xle — Anew Vxxl
or, if A, C are known, only Q, R are updated:
R = Uy, — CUyy — UyxCT + CUnCT
(13.13.10)

Q™Y = Vyxy, — AViyy — Ve AT + AV AT

The initial values X, > are also estimated in the same way:

o new

%o = E[x0] X0 = E[x0|Y]=Xo/n

3o =E[(x0—%o) (X0 —%0) ] S8V = E[(xg — %) (X0 —%0) T | Y]= Po/n, o,

XY = Ro/n ZAOHGW = Py/N (13.13.11)
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Thus, Egs. (13.13.9)-(13.13.11) define a new set of model parameters:
enew — {AIIEW CI’leVV QI]EV\’ Rnew )—{(I;IEW Z(SIQW}

and the iteration can be repeated until convergence by monitoring the value of the like-
lihood function Ly (Y). Of course, all or any subset of the model parameters 0 may be
iterated through this algorithm.

The outputs Xs, Ps, V of the MATLAB function ksmooth and can be used to efficiently
calculate the quantities of Eq. (13.13.8). For example, we have in MATLAB notation:

N
R 1 o 1 ,
U = Z[xn/an/NJrPn/N] = —— (X5 * X + sum(Ps, 3))
N+1% N+1
- 1
. 7 ,
ny = N+l E)YHXH/N = N+1 (Y*Xs)
1 N
U, = T _ Y x Y’
s N+1n:0y”y” N+1( )
R 1 N-1 1
Vi = (RN &L N + Pun] = N(XSO * X0 + sum(Pyo, 3) )
n=0
R 1 N-1 1
Vix = [&ns1NZjyn + Vit = ~ (X1 % X + sum(Vo, 3))
n=0

N-1
N 1 . . 1 ,
Vi = N Z [Xn+1/NX£+1/N +Pn+1/N] = N (Xsl * Xgp + sum(Ps1,3))
n=0

where we used the definitions:

Y =[y0,¥1,--,Yn]
X5 = [Ro/n, RN, -+ Zn-1N, BN ] = [Xso, Znvn] = [Ro/n, Xt ]
o ) (13.13.12)
Xs0 = [Ro/Ns Ri/Ny -+ -5 RNZ1/N]
Xs1 = [Ri/Ny -y RN=1/N, RN/N]

and Py, P,V are sub-arrays of Py and V matching the indexing of (13.13.12).

Example 13.13.1: We apply the estimation algorithm to the Nile River data of Example 13.12.1
by keeping A, C fixed, and only estimating Q, R, Xp,2o. We allow 300 iterations, with
starting values chosen to be the same as those of Example 13.12.1. The following MATLAB
code illustrates the implementation of the algorithm:

K = 300; N = length(y)-1; % use same y as in Example 15.12.1

x0 = 0; SO le7; Q = 1; R =1; % initial values for the EM iteration
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for i=1:K, % EM iteration
[L(i),Xs,Ps,V] = ksmooth(A,C,Q,R,y,x0,S0); % E-step of the algorithm

Uxx = (Xs*Xs’ + sum(Ps,3))/(N+1);
Uyx = (y*Xs’)/(N+1);

Uyy = (y*y’)/(N+1);

Vxx = (Xs(:,l:end-1)*Xs(:,1l:end-1)" + sum(Ps(:,:,1l:end-1),3))/N;
Vix = (Xs(:,2:end)*Xs(:,1l:end-1)’ + sum(V(:,:,1l:end-1),3))/N;
V11l = (Xs(:,2:end)*Xs(:,2:end)’ + sum(Ps(:,:,2:end),3))/N;

% construct U,V matrices

R = Uyy - C*Uyx’ - Uyx*C’ + C*Uxx*C’;
Q = V11 - A*VIx’ - VIX*A’ + A*Vxx*A’;

% M-step of the algorithm

% x0 = Xs(:,1);
% SO = Ps(:,:,1);
end

% uncomment to also estimate x0,SO

k = 0:K-1; figure; plot(k,L); % plot 1ikelihood function

likelihood function likelihood function

FS— 4 550
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The left graph shows the negative-log-likelihood function of Eq. (13.12.2) plotted versus
iteration number for the case when only Q, R are being estimated, with A, C, Xy, 2 held
fixed. The right graphs shows the case when Q, R, Xy, X are estimated. The estimated
quantities at the last iteration are:

Q =1468.5, R =15099.0
Q =1294.7, R =15252.4, Xo=11184, X,=0.6

The results for the first case are to be compared with those of Example 13.12.1, that is,
Q = 1468.5, R = 15099.7. The second case is different because four model parameters
are being iterated, which lead to a smaller value of the likelihood function.

We note that in both cases, the likelihood function converges very fast initially, and then
reaches a slowly-decreasing plateau. One could perhaps stop the iteration as soon the
plateau is reached and use the slightly suboptimal estimates. m]
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The above estimation method can be extended to handle the case of a rank-defective
noise covariance matrix Q. This arises for the following type of state-space model:

Xn+1 = AXpy + Bwy

v, = CXn + Vn (13.13.13)

where x, is p-dimensional and B is a pXq matrix with g < p, assumed to have full rank
(i.e., g), and wy, is a g-dimensional white-noise signal with non-singular gx g covariance
matrix Q,,. The corresponding Q that appears in the Kalman filtering algorithm is then
Q = BQyBT, and has rank q.

Assuming a known B, the iterative algorithm can be modified to estimate Q,,. Given
an initial Q9!, we calculate Q°4 = BQ94BT, and then carry out the usual iteration step
to determine Q™" from Eq. (13.13.9) or (13.13.10). To find Q;", we solve the equation
BQ2WBT = Q¥ using the pseudoinverse of B, that is, B* = (BTB)'BT,

new __ B+QnewB+T

W=

(13.13.14)

Example 13.13.2: Consider the «-8 tracking model discussed in Example 13.12.2 and defined
by the state-space model:

Xn+1 1 T Xn T2/2 X
|:Xn+1:|:|:0 1:||:Xni|+|: T :|an, Yn:[l,o][xn]+vn

with model matrices:
1 T T?/2
A=[0 1], C = [1,0], B:[ T/ ] Qw=0G, Q=BQwB", R=o07

The following figure shows the likelihood as a function of iteration number for the two
cases of estimating only Q,,, R (left graph), or, Q,,, R, %o, 2 (right graph), using 300 it-
erations. The data y, are generated by exactly the same code (not repeated here) as in
Example 13.12.2. We note again the rapid initial decrease, followed by a plateau.

likelihood function likelihood function

450 T T T T T 450

430 1 430

4101 1 410}

390f 1 390

370F 1 370
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The MATLAB code used to generate the right graph is shown below.
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~
I

300; N = Tength(y)-1; t =0:N; % data y generated as in Ex. 15.12.2

B = [TA2/2; T1; Binv = pinv(B);

Qw = 0.1; R =1; % initial values for the iteration
x0 = [0; 0.1]; SO = 0.1 * eye(2);
for i=1:K,

Q = B*Qw*B’; % construct Q_old

[L(i),Xs,Ps,V] = ksmooth(A,C,Q,R,y,x0,S0);

Uxx = (Xs*Xs’ + sum(Ps,3))/(N+1); % compute U,V matrices
Uyx = (y*Xs’)/(N+1);
Uyy = (y*y’)/(N+1);
Vxx = (Xs(:,1l:end-1)*Xs(:,1:end-1)’ + sum(Ps(:,:,1:end-1),3))/N;
Vix = (Xs(:,2:end)*Xs(:,1l:end-1)’ + sum(V(:,:,1l:end-1),3))/N;
V11l = (Xs(:,2:end)*Xs(:,2:end)’ + sum(Ps(:,:,2:end),3))/N;
R = Uyy - C*Uyx’ - Uyx*C’ + C*Uxx*C’; % construct R_new
Q = V11 - A*VIx’ - VIX*A’ + A*Vxx*A’; % construct Q_new
Qw = Binv * Q * Binv’; % construct Q_w_new
x0 = Xs(:,1); % comment out to skip estimation
SO = Ps(:,:,1);

end

k = 0:K-1; figure; plot(k,L);

[Lmin,X,P,Xf,Pf] = kfilt(A,C,Q,R,y,x0,S0); % use estimated Q,R,x0,S0

[Lmin,Xs,Ps] = ksmooth(A,C,Q,R,y,x0,S0);
figure; plot(t,y,’:’, t,Xf(1,:),’-");
figure; plot(t,y,’:’, t,Xs(1,:),’-");

Once the parameters Qy,, R, Xy, 2o have been estimated, the Kalman filter and smoother are
run to determine the filtered and smoothed state estimates, X,,,, and X,,,n. Their position
components are shown in the figure below.

filtered position estimate

50 observations A 50 observations
— estimate / — estimate

40

smoothed position estimate

30
20

10

~10 N N N N N _10 N N N N N
0 50 100 150 200 250 300 0 50 100 150 200 250 300

n, time samples n, time samples

The estimated parameters in Example 13.12.2 were Q,, = (0.0199)2 and R = (2.0237)?2,
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compared with the theoretical values that were simulated Q,, = (0.02)2 and R = (2.0)2.
By comparison, the present method gives the estimates: Q,, = (0.0201)>and R = (2.0235)?
if only Qyy, R are estimated, and Q,, = (0.0193)? and R = (2.0221)?, if all four parameters
Qw, R,Xp, % are estimated. In the latter case, the estimated initial values were:

.| —0.4468 _ 0.00199 —0.00015
%o 0.0791 |’ =1 —0.00015 0.00003
Connection to the EM Algorithm

Consider a realization of the states and observations of the state-space model (13.13.1),

X = [x0,X1,-- XN, Y =[Y0,V1s---»VN] (13.13.15)

Ideally, the maximum likelihood method would maximize the joint probability den-
sity po (X,Y), or equivalently the log density, Inpy (X,Y), with respect to the model
parameters 6. However, in practice only the observations Y are available and not the
states X, and one chooses to maximize instead the marginal density pg (Y):

po(Y)= Jlﬂe (X,Y)dx (13.13.16)

The EM algorithm for maximizing (13.13.16) is based on the following inequality:

po (X,Y)

old
Jp(XIY,G )ln[ip(XIY, 9ol

]dXslnpe(Y) (13.13.17)

where p (XY, 0°9) is the conditional density of X given Y and the parameter set 6°4,
Eq. (13.13.17) is a consequence of Jensen’s inequality, which implies:

old pe (X,Y) oldy _Po(X,Y)
[pxiv.o )ln[p(leyeold)}dXsln[J'p(XlY,G ) Oy e dX]

=1In [Jpo (X,Y) dX] =Inpo(Y)

It follows from Bayes’s rule, pg (X,Y) = po (X|Y)pp (Y), that (13.13.17) becomes an
equality at @ = 0°'9, Eq. (13.13.17) can now be re-written in the form:

Q(0,0°) +1(0°9) < Inpy (Y) (13.13.18)

where we defined the following conditional expectation and entropy with respect to the
conditional density p (XY, 6°1d):

Q(0,0°) = Jp(XIY, 0°'YInpy(X,Y)dX = E[Inpg(X,Y)| Y, 0°9]
(13.13.19)
1) = - J p(X|Y,0°9) Inp(X|Y,0°%) dX

We note that 1(0°4) is a positive quantity. The EM algorithm chooses that @ that
maximizes the left bound in (13.13.17). More precisely, the EM algorithm consists of the
repetition the the following two steps:
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a. The expectation step (E-step), in which the conditional expectation Q (0, 0°9) is
calculated.
b. The maximization step (M-step), in which Q (6, 8°'4) is maximized resulting into

anew 0:
0" = arg max Q(0,0°%)

The convergence properties of the EM algorithm have been discussed in the literature
[905,906], and its application to state-space models, in [909-911] and others.

The advantage of the EM algorithm is that, although py (Y) is hard to calculate and
maximize, the joint density pg (X, Y) is straightforward to calculate before the E-step
is carried out. Indeed, successively applying Bayes’s rule we have:

N-1 N
po(X,Y)=px0) [ | pGns11xn) [ | P(¥nlxn)
n=0 n=0

Assuming Gaussian statistics and full-rank covariance matrices Q, R, X, we find for the
negative-log-likelihood function up to a constant:

~Inpy(X,Y) = % [Indet o + (xo - %0) T35 (%0 — %) |
N-1
+ 1 [IndetQ + (xns1 = Ax) Q! (Xn11 — Axy) |
2 = n+1 n n+1 n (13_13_20)

[IndetR + (v, — Cx) TR (y,, — Cx) |

+
N | =
M=

I
(=}

n

and using the identity, Indet Q = trln Q, we obtain:

~Inpe (X,Y) = - tr[InSo + 55" (%0 — %o) (x0 — %) 7 |

N | =

N-1
1 1
+ > ’[I‘[IHQ + Q71N HZ::O (Xn+1 — AXp) Xpg1 — AXn)T] (13.13.21)

N
1
+ Etr[lnR+R*1 Z(yn—an)(Yn—an)T]
n=0

N+1
Taking conditional expectations with respect to p (XY, 6°9), we have:

—0Q(0, 0% = %tr [1n56 + 23 E[ (xo - %o) (x0 = %0) 1Y, 09] |

N-1
Qs Q7 S E[ G Ax) (onet — Axa) 1Y, 09]
n=0

1 N

N+1

+ %tr[lnR-&-R’l E[(y, — Cxp) (y, — Cxp)T|Y, 9°1d]]

n=0
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which can be written in terms of the definitions (13.13.8),

1 . o
-Q(0,0%) = > r [IHZ() + 35 [(Ro — %o/w) (Ko — X()/N)T+P0/N]]
1 ~ ~ ~ L~
+5 tr[an +Q MViny — AV, — Vi AT + AVXXAT]] (13.13.22)
1 ~ ~ ~ ~
+5 tr[lnR +R7Uyy - CUyy — Uy CT + CUXXCT]]

This represents the E-step of the algorithm. The M-step leads to the same equations
as (13.13.9)-(13.13.11). Indeed, the minimization of —Q (8, 0°'9) with respect to X gives
Xy = Xo/N. Similarly, the first-order differentials with respect to A and C are:

—dQ = St [Q (AT~ Vi) dAT + dA (VAT = V)]
~dQ = %tr [R[(COw = 00 dCT +dC (O - U] |

Since the variations dA,dC are arbitrary, the vanishing of their coefficients leads to
the solutions given in Eq. (13.13.9). The minimizations of —Q (8, 8°d) with respect to
Q, R, 2 are similar and have the generic form of finding R that minimizes:

F =tr[InR + R7'U]

If all entries of R are treated as independent variables, then the vanishing of the
first-order differential of F gives:

dF =tw[R"'dR-R'dRR'U] =0 = R=U

where weused d(R™!')= —R"'dRR~!. In our case, Q, R, 3 are symmetric matrices and
only their lower (or upper) triangular parts may be regarded as independent variables.
However, the answer turns out to be the same as if all matrix elements were treated as
independent. Thus, the minimization of —Q (8, 0°4) gives the same answers as those
of Egs. (13.13.9)-(13.13.11).



