
Discrete-Time State Space Analysis

8.3 Discrete-Time Models

Discrete-timesystemsareeither inherentlydiscrete(e.g. modelsof bankaccounts,

nationaleconomygrowthmodels,populationgrowthmodels,digital words)or they

areobtainedasa resultof sampling(discretization)of continuous-timesystems.In

suchkinds of systems,inputs,statespacevariables,andoutputshavethe discrete

form andthe systemmodelscanbe representedin the form of transitiontables.

The mathematicalmodelof a discrete-timesystemcanbe written in termsof a

recursiveformula by using linear matrix differenceequationsas

� �

� �
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Here representstheconstantsamplinginterval,which maybeomittedfor brevity,

that is, we use the following notation
� �

� �

Similarly to continuous-timelinear systems,discretestatespaceequationscan

be derived from differenceequations(Section8.3.1). In Section8.3.2 we show

how to discretizecontinuous-timelinear systemsin order to obtain discrete-time

linear systems.

8.3.1 Difference Equations and State Space Form

An th-orderdifferenceequationis definedby

����� � �

� ����� � �
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Thecorrespondingstatespaceequationcanbederivedby usingthesametechnique

asin the continuous-timecase.For phasevariablecanonicalform in discrete-time,

we have
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Note that the transformationequations,analogousto the continuous-timecase,are

given in the discrete-timedomainby
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(which gives the phasevariablecanonicalform)

� � � �

(which by eliminating gives the statespaceoutputequation).
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8.3.2 Discretization of Continuous-Time Systems

Realphysicaldynamicsystemsarecontinuousin nature. In this section,we show

howto obtaindiscrete-timestatespacemodelsfrom continuous-timesystemmodels.

Integral Approximation Method

Theintegralapproximationmethodfor discretizationof a continuous-timelinear

systemis basedon the assumptionthat the systeminput is constantduring the

given samplingperiod. Namely, the methodapproximatesthe input signal by its

staircaseform, that is

The impact of this approximationto the solution of the statespaceequations,

for , is given by
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We can concludethat
$ �#�

$ �#�
�
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Note that $ and $ areobtainedfor the time interval from to . It caneasily

be shownthat dueto systemtime invariancethe sameexpressionsfor $ and $

areobtainedfor any time interval. Theprocedurecanberepeatedfor time intervals

with initial conditionstakenas .
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For the time instant and for ( , we have

)+*-,%.0/21

*31
4 4

From the aboveequationwe seethat the matrices 4 and 4 aregiven by

4 5 1

4
)6*-,�.0/21

*31

1

(

1

(
5�7

The last equalityis obtainedby usingchangeof variablesas .
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In a similar manner,the formula for the systemoutputat implies

Comparingthis equationwith the generaloutput equationof linear discrete-time

systems,we concludethat

8 8

In thecaseof discrete-timelinearsystemsobtainedby samplingcontinuous-time

linear systems,the matrix 8 , canbe determinedfrom the infinite series

8 9#: ; ;
<

=?>�@
= =

Thematrix 8 canalsobeobtainedeitherusingtheLaplacetransformmethodor the

methodbasedon theCayley–Hamiltontheoremandsetting in 9�A .
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To find B , we performintegration(seeAppendixA—matrix integrals)

B C#D E�C#D E�F E�F B E�F

which is valid underthe assumptionthat A is invertible.

Example 8.8: The discrete-timestatespacemodelof a continuous-timesystem

for the samplingperiod is equalto , is obtainedas follows.

B E#D E�GHD E#D E�GID
E�GHD E#D E�GHD E#D

B B E�F FG E�GHD E#D
E#D E�GHD

B B
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Euler’s Method

Less accuratebut simpler than the integral approximationmethod is Euler’s

method. It is basedon the approximationof the first derivativeat

Applying this approximativeformula to the statespacesystemequation,we have

or

where

J J
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8.3.3 Solution of the Discrete-Time State Equation

We find the solutionof the differencestateequationfor the given initial state

and the input signal . From the stateequation

K K

for it follows

K K

K K LK K K K

K K MK LK K K K K
...

K K NK
NPO�Q
R?S�T

NPO R O�QK K
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Using the notion of the discrete-time state transition matrix definedby

U VU

we get

U VXW�Y
Z?[]\

U U

Note that the discrete-timestatetransitionmatrix relatesthe stateof an input-free

systemat initial time ( ) to the stateof the systemat any other time ,

that is

U VU

It is easyto verify that thediscrete-timestatetransitionmatrix hasthe following

properties
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(a) ^ _ ^ ^

(b) ^ ` _ ^ ` a ^ a _
b3ced�bgf
^

bgfHd�bih
^

b3cjd�b3h
^

(c) k^ ^
b
^ k k

b
^

(d) ^ ^ ^ ^

The last property follows from

^ ^ ^ ^

It is importantto point out that the discrete-timestatetransitionmatrix may be

singular,which follows from thefact that
b
^ is nonsingularif andonly if thematrix

^ is nonsingular. In the caseof inherentdiscrete-timesystems,the matrix ^
may be singularin general.However,if ^ is obtainedthroughthe discretization

procedureof a continuous-timelinear system,then

^
d a l�m d a d l#m
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The outputof the systemat samplinginstant is obtainedby substituting

into the output equation,producing

n n n
oPp�q

r?s]t
n n

Remark 8.1: If the initial valueof the statevector is not but t , then

the solution has to be modified into

t n t
oPp�q

r?s�t
n n t

Note that for , the following modificationmustbe used

n
oPp�q

r?sut
n n

n n n
oXp�q

r?sut
n n
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Remark 8.2: The discrete-timestate transition matrix defined by vw can

be evaluatedefficiently for large values of by using a method basedon the

Cayley–Hamiltontheoremand describedin Section8.5. It can be also evaluated

by using the -transformmethod,to be derivedin the next subsection.

8.3.4 Solution Using the -transform

Applying the -transformto thestatespaceequationof adiscrete-timelinearsystem

w w

we get

w w
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The frequencydomainstatespacevector canbe expressedas

x y�z x y�z x

The inverse -transformof the last equationgives , that is

y�z x y�z y�z x y�z x

We concludethat

x y�z x y�z {x

and

x x y�z

The slides contain the copyrighted material from Linear Dynamic Systems and Signals, Prentice Hall 2003. Prepared by Professor Zoran Gajic 8–56



The inverse transformof the secondterm on the right-handside is obtained

directly by the applicationof the discrete-timeconvolution,which produces

|�} ~ |�} ~
� |�}
�?���

~ ~

We havethe requiredsolutionof the discrete-timestatespaceequationas

~
� |�}
�?�u�

~ ~

From

~ ~

the systemoutput responseis obtained

~ ~ ~
� |�}
�?�u�

~ ~ ~
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The frequency domain form of the output vector is obtained if the

-transformis appliedto the outputequation,and is eliminated,leadingto

� � ��� � � ��� � �

From the above expression,for the zero initial condition, i.e. , the

discrete matrix transfer function is definedby

� � � ��� � �

Example 8.9: Considerthe following discrete-timesystem

� �� �� � � �

The discrete-timestatetransitionmatrix in the frequencydomainis obtainedas
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The time domainstatetransitionmatrix is given by

� ��� � ���
��� �������

� �
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Let us find the responseof this systemdue to

�
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Sincethe systemstatetransitionmatrix is alreadydetermined,we can usethe

derived formula, which produces

�
�X���

�? u¡
� �

�¢
� �£

�
�¢
� �£

�
�P���

�? �¡

�¢
�X� � ��� �£

�X� � ���
�¢
�X� � ��� �£

�X� � ��� �

This can be acceptedas the final result. Note that using known formulas for

seriessummation(Appendix B), the aboveformula can be further simplified, and

eventuallya closedform solutionmight be obtainedfor . However,if we find

in the frequencydomain , then in most cases,the inverse –transformwill

producea nice closedformula for . In this example,we have
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Applying the inverse –transformwe obtain the stateresponse
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For the systemoutput responsewe have

²
³ ³ ³

8.3.5 Discrete-Time Impulse and Step Responses

The impulseand stepresponsesof multi-input multi-output discrete-timesystems

aredefinedfor zero initial conditions,andcalculatedusing the formulas
³P´ ²

µ?¶�·
¸ ¸ ¸

Sincethe input forcing function is a vectorof dimensions , we candefinethe

impulseandstepresponsesfor everyinputof thesystem.Introducethediscrete-time

systeminput functionwhoseall componentsarezeroexceptfor the th component,

that is
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¹ ¹ º

Note that

» ¹ ¹ ¹

where ¹ is the th columnof thematrix » . Thesystemstateandoutputresponses

due to the th componentof the input signal are given by

¹ ¼P½�¾
¿?À�Á

» ¹ ¹ ¹ » ¹ ¹ ¹

where ¹ is the th column of the matrix » . For ¹ , theseformulas

producethesystem output impulse response,
¹

, dueto thedeltaimpulsefunction

on the th systeminput and all other inputs equalto zero, that is
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Â ÃXÄ�Å
ÆÈÇ]É

Ê Â ÃPÄ�ÅÊ Â

Â Ê Â Â Ê ÃXÄ�ÅÊ Â Â Â

Similarly, with Â , we can define the system output step response

dueto theunit stepfunctionon the th systeminput andall otherinputssetto zero

Â
ËÍÌÏÎÏÐ

ÃXÄ�Å
Æ?ÇuÉ

Ê Â Â ÃXÄ�Å
Æ?ÇuÉ ÃPÄ Æ Ä�ÅÊ Â

Â
ËÑÌÏÎÒÐ Ê ÃPÄ�Å

Æ?Ç�É ÃXÄ Æ Ä�ÅÊ Â Â

It follows that

Â
ËÑÌÏÎÒÐ

Ã
Æ?Ç�É

Â Â Â
ËÒÌÓÎÒÐ

Â
ËÒÌÏÎÑÐ
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