6.3 Convolution of Discrete-Time Signals

The discrete-timeconvolutionof two signalsf;[k] and f.[k] is definedin Chapter

2 as the following infinite sum

m=aco

Flk] = filk] = folk]l = > film]falk —m], —oo < k< oo
wherek is an integerparamet:;r:do; is a dummy variableof summation.
The propertiesof the discrete-timeconvolutionare:
1) Commutativity
filk] = fa[k] = falk] * f1[K]
2) Distributivity
filk] = {f2[k] + fslk]} = filk] = f2[k] + fi[k] = fs[k]
3) Associativity

filk] * { fa[k] * fs[k]} = {f1[k] * F2[k]} * f3[K]
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4) Duration
The duration of a discrete-timesignal f[k] is definedby the discretetime
instantsko andk; for which for every k outsidethe interval [ko, k] the discrete-
time signal f[k] = 0. We use M to denotethe discrete-timesignal duration. It

follows that M = ks — ko.

Let thesignalsf; [k] and f,[k] havedurationsyespectivelygivenby M; and M,
thenthe durationof their convolution, f[k] = fi1[k] * f2[k], IS given by M; + M.

The discrete-timeconvolutiondurationpropertycan be also expressedn terms
of the numberof signalsamples.Let the numberof samplesin the signal (signal
size)be denotedby L, thenL = M + 1. Considertwo signalsf; [k] and f[k] with
the numberof samplegespectivelygivenby L; andL,. The numberof samplesn
their convolutionsignalis equalto L, + L, — 1, which correspondso the duration

of Li + Ly — 2 = M; + M,.
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5) Time Shifting
Let f[k] = fi[k] = f2][k]. Then,convolutionsof the shiftedfunctionsare
filk — k1] * fa[k] = flk — ki
filk] * f2[k — k2] = flk — k2]

filk — k1] * fa[k — k2] = f[k — k1 — k2]

The proofs of thesepropertiesare similar to the proofs of the corresponding
continuous-timeconvolution properties. For example,in order to establishthe

commutativitypropertywe haveto introducethe changeof variablesask —m = n

flk] = filk] * f2(k] = z_: fi[m]f2[k — m]

m=—0oo

— i filk — n]f2[n] = Ffok] * f1[k]

n=—oo
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Example 6.10: Theconvolutionof the discrete-timeampulsedeltafunctionwith
a generalfunction f[k] is given by

flk] = 6[k] = z_: fm]é[k — m] = flk], —oo <k < o0

mMm=—00

Example 6.11: The convolutionof two causalexponentiafunctionsdefinedby

f1lk] = aFulk] and f2[k] = b*u[k] is obtainedas follows

afulk] * b*ulk] = Z a™u[m]b* ™ u[k — m]
>« > (3)

Using the known summationformula (see Appendix B)
k+1

k

1l — o
> am= T
0 1l — o
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we have
k+1
bkl — (a/b) _ pEtl _ ghtl
1 — (a/b) b—a
Example 6.12: The convolution of the unit step signal and any causalsignal

afulk] * bPulk] =

(f[k] = 0,k < 0) produces

oo k
flk] = ulk] = > flm]ulk —m] = ) f[m] = f[0] + f[1] + - -- + f[K]

Example 6.13: Convolutionof two causalsignals f1[k] and f2[k] is

0o k
filk] * falkl = ) film]falk — m] = ) fi[m]f2[k — m]

= f1[0)f2[k] + fi[l]f2[k — 1] + - - - + fi[k — 1] f2[1] + f1[k]f2[O]

k=0,1,2,...

which representsan easyto rememberformula.
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6.3.1 Sliding Tape Method

Like in the continuous-timeconvolution,the discrete-timeconvolutionrequiresthe
“flip and slide” steps. For the reasonof simplicity, we will explain the method
usingtwo causalsignals. However,the methodis applicableto any two discrete-
time signals. Note that by using the discrete-timeconvolution shifting property,
this methodcan be also appliedto noncausakignals. The sliding tape methodis
presentedn the following three steps.

Step 1. The signal valuesare recordedon two tapes,one tape for the values
of the signal f,[m] andanothertapefor the valuesof the signal f,[m], seeFigure

6.17a,donefor an exampleof two causalsignals
fl[O]a fl[l]a f1[2]7"°9f1[M1 — 1]7 fl[Ml]
fz[O], fz[l]a f2[2]7 °°°af2[M2 — 1]7 fZ[Mz]
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Note that the durationsof thesesignals,which containL; = M; + 1 and L, =

M, + 1 samples(values),are M; and M.

fl[m] = fl[o] fl[l] f1[2] ......... fl[MJ]
(@)
fz[m] = f2[0] fz[l] f2[2] T fz[MZ]
(b) k=0 fl[m] = fl[o] fl[l] f1[2] """" fl[MJ]
BIMI| - - -+ G121 | 2] | f,[0] | = f,[-m]
(c) k=2 flm = | 401 | fa] | f2p | 48] |- - - - [ fIM]
BIMa| - - B8] | Bl2] | 1] | §[0] | = f,[2-m]
M, 2 1 o0 1 2 3 M, m

Figure 6.17: Graphical representation for the sliding tape method

Step 2. One of the tapes,say, the secondtape, is flipped aboutits value at

f2[0] to form the signal f.[—m], seeFigure 6.17b. It shouldbe pointedout that
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the signal f2[m] is flipped in sucha way that the signal value f;[0] remainsin

the sameposition.

Step 3. Thesecondapeis shiftedto theleft andright, thatis, a travelingsignal
f2[k — m] is formed. The parameterk is an integer that theoretically takesall
valuesfrom —oo to co. Practically,we haveto shift the secondsignal only for
thosevaluesof k for which the convolutionsum is differentfrom zero. In that
respect.the durationpropertyof the discrete-timeconvolution plays an important
role. After we shift the secondtape for the given value of k&, we evaluatethe
productsof the correspondingoverlappingsignal valueson the tapes. The sum
of all productsgives the convolutionvalue for the chosenvalue of the parameter
k, seeFigure 6.17c. This procedureis repeatedor all valuesof k& for which the

convolutionsum may be different from zero.

Let f[k] = fi[k] * f2[k]. From Figure6.17b,we seethatfor &k = 0 only f1[0]
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and f;[0] overlap,hencef[0] = f1[0]f2[0]. From Figure 6.17c,drawnfor & = 2,
we obtain three pairs of the overlappedsignal values, hencethe convolution of
thesetwo signalsfor k£ = 2 is givenby £[2] = f1[0]f2[2] + f1[1] f2[1] + f1[2]f2[0].
Similarly, we evaluatethe discrete-timeconvolutionfor othervaluesof k. Notethat
for k < —1 thesignalsf; [m] and f;[k — m] do not overlap,hencethe convolution
is equalto zerofor ¥ < —1. Also, no overlappingbetweenthe valuesof f;[m]
and f2[k — m] existsfor k > M; + M> + 1, andthe correspondingliscrete-time

convolutionis equalto zeroin this interval.

Example 6.14: Let the signalsbe definedas follows

nm={; ¢21.  em={07 RI0

The durationsof thesesignalsare M; = M, = 1. By the convolutionduration
property, the convolutionsum may be differentfrom zeroin the time interval of

lengthM = M; + M, = 1+ 1 = 2. Tapesfor fi[m] and f,[—m] are shown
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in Figure 6.18.

Liml = - 2 f[0]=1(-1)=-1
=0 [0]=1(-1)=-
f[-m] = 3 | -1
1 o0 1 m

Figure 6.18: The sliding tape method for Example 6.14, £k = 0

The convolution of thesetwo signals, f[k] = fi[k] * f2[k], for & = 0, is easily
obtainedfrom Figure 6.18 as f[0] = f1[0] * f2[0] = 1 x (-1) = —1. If we
slide the secondtapeto the left, which correspond4o £ < —1, we seethat the
convolutionis equalto zero. Sliding the secondtapeto the right for k¥ = 1, we

obtain f1[1] = 1 x 3 + 2 x (—1) = 1, seeFigure6.19.

Gml= 2] e f[1]=1x3+2x(-1)=1
k=1 - -
f[1-m] = 3 | 1
10 1 2 m

Figure 6.19: The sliding tape method for Example 6.14, £k = 1
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For k = 2, accordingto Figure6.20,the convolutionis givenby f[2] = 2 x 3 = 6.
For k > 3, the signalsf; [m] and f2[k — m] do not overlap,hence the convolution

Is equalto zeroin this interval.

f[m] = 1 2 f
K= [2]=2x3=6
f,[2-m] = 3 | 11
1 0 1 2 3 m

Figure 6.20: The sliding tape method for Example 6.14, k = 2

In summary,we have obtained

(0 k< —1

-1 k=
flk] = filk] = f2[k] =< 1 k =

6 k =

. 0 k>3
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Example 6.15: Let us find the convolution of the following two signals by

using the sliding tape method

—2 k=-1
1 k=0
kl =
filk] 3 k=1
0 otherwise

b

fa[k] = <

(2
3
—1
1

. O

k=20
k=1
k=2
k=3
otherwise

Note that the first signal is noncausal. However, the sliding tape procedureto

be appliedis exactly the sameasin the caseof causalsignals. The durationsof

thesesignalsare respectivelygiven by M; = 2 and M, = 3, hencethe duration

of their convolutionis equalto M, = M; + M, = 5, which meansthat at most

six (L, = M. + 1) discrete-timeinstantsthe convolution sum may be different

from zero.
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In Figure 6.21, we presentthe signalsf;[m] and f;[—m]. It canbe seenfrom
this figure that f[0] =1 x 2 + (—2) x 3 = —4. It canalsobe concludedthat the
convolutionis equalto zerofor k¥ < —2 andk > 5, which is consistentwith the

discrete-timeconvolution duration property.

=0 fIm] = 2 1 3
f[0]=(-2)x3+1x2=-4
fl-ml =] 1|-1] 3|2
3 2 1 0 1 m

Figure 6.21: The sliding tapes for Example 6.15, £ = 0

In Figure 6.22, we presentthe sliding tapesfor k = —1 andk = 1. It canbe

seenthat f[-1] = (-2) x 2= —-4 andf[1] = (-2) X (—1)+1 X 3+ 3 x 2 = 11.
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fl-1]=(-2)x2=-4

fl-1-m] = | 1 1 3 2
2 3 2 1 0 1 m
k=1 flm] = | -2 1 3
f[1]=2+3+6=11
f[1-m] = 1] -1 3 2
3 2 1 0 1 m
Figure 6.22: The sliding tapes for Example 6.15, £k = —1,1

Figure 6.23 presentghe situationfor k£ = 2, 3, 4. It canbe seenfrom this figure
that f[2] = (-2) x 1+1 X (-1) +3 x3 =6, f[3] =1 x1+3 x (-1) = —2,

and f[4] = 3 x 1 = 3.
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f[2]=-2-1+9=6
f,[2m] = 1] -1 3 2
2 1 o0 1 2 3 m
k=3 fim=|=2] 1] 3
f[3]=1-3=-2
flam) = | 1 |1 | 3 | 2
2 1 0 1 2 3 m
ffm=|=2]1] 3
k=4 f[4]=3
f[4-m] = 1| -1 3 2

-2 -1 0 1 2 3 4 m

Figure 6.23: The sliding tape method for Example 6.15, k£ = 2,3,4

In summary we havethe following valuesfor the convolutionof the considered

signals
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(0 k< —2
—4 k=-—1
—4 k=0
£l = Ak falk] = 3 g8 2
—2 k=3
3 k=4
. 0 k>5

6.4 Convolution for Linear Discrete-Time Systems

In this subsectiorwe show how to use the discrete-timeconvolutionin orderto
find the zero-stateresponseof discrete-timelinear time invariant systems. We
have seenin Chapter5 that every discrete-timelinear time invariant systemis
uniquely characterizeceither by its transferfunction or by its impulse response.
We have also seenthat the systemtransfer function is the Z—transformof the
systemimpulse responseand that the systemimpulseresponsas obtainedas the

inversezZ—transformof the systemtransferfunction. Let usassumehatthe system
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initial conditionsare setto zero and that the systemimpulse responsdas known.
This canbe symbolicallyrepresente@sin Figure6.24,wherel.C. = 0 standsfor

zero initial conditions.

O[K] Linear System h[k]
h[k], 1.c.=0

o[ k-m] Linear System h[k-m]
h[K], 1.c.=0

Figure 6.24: Discrete-time system impulse response

By the time invarianceprinciple, §[k — m] producesthe systemoutput [k — m].
By the linearity principle, a weightedimpulsedeltafunction f[m]é[k — m], where
f[m] is a constant,producesthe systemoutput signal f[m]h[k — m], seeFigure

6.25. Note that we assumehat the systemin Figures6.24 and6.25is represented
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in its integral formulation, for which we havedefinedthe systemtransferfunction

and the systemimpulse responsan Chapter>5.

f[m] 5[ k-m]

Linear System
h(Kl, 1.c.=0

f[mj] h[ k-m]

Figure 6.25: A weighted system impulse response

Our goal is to find the systemzero-stateresponsedue to any input function

f[k]. In thatrespectwe haveassumedhat the systeminitial conditionsare equal

to zero, that is

yl-n] = y[-(n -] =---=y[-2] =y[-1] =0
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Let the systeminput signalbe causal(f[k] = 0, k < 0) anddefined by its values

at discrete-timeinstants

flo], f(1], f2]; .., FIK]

Foranyvalueof k, we canrepreseny k] by aweightedsumof deltaimpulsesignals
m=k
flk]l = ) flm]é[k — m] = f[k] = 6[k]
m=0
By the linearity and time invarianceprinciples,we know that a sum of weighted
andshifteddeltaimpulsesignalsproduceson the systemoutputa sumof weighted

andshiftedsystemimpulseresponseignals. Hence,using f[k] asthe systeminput,

we obtain the systemoutputin the form
m=k

yi k] = > flmlh[k — m] = F[k] * h[K]
m=0
whichis symbolicallypresentedn Figure6.26. Notethatthe upperscript: indicates

the integral formulation of a discrete-timdinear system(seeSection5.3.1)thatis
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consistentwith the definedinitial conditions.

fIk] = f[K] = 5[K] Linear System

h[K], 1.C. =0

Yz = f[K] * h[K]

Figure 6.26: Discrete system response as the convolution

of a system input and the system impulse response

The precedingderivationsestablisithe mostfundamentatesultof theoryof linear

discrete-timesystemswhich is restatedn the following theorem.

Theorem 6.2 The response of a linear discrete-time system at rest (zero initial

condition response) due to any input is the convolution of that input and the system

impulse response.

In addition to its importancefor linear discrete-timedynamic systems,the

discrete-timeconvolutionis also very importantfor digital signal processing.
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