5.4 Block Diagrams

Usingthe Z—transformlinearity andconvolutionpropertiesve caneasilyextendthe
conceptof transferfunction to configurationsof severalconnectedinear systems.
We will find the equivalenttransferfunctionsfor cascadeand parallel connections
of systems,introduce the feedback(closed-loop)configuration, and define the

correspondingeedbacksystemtransferfunction.

We know from the convolutionresultthat for a systemat rest, the systeminput

F(z) produceson the systemoutputthe signal Y.;(z) given by

Y.s(z) = H(2)F (=)

which is symbolically representedn Figure 5.11 using a block diagram, where

H (=) representshe open-loop discrete-timesystem transfer function.

The slides contain the copyrighted material from Linear Dynamic Systems and Signals, Prentice Hall 2003. Prepared by Professor Zoran Gajic 5—76



F@ Y(2=H(9F (2
H(2)

Figure 5.11: An open-loop transfer function

Note that the aboveblock diagramcan also be usedin the casewhenthe system
initial conditionsare different from zero. In sucha case,an additive component
coming from the systeminitial conditionsshould be addedto the systemoutput.
For that reasonin all block diagramspresentedn this sectionwe will denotethe
systemoutputby Y (z) = Y.s(2) + Y.i(2).

The open-looptransferfunction H(z) is derivedfrom the differenceequation
that is obtainedusing known physical laws (mathematicalmodeling procedure).
The accuracyof coeficientsthat appearin the open-loopsystemtransferfunction
dependson the accuracyof the systemcoeficients. Thesecoeficients are not

always perfectly known. Furthermore the coeficients changeeither due to aging
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or due to internal and/or external systemdisturbances. Due to changesin the
systemcoeficients(systemparameters)t canhappenhatthe actualsystemoutput
(in the open-loopsystemconfiguration)is pretty different from the one obtained

analytically.

It has beenindicatedin Section4.4 on the continuous-timeblock diagrams
that a way to copewith the systemparameterchangesand a way to reducethe
iImpact of thosechangeson the systemoutput, is to form the closed-loop system
corfiguration, also known asthe systemfeedbackconfiguration. Assumingthat it
Is feasible,we canfeedbackthe systemoutputand form the closed-loop around
the systemas presentedn Figure 5.12a. The directedpath (pay attentionto the
arrows)from F'(z) to Y (z) is calledthe forward path andthe directedpathfrom
Y (z) to E(z) is calledthe feedback path. Sucha feedbacKoop is calleda unity

feedbacKoop. In generalwe canputadynamicelementn thefeedbackoop G(z)
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Figure 5.12: Closed-loop system configurations:

(a) unity feedback; (b) nonunity feedback

(anotheropen-looptransferfunction) as presentedn Figure 5.12b. For notational
conveniencewe will denotethe transferfunction in the feedbackpath by G(z)

and the transferfunction in the forward pathby H(z). It shouldbe pointedout
that sometimedn the feedbackpath we put a static elementequalto a constant,

thatis G(z) = const.
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In the feedbackconfigurationpresentedn Figure5.12a,the outputsignalis fed
back and comparedo the input signal, and the differenceof the input and output
signalsis usedasa newinput signalto the system.In practice,the feedbacksignal
Is takenwith the negativesignsince,in generalthe positivefeedbacksignalcauses
systeminstability. Using the convolution property and following signalsin the
block diagramin the direction of the arrows,we canfind the closed-loopsystem

transferfunction from F'(z) to Y (z), assumingzeroinitial conditions,asfollows
Y(z) =H(z)E(z), E(z)=F(2)—Y(2)

= Y (2) = H(2)(F(z) — Y(2))
H(z)

=15 H(z)F(z) = M(2)F(z)

= Y (2)
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The closed-loop system transfer function, for unity feedbackdenotedoy M (z)
Is defined by

Y() . _HE)
F(2) 1.C.=0 1+ H(z)

The definedclosed-looptransferfunctionis calledthe closed-looptransferfunction

M(z) =

with unity feedback. In many applications,in the feedbackloop anothertransfer
function is present,seeFigure 5.12b. The closed-looptransferfunction with non
unity feedbackis obtainedsimilarly as follows

H(z)
14+ H(z)G(=)
H(z)
14+ H(z2)G(=)

Y(z)=H(2)(F(z) —G(2)Y(2) = Y(z2) =

F(z)

Y(z) = M(2)F(z), M(z)=
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We canform more complexconfigurationsof open-looptransferfunctions. The

cascade connection of open-looptransferfunctionsis presentedn Figure5.13a. The

parallel connection of open-looptransferfunctionsis representedh Figure5.13Db.

F@

F@)

H(2)

H(2)

(@)

H(2)

H(2)

H.1.(2

H,(2)
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L —

H.(2)

Y(2)

Figure 5.13: Cascade (a) and parallel (b) connections of transfer functions
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It is easyto concludethatthe equivalentopen-looptransferfunction for the cas-

cadeconnectionis given by the productof elementaryopen-looptransferfunctions
HEo™ e (2) = Hy(2)Hy(2) - - - Ha(2)

This formula can be called the product rule for elementaryopen-looptransfer
functions.

The equivalentopen-looptransferfunction for the parallel connectionis equal

to the sum of elementaryopen-looptransferfunctions,that is
HP e (2) = Hy(z) £ Ha(2) £ -+ - + Hq(2)

Thisformulacanbe calledthe sumrule for elementaropen-loopransferfunctions.

Using the basictransferfunction rules,we cansimplify more complexfeedback
systemsandrepresenthemin the basicfeedbackform presentedn Figure5.12b.

The correspondingorocedureis demonstratedn the next example.
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Example 5.28: Considera feedbacksystemgivenin Figure5.14.

F@ +~ B "

_\/\ H,(2) H,(2) T
G(2)

G(2)

E@ +~ E@ Y@

Figure 5.14: A feedback system

We find its closed-loopransferfunctionasfollows. Usingthe productrule, we have
Ex(z) = Hi(z)H3(z)E:1(2)

Y (z) = H3(z)E3(=)

The productrule combinedwith the sum rule, produces
Ei(z) = F(z) — G1(2)Y (2) — G2(2)Y (2)

E3(z) = Ea(z) — G1(2)Y (2)
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Eliminating E;(z),: = 1,2, 3, we obtain
Y(z) = Hi(2)H2(2)H3(2)F(z) — G1(2)H3(2)Y (2)

—(G1(2) + G2(2))Hi(2) Hz(2)Hs(2)Y (2)

This leadsto the closed-looptransferfunction of the form

Hl(z)Hz(Z)Hg(Z)

T 1+ G1(2)Hs(2) + (G1(2) + Ga(2)) Hi(2)Ha(z) Hs(2)

The algebrawith transferfunctionsis simpleandconvenienffor linearfeedback
systemscomposedof severalloops. In the caseof linear systemswith many
feedbackloops, the problemof finding the closed-looptransferfunction becomes
a very tedioustask. In sucha case,we can use the so-calledMason’s formula

obtainedusing elementaryknowledgeof graphtheory.
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