
4.4 Block Diagrams

Using the Laplace transform linearity and convolution propertieswe can easily

extendthe conceptof the transferfunction to configurationsof severalconnected

linear systems. In that way we will find the equivalent transfer functions for

cascadeand parallel connectionsof systems,introducethe feedback(closed-loop)

configuration,anddefinethe correspondingfeedbacksystemtransferfunction.

In Section4.3.1we havedefinedthe transferfunction of a linear time invariant

continuous-timesystem. The systemtransferfunction is the ratio of the Laplace

transformof thesystemoutputandtheLaplacetransformof thesysteminput under

the assumptionthat the systeminitial conditionsarezero. This transferfunction in

fact representsthe open-loop continuous-timesystem transfer function.

The slides contain the copyrighted material from Linear Dynamic Systems and Signals, Prentice Hall 2003. Prepared by Professor Zoran Gajic 4–91



For the systemat rest, the systeminput produceson the systemoutput

the signal ��� given by

���

which is symbolically representedin Figure4.6 usinga block diagram.

H(s)
Y(s)=H(s)F(s) F(s)

Figure 4.6: An open-loop transfer function

Note that the aboveblock diagramcan also be usedin the casewhen the system

initial conditionsare different from zero. In sucha case,an additive component

coming from the systeminitial conditionsshouldbe addedto the systemoutput.

For that reasonin all block diagramspresentedin this sectionwe will denotethe

systemoutput by ��� ��� .
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The open-looptransferfunction is derivedfrom the differentialequation

that is obtainedusing known physical laws (mathematicalmodeling procedure).

The accuracyof coefficients that appearin the open-loopsystemtransferfunction

dependson the accuracyof the systemcoefficients (inductors,resistors,masses,

friction coefficients,andsoon). Thesecoefficientsarenot alwaysperfectlyknown.

Even more, the coefficients changeeither due to aging or due to internal and/or

externalsystemdisturbances.Due to changesin the systemcoefficients (system

parameters),it can happenthat the actualsystemoutput (in the open-loopsystem

configuration)is pretty different from the oneobtainedanalytically.
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A way to cope with the systemparameterchanges,and a way to reducethe

impact of thosechangeson the systemoutput, is to form a closed-loop system

configuration,alsoknown asthe systemfeedbackconfiguration.We canfeedback

the systemoutput and form the closed-loop aroundthe systemas presentedin

Figure 4.7a. The directedpath (as indicatedby the arrows) from to

is called the forward path and the directedpath from to is called the

feedback path. Sucha feedbackloop is calleda unity feedbackloop. In general,we

canput a dynamicelementin the feedbackloop (anotheropen-looptransfer

function) as presentedin Figure4.7b. For notationalconvenience,we will denote

the transferfunction in the feedbackpathby andthe transferfunction in the

forward pathby . Sometimes,in the feedbackpath,we put a staticelement

equal to a constant,that is, .
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Figure 4.7: Closed-loop system configurations:

(a) unity feedback; (b) nonunity feedback
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In the feedbackconfigurationpresentedin Figure4.7a,the output signal is fed

back andcomparedto the input signal,and the differenceof the input andoutput

signalsis usedasa new input signalto the system.In practice,the feedbacksignal

is takenwith thenegativesignsince,in general,thepositivefeedbacksignalcauses

systeminstability. Following signalsin the block diagramin the direction of the

arrows,we canfind the closed-loopsystemtransferfunction from to ,

assumingzero initial conditions
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Theclosed-loop system transfer function, for unity feedback,denotedby

is given by

�	��
���
��

Thedefinedclosed-looptransferfunction is calledtheclosed-looptransferfunction

with unity feedback. In many applications,in the feedbackloop anothertransfer

function is present,seeFigure 4.7b. The closed-looptransferfunction with non

unity feedbackis obtainedsimilarly as follows
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Definition 4.1: Theclosed-loopsystemtransferfunction for nonunity feedback

is definedby

�����������

If we go aroundthe loop of the non unity feedbackblock diagrampresentedin

Figure4.7b,we will encountertwo transferfunction and . Theproduct

is called the loop transferfunction. This can be formally statedin the form of a

new definition.

Definition 4.2: The loop transfer function for nonunity feedbackconfiguration

of Figure 4.7b is defined by the product

We can form more complex configurationsof open-loop transfer functions.

Open-looptransfer functions can be connectedin cascade,parallel, and/or they

canform morecomplexfeedbackconfigurationscontainingseveralfeedbackloops.
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Thecascade connection of open-looptransferfunctionsis shownin Figure4.8a.
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Figure 4.8: Cascade (a) and parallel (b) connections of transfer functions
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It is easyto concludethat theequivalentopen-looptransferfunction is givenby

the productof elementaryopen-looptransferfunctions

����������� �
�"! # $ %

This formula is calledtheproduct rule for elementaryopen-looptransferfunctions.

The parallel connection of the open-looptransfer functions is representedin

Figure 4.8b. Its equivalentopen-looptransfer function is equal to the sum of

elementaryopen-looptransferfunctions, that is

&'��()��*+*,��*
�-! # $ %

The last formula is calledthe sum rule for elementaryopen-looptransferfunctions.

Using the basic transfer function rules, we can simplify complex feedback

systemsandrepresentthemin the basicfeedbackform presentedin Figure4.7b.
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Example 4.25: Considera feedbacksystemgiven in Figure4.9.

3(s)E
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Figure 4.9: A feedback system

Usingtheproductandsumrules,wefind theclosed-looptransferfunctionasfollows

. / . /

0 0

/ .

0 . /
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Eliminating 1 we obtain

2
3 4 4 3

This leadsto the closed-looptransferfunction of the form

3 4 2
3 2 4 3 4 2

Another way to find the closed-looptransferfunction would be to identify the

dualelementsto thosegivenin theblock diagramin Figure4.7b. It canbeseenthat

4 3 4
2
3 2

Using now the closed-looptransferfunction formula we can obtain the identical

resultsfor as the one given above.
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