
Pole Placement Design Technique

8.2 State Feedback and Pole Placement
Considera linear dynamicsystemin the statespaceform

In somecasesone is able to achievethe goal (e.g. stabilizing
the systemor improving its transientresponse)by using the full
statefeedback,which representsa linear combinationof the state
variables,that is

so that the closed-loopsystem,given by

has the desiredspecifications.
The main role of statefeedbackcontrol is to stabilizea given

systemso that all closed-loopeigenvaluesare placedin the left
half of the complexplane. The following theoremgives a condi-
tion underwhich is possibleto placesystempolesin the desired
locations.

Theorem 8.1 Assuming that the pair is controllable,
there exists a feedback matrix such that the closed-loop system
eigenvalues can be placed in arbitrary locations.
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This important theoremwill be proved (justified) for single-
input single-output systems.For the generaltreatmentof the pole
placementproblemfor multi-input multi-outputsystems,which is
muchmorecomplicated,the readeris referredto Chen(1984).

If the pair is controllable, the original systemcan be
transformedinto the phasevariablecanonicalform, i.e. it existsa
nonsingulartransformation

such that

... ... ... . . . ...

� � � �����

...

where � ’s are coefficients of the characteristicpolynomial of ,
that is

� ����� ���	� ���
� ����� � �

For single-inputsingle-outputsystemsthe statefeedbackis given
by

� � � � � � �
After closing the feedbackloop with , as given by (8.7), we
get from (8.5)

... ... ... . . . ...

� � � � � 
 ����� �
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If the desired closed-loop eigenvalues are specified by� � �� �
� , then the desired characteristic polynomial will

be given by
� � � �� �

�
� �

��� � ��� � �
��� � ��� � � � ��

Sincethelastrow in (8.8)containscoefficientsof thecharacteristic
polynomialof the original systemafter the feedbackis applied,it
follows from (8.8) and(8.9) that the requiredfeedbackgainsmust
satisfy

� � �� � �� �
� � � � � � � �

��� � � �
��� � � �

��� � ��� �

Thepoleplacementprocedureusingthestatefeedbackfor asystem
which is alreadyin phasevariablecanonicalform is demonstrated
in the next example.

Example 8.1: Considerthe following systemgiven in phase
variable canonicalform

It is requiredto find coefficients � � � suchthat theclosed-loop
systemhasthe eigenvalueslocatedat

� ����� � � .
The desiredcharacteristicpolynomial is obtainedfrom (8.9) as� � �
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so that from (8.10) we have
� �� �
� � � �
� �� �

In general,in order to be able to apply this techniqueto all
controllable single-input single-outputsystemswe need to find
a nonsingulartransformationwhich transfersthe original system
into phasevariable canonicalform. This transformationcan be
obtainedby using the linearly independentcolumnsof the system
controllability matrix

... ...
� ... ...

��� �

It can be shown(Chen,1984) that the requiredtransformationis
given by

� � �
where

�
��� � � ��� � � ��� �
��� � ��� � ��� � � � ��� � ��� �

� � � � ��� � ��� � ��� � �
where � ’s are coefficients of the characteristicpolynomial of
matrix . After the feedbackgain has been found for phase
variablecanonicalform,  , in theoriginal coordinatesit is obtained
as (similarity transformation)

 � �
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Example 8.2: Considerthe following linear systemgiven by

The characteristicpolynomial of this systemis
! "

Its phasevariablecanonicalform can be obtainedeither from its
transferfunction (seeSection3.1.2) or by using the nonsingular
(similarity) transformation(8.11). The systemtransferfunction is
given by

#%$ ! "

Usingresultsfrom Section3.1.2we areableto write newmatrices
in phasevariablecanonicalform representationas

& & &

Thesamematricescouldhavebeenobtainedby usingthesimilarity
transformationwith

& #	$ & #	$ &

with obtainedfrom (8.11) and (8.12) as
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Assumethat we intend to find the feedbackgain for the orig-
inal systemsuch that its closed-loopeigenvaluesare located at

, then
' ( )

Fromequation(8.10)we getexpressionsfor thefeedbackgainsfor
the systemin phasevariablecanonicalform as

* '+ +
) ' * *
( ') )

In theoriginalcoordinatesthefeedbackgainis obtainedfrom (8.13)

, - *

Using this gain in order to close the state feedbackaround the
systemwe get

It is easyto checkby MATLAB thattheeigenvaluesof this systems
are locatedat .

Comment: Exactly thesameprocedureastheonegiven in this
sectioncan be usedfor placing the observerpoles in the desired
locations. The observershave been consideredin Section 5.6.
Choosingthe observergain suchthat the closed-loopobserver
matrix hasthe desiredpolescorrespondsto the problem
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of choosingthe feedbackgain suchthat the closed-loopsystem
matrix

. . .
has the samepoles. Thus, for the observer

pole placementproblem, matrix should be replacedby
.
,

replacedby
.

and replacedby
.
. In addition, it is

known from Chapter5 that the observabilityof the pair
is equalto the controllability of the pair

. .
, andhencethe

controllability conditionstatedin Theorem8.1—thepair is
controllable,which for observerpole placementrequiresthat the
pair

. .
be controllable—issatisfiedby assumingthat the

pair is observable.
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