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Abstract – In this paper we present a unified approach
for optimal control and filtering of linear continuous-timesin-
gularly perturbed linear systemsthat facilitates completeand
exact decompositionof optimal control and filtering tasksinto
pure-slowand pure-fast time scales. The presentedmethodol-
ogyeliminatesnumerical ill-conditioning of the original singu-
larly perturbedproblems,introducesparallelisminto the design
procedures,allows independentparallel processingof informa-
tion in slow and fast time scales,and reducesboth off-line and
on-line computation requirements. The presentationis done
for the classic linear-quadratic open- and closed-loopoptimal
regulators, Kalman filter,

���
-optimal linear-quadratic regu-

lator,
� �

-optimal linear filter, and the correspondinglinear-
quadraticoptimal stochasticregulators. In addition,weindicate
relatedcontrol problemssolvableby the presentedmethodology.

Key words: Singular perturbations, optimal control,
Kalman filtering,

� �
optimization.

I. INTRODUCTION
Theoryof singularperturbationswasintroducedto control
audienceby Kokotovic by the end of the sixties. Due
to the fact that many real physical systemsare singu-
larly perturbed,for example,aircrafts,robots,electricalcir-
cuits, power systems,nuclearreactors,chemicalreactors,
dc and induction motors,synchronousmachines,distilla-
tion columns,flexible structures,automobiles,this theory
has becomevery popular in control systemengineering,
[1]-[7]. Singularlyperturbedsystemsarecharacterizedby
simultaneouspresenceof small and large time constants,
which introducesclusteringof linear (or linearized)sys-
tem eigenvaluesinto two disjoint groups: (a) eigenvalues
correspondingto large time constantslocatedcloseto the
imaginaryaxis representingslow systemstatespacevari-
ables(slow modes),and(b) eigenvaluescorrespondingto
small time constantslocatedfar from the imaginary axis
representingfastsystemstatespacevariables(fastmodes).
In the last thirty yearsalmostonethousandjournal papers
andmorethantwentybookswerepublishedby engineering
and mathematicsresearcherson the subjectof singularly
perturbedcontrol systems.

The notion of singular perturbationsin mathematics
standsfor systemsof differentialequationsthathavesome
derivativesmultiplied by small positiveparameters.Such

a kind of systemsof differentialequationswasextensively
studiedin thefifties andsixtiesby well-knownmathemati-
cianssuchasTikhonov, Levin, Levinson,Vasileva,Butu-
zov, Wasov,Hoppendsteadt,O’Malley, Chang.Oneof the
mostimportantandmostwidely usedresultsof mathemat-
ical theoryof singularperturbationsis the developmentof
thetransformationfor theexactpure-slowandpure-fastde-
compositionof linearsingularlyperturbedsystems,known
as the Changtransformation,[8].

The approachestakenin engineeringduring the sev-
entiesand eighties, in the study of singularly perturbed
controlsystems,werebasedon expansionmethods(power
series,asymptoticexpansions,Taylor series), the meth-
ods developedby previously mentionedmathematicians.
The approacheswere, in most cases,accurateonly with
an �����	� 1 accuracy,where � is a small positive singular
perturbationparameter. Generatinghigher order expan-
sionsfor thosemethodshasbeenanalyticallypretty cum-
bersomeand numericallypretty inefficient, especiallyfor
high-dimensionalcontrol systems.Evenmore,it hasbeen
demonstratedin severalpapers,[9]-[12], that for someap-
plicationsan �����	� accuracyis eithernot sufficient or even
more, it doesnot solve the problemat all.

Thedevelopmentof highaccuracyefficient techniques
for singularlyperturbedcontrolsystemsstartedin themid-
dle of the eightiesalong the lines of the slow-fastmani-
fold approachof Sobolev,[13], andtherecursiveapproach
basedon fixed-pointiterationsof Gajic, [14]. At thebegin-
ningof thenineties,thefixed-pointrecursiveapproachcul-
minatesin theso-calledHamiltonianapproachfor theexact
pure-slowand pure-fastdecompositionof singularly per-
turbed, linear-quadratic,deterministicand stochastic,op-
timal control and filtering problems. The classof prob-
lems solvable by the Hamiltonian approachare steady
statelinear-quadraticoptimalcontrolandfiltering problems
whoseHamiltonianmatricesunderappropriatescalingand
permutationpreservesingularlyperturbedforms suchthat
theycanbe exactlyblock diagonalizedinto pure-slowand
pure-fastHamiltonianmatrices.That is why, we call this
approachtheHamiltonianapproachto singularlyperturbed

1 An 
���
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���
���������
�� , where � is a boundedconstant
and � is any real number.



optimal linear control systems.Note that the studyof sin-
gularly perturbedlinear-quadraticoptimal control systems
via theuseof theHamiltoniansystemof differentialequa-
tions have beendone in the past in different set ups by
severalresearchers,for example,[15]-[20].

The problemspresentlysolvable by the Hamilton-
ian approachare: linear-quadraticoptimal regulatorand
Kalman filter in continuous-and discrete-timedomains,
optimal open-loop control of continuous-and discrete-
time linearsystems,multimodelingestimationandcontrol,���

-optimalcontrolandfiltering of linearsystems,linear-
quadratic zero-sum differential games, linear-quadratic
high gain, cheapcontrol, and small measurementnoise
problems,sampleddatacontrol systems,and nonstandard
linearsingularlyperturbedoptimalcontrolandfiltering sys-
tems. Someotherclassesof linear-quadratictype optimal
control problemsthat can be solvedby the methodology
consideredin this papermay emerge in the nearfuture.

The work of [13] basedon slow-fastmanifold theory
resultedalso in the exactpure-slowandpure-fastdecom-
positionof thelinear-quadraticoptimalcontrolproblemsas
demonstratedin [21]-[22]. However, it remainsan open
questionwhetheror not the integralmanifold approachto
decompositionof singularly linear-quadraticcontrol prob-
lems [21]-[22] leadsto the sameresultsas thoseobtained
by the Hamiltonianapproach.

This paper representsa comprehensiveview of the
currentstateof theknowledgeof theHamiltonianapproach
to singularlyperturbedlinearcontinuous-timeoptimalcon-
trol and filtering problems. The presentationis basedon
the recentresearchwork of the authorsand their cowork-
ers. The paperpresentsa unified themeabout the exact
pure-slowpure-fastdecouplingof the correspondingopti-
mal control andfiltering problemsowing to the existence
of a transformationthatexactlydecouplesthenonlinearal-
gebraicRiccati equationinto the pure-slowandpure-fast,
reduced-order,algebraicRiccati equations. At the same
time, thepaperdemonstratesthepowerof theHamiltonian
approachclearly indicating the unified themethat can be
usedfor the most efficient and most accuratesolution of
variety of optimal control andfiltering problems.

A. ExactDecompositionof theRiccatiEquation
In this section,it is shownhow to exactly decomposethe
algebraicRiccati equationof singularly perturbedcontrol
systemsinto two reduced-orderalgebraicRiccati equa-
tions correspondingto slow and fast time scales. The
reduced-orderalgebraicRiccatiequationsobtainedarenon-
symmetric. The Newton algorithm is very efficient for
solving these nonsymmetricalgebraic Riccati equations
since excellent initial guessesare readily available from
the reduced-order,symmetric,algebraicRiccati equations
that represent � ��!	" perturbationsof the nonsymmetric,
reduced-order,pure-slowand pure-fast,algebraicRiccati
equations.Dueto completeandexactdecompositionof the
Riccati equation,and due to order-reduction,we havean

efficient parallel algorithm for solving this equation—the
most important equationof the linear-quadraticoptimal
control and filtering theory.

The procedureusedfor the time-scaledecomposition
of the algebraicRiccati equationsinto the pure-slowand
pure-fastalgebraic Riccati equationsfacilitates new in-
sights into optimal filtering and control problemsof sin-
gularly perturbedlinear systems. It is demonstratedin
the subsequentsectionsthat correspondingreduced-order
linear optimal filters and controllersare completelyand
exactly decoupled. The slow/fast filters and controllers
work in parallelandprocessinformation independentlyin
slow andfast time scaleswith the correspondingsampling
rates—theslow oneswith the slow samplingrateand the
fast oneswith the fast samplingrate.

A linear singularlyperturbedcontrol systemis given
by#$&% �(')"+*-, %.$&% �(')"0/1,32 $ 24�(')"0/65 %.7 �8')"�9 $0% ��'):�"+* $&% :! #$ 2;�8')"<*=,?> $0% �(')"@/A,?B $ 24��')"0/C5?2 7 �D')"E9 $ 24�8'):4"<* $ 2	:

(1)
where $GF �8')"IHKJMLON)9QP�*SRT9VUG9 7 �8')"WHXJMY are stateand
control variables,respectively,and ! is a small positive
singularperturbationparameter.As a parameter! tendsto
zero, the solution behavesnonuniformly, producinga so-
called singularly perturbedstiff problem (huge slope for
the fast statevariable at the initial time), which implies
numericalill-conditioning.

With (1), consider the performancecriterion to be
minimizedby the choiceof the optimal control strategyZ *-[�\D]^ RU �_`8a bdc $ % �(')"$ 2 �(')"feOgih c $ % �8')"$ 2 �8')"fe / 7 g �(')")j 7 �(')"Ek�l;'

(2)
with positivedefinite j andpositive semidefiniteh . The
open-loopoptimal control problemof (1)-(2) has the so-
lution 7 �8')"<*nm�j�o % 5 g@p �8')" (3)

where p �8')"MHdJMLrq�s�Lut is a costatevariablesatisfying[23]c #$ �8')"#p �(')" e *
c , m?vm h m�, g e

c $ �(')"p �8')" e (4)

with,w* c , % , 2% x , > % x , B e 9 h * c h % h 2h g 2 h > e * c8y g % y % y g % y 2y g 2 y % y g 2 y 2 e(5)5K* c 5 %% x 5?2ze 9+v{*w5|j o % 5 g * c v % % xE}% x } g %x t v 2 e
and $ g �(')"6* ~ $ g % �(')" $ g 2 ��')"�� . The optimal closed-loop
control law hasthe very-well known form7 � $ �D')"	"<*nm�j o % 5 g+� $ �8')"<*Km?� $ �8')" (6)
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where � satisfiesthe algebraicRiccati equationgiven by�|� �3�1�C���i���1�=�1�3������� �S� �+� �	����)� �� �	�&�0� (7)

The positive semidefinitestabilizing solution of the al-
gebraic Riccati equation (7) exists under the standard
stabilizability-detectabilityconditions[23].

Assumption1.1: Thetriple �����)�W�)� ��� is stabilizable
and detectable.

In the following we follow the resultsof [24] and
showhowto find thesolutionof (7) in termsof solutionsof
the reduced-order,pure-slowandpure-fast,algebraicRic-
cati equations.It is well knownthatthesolutionof theRic-
catiequation,canbeobtainedfrom theHamiltonianmatrix.
It will be shownthat for singularlyperturbedsystems,the
Hamiltonian matrix retainsthe singularly perturbedform
by interchangingandappropriatelyscalingsomestateand
costatevariables,henceit can be block diagonalizedvia
the nonsingulartransformationsof [8], [25].

Partitioning and appropriately scaling �&�8�)� as� � �8�)� �¡  � � � �(�)�¢��� � � �(�)�f£ with �r¤¥�8�)��¦¨§M©GªV�V« �­¬ �	®r� and
interchangingsecondandthird rows in (4), we get¯°±@²³ � �8�)�²� � �8�)�²³ � �8�)�²� � �8�)�

´¶µ· � ��¸ � ¸ �� ¹ ¸ � � ¹ ¸�º � ¯°± ³ � �8�)�� � �(�)�³ � �8�)�� � �(�)�
´¶µ· (8)

where¸ � � � � � �?� ��?� � ��� � � � � ¸ � � � � � �¼»�?� � ��� � � �¸ � �S� �?� ��» ��?� � � ��� � � � � ¸ º �S� � º �?�0����½���¾� �º � (9)

It is important to notice that (8) retainsthe singularper-
turbation form. Also, the matrix ¸ º is the Hamiltonian
matrix of the fast subsystem,and it is nonsingularunder
stabilizability-detectabilityconditionsimposedon the fast
subsystem.

Assumption1.2: Thetriple ��� º �)���¿�)À4�Á� is stabilizable
and detectable.

It shouldbe emphasizedthat the presentedprocedure
is valid for both the so-calledstandard(matrix � º is non-
singular) and nonstandard(matrix � º is singular) singu-
larly perturbedlinear control systems.Note that nonstan-
dard singularly perturbedcontrol systemsare the recent
trend in theory of singularlyperturbedlinear control sys-
tems [20], [26]-[28], [39].

Thecelebratedtransformationof [8], usedfor decom-
position of linear singularlyperturbedsystems,is defined
by Â � � ��Ã � ©OÄ �Å�	ÆdÇ �?�	ÆÇ Ã � ©OÈ � (10)

where Ç and Æ satisfy¸ º ÇÉ� ¸ ���A�	ÇM� ¸ �Ê� ¸ �EÇM� �Ë�
(11)�?ÆÌ� ¸�º �1�	Ç ¸ � �@� ¸ � ����� ¸ � � ¸ � ÇÍ�¥Æ �w� (12)

Theuniquesolutionsof (11) and(12) exist for sufficiently
small valuesof � under condition that ¸�º is nonsingular,
that is, underAssumption1.2. Thesealgebraicequations
canbesolvedaslinearalgebraicequationsusingeitherthe
fixed-pointalgorithmof [29] or theNewtonmethodof [9].
The correspondingalgorithmsfor solving the Ç -equation
are respectivelygiven byÇMÎ ¤�Ï��VÐ � Ç+Î8Ñ Ð �C� ¸3Ò �º Ç+Î ¤8ÐfÓ ¸ � � ¸ � Ç+Î ¤ÔÐ�ÕÇ Î8Ñ Ð � ¸ Ò �º ¸ � �Ö« �w� � ¬ �	®r�	×D×�× (13)Ø Î ¤8Ð� Ç Î ¤8Ï��VÐ �6Ç Î ¤8Ï���Ð Ø Î ¤ÔÐ� � � Î ¤8ÐÇ Î�Ñ Ð � ¸ Ò �º ¸ � �Ö« �w� � ¬ �	®r�¥×D×�×Ø Î ¤8Ð� � ¸ º ���	Ç Î ¤8Ð ¸ �Ø Î ¤ÔÐ� � �?� Ó ¸ �+� ¸ �4Ç Î ¤8Ð Õ �+� Î ¤8Ð � ¸ �Í�1�	Ç Î ¤ÔÐ ¸ �4Ç Î ¤8Ð

(14)
The Newton methodconverges quadratically,henceif it
converges,it requiresin averageonly four to five iterations.
Thefixed-pointiterationsconverge linearly andsometimes
requirea lot of iterations.In addition,the Ç -equationcan
be efficiently solvedby using the eigenvectormethodof
[30] and the Taylor seriesexpansionsof [31]. Once the
solution for the Ç -equationis obtained,the Æ -equation
canbe solvedeitherdirectly asa linear Sylvesterequation
or recursivelyasÆ Î ¤8Ï���Ð � ¸ � � ¸ º ���)Ç ¸ � � Ò ��3��� ¸ � � ¸ � Ç+�¥Æ Î ¤8Ð � ¸�º ���	Ç ¸ � � Ò �Æ Î8Ñ Ð � ¸ � ¸ Ò �º �Ö« �w� � ¬ �	®r�4× ×D× (15)

TheChangtransformation(10)appliedto (8) produces
two completelydecoupledsubsystems²Ù �(�)� � � ¸ � � ¸ � ÇÊ� Ù ���)� (16)

and � ²Ú �(�)� � � ¸�º �1�	Ç ¸ � � Ú ���)� (17)

where � Ù ���)�Ú ���)� � � Â�Û ¯°± ³ �Á�(�)��0�4�8�)�³ � �(�)�� � �8�)�
´¶µ· (18)

The rearrangementand modification of the original vari-
ablesin (8) is doneby using the permutationmatrix Ü3�
of the form¯°± ³ �Á���)��&�E�(�)�³ � ���)�� � �(�)�

´ µ· � ¯°± Ã © Ä � � �� � Ã © Ä �� Ã © È � �� � � � ¹ Ã © È
´ µ· ¯°± ³ �Á�(�)�³ �4�(�)�� � �8�)���� � �8�)�

´ µ·� Ü � � ³ �(�)��0�8�)� � (19)
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Note that the inverseof Ý½Þ canbe easilyobtainedanalyti-
cally, hence,this matrix is not numericallyill-conditioned
with respectto the matrix inversionfor small valuesof ß .

Combining(18) and (19), we obtain the relationship
betweenthe original and new coordinatesasàáâVã ÞEä(å)æç ÞÁä(å)æãfè ä(å)æç è ä(å)æ

é¶êëAì Ý�íèÊî Þ Ý Þzï�ð ä(å)æñ ä8å)æGòìwó ï ð ä8å)æñ ä8å)æ ò ì ï ó Þ ó èó�ôõó�ö ò ï ð ä(å)æñ ä8å)æ ò (20)

where Ý è is a permutationmatrix in the form

Ý è ì àáâ�÷.ørù ú ú úú ú ÷	øGù úú ÷ øOû ú úú ú ú ÷ ø û
é¶êë (21)

Sinceñ ä(å)æ ìýü ð äDå)æ , whereü satisfiesthealgebraicRiccati
equation(7), it follows thatï ã Þ ä(å)æç Þ ä8å)æ ò ì ä ó Þ�þ ó è ü æ ð ä8å)æ�ÿ ï ã è ä8å)æç è ä8å)æ ò ì ä ó ôÍþ ó ö ü æ ð ä8å)æ

(22)
In the original coordinates,the requiredoptimal solution
hasa closed-loopnature. We havethe sameattributefor
the new systems(16) and (17); that isï ã è ä(å)æç è ä(å)æGò ì ï ü�� úú ü�� ò ï ã ÞÁä8å)æç Þ4ä8å)æ ò (23)

Then, (22) and (23) yieldï ü�� úú ü�� ò ì ä ó ô þ ó ö ü æ.ä ó Þ þ ó è ü æ�� Þ (24)

Following the same logic, we can find ü reverselyby
introducingÝ � ÞÞ î � ÞÞ Ý è ìýó � Þ ì	�1ì ï � Þ � è� ô � ö0ò (25)

where Ý � ÞÞ ì àáâ ÷ ø ù ú ú úú ú ÷ ø û úú ÷ ø ù ú úú ú ú ß ÷ ø û
é¶êë (26)

and it yieldsüýì 
 � ôÍþ � ö+ï ü � úú ü � ò�� 
 � Þ<þ � è ï ü � úú ü � ò�� � Þ
(27)

It is shownin [24] that the matrix inversionsin (24) and
(27) exist for sufficiently small valuesof ß .

Partitioning (16) and (17) asï�
ã ÞÁä�å)æ
ã è ä�å)æfò ì ï�� Þ � è� ô � ö�ò ï ã Þ�ä�å)æã è ä�å)æuò ì ä��@Þ���� è�� æ ï ã Þ�ä8å)æã è ä8å)æfò
(28)

ß ï 
ç Þ ä8å)æ
ç è ä8å)æ ò ì ï�� Þ � è� ô � ö ò ï ç Þ ä8å)æç è ä8å)æuò ì ä�� öMþ6ß � � è æ ï ç Þ ä8å)æç è ä8å)æfò
(29)

andusing(23) yield to two reduced-order,nonsymmetric,
pure-slowandpure-fast,algebraicRiccati equationsú ìýü � � Þ � � ö ü ��� � ô+þ ü � � è ü � (30)ú ìwü � � Þ � � ö ü � � � ô þ ü � � è ü � (31)

with ��� ÿ ��� ÿ�� ì�� ÿ �rÿ�!Gÿ#" ÿ definedby (28)-(29). Let uspoint
out that the nonsymmetricalgebraicRiccati equationwas
studiedby severalresearchers,seefor example[32] and
referencestherein. An algorithm for the solving general
nonsymmetricalgebraicRiccati equationwas derived in
[33]—seealso [34].

The pure-fastalgebraicRiccati equation(31) is non-
symmetric,but its $ ä ß æ approximationis a symmetricone,
that isü �&% öMþ % í ö ü � þ('½ô � ü �*) è ü � þ+$ ä ß æ ì ú (32)

From(32) onecanobtainan $ ä ß æ approximationfor ü � asü-,/. 0� % öÍþ % í ö ü-,1.�0� þ+'3ô � ü-,1.�0� ) è ü2,3.�0� ì ú (33)

The unique positive semidefinitestabilizing solution of
(33) exists under Assumption 1.2. Hence, we haveü � ìwü-,1.40� þ+$ ä ß æ . The pure-slowalgebraicRiccati equa-
tion (30) is alsononsymmetric.It can be also shownthat
(30) is an $ ä ß æ perturbationof the first-orderapproximate
slow algebraicRiccati equationobtainedin [35] and[19]ü ,1.�0� %5� þ % í � ü ,/.�0� þ(' ��� ü ,/.�0� )�� ü ,1.�0� ì ú (34)

with ü � ì ü-,1.�0� þ6$ ä ß æ , where %7�¿ÿ ' � , and )�� can be
found either using the methodologyof [35] or from the
resultsof [19] asï % � �8) �� ' � �9% í � ò ì �@Þ���� è � � Þö ��ô (35)

Note that from (11) and (28) we haveï�� ,/.�0Þ � ,/.�0è� ,/.�0ô � ,/.�0ö ò ì ï�� Þ � è� ô � ö ò þ($ ä ß æì ��Þ:�;� è<� ,/.�0 þ+$ ä ß æ ì �@Þ���� è � � Þö ��ô þ+$ ä ß æ (36)

which impliesï�� ,1.�0Þ � ,3.�0è� ,1.�0ô � ,3.�0ö ò ì ï %7� �8)��� ' �=�>% í � ò (37)

Theuniquepositivesemidefinitestabilizingsolutionof the
approximateslow algebraicRiccati equation(34) exists
under the following assumption.

Assumption1.3: The triple ? %7�¿ÿ�@ )��¿ÿ @ ' ��A is stabi-
lizable and detectable.
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Notethat in thecasewhenthematrix BDC is nonsingu-
lar (standardsingularlyperturbedlinear system),Assump-
tion 1.3 can be replacedby a simpler assumptionof the
form [35].

Assumption1.3a: The triple EFB-GIH�J8G�H�K<GML is sta-
bilizable and detectable,with B5G�NOB-PRQSB5TMB-U PC B8V ,J8GDNWJ7PXQ;B7TYB2U PC J8T , K�G7NZK[P:Q\K�T�B2U PC BDV .

Assumptions1.2, 1.3, and 1.3a are the standardas-
sumptionsin theory of singularlyperturbedlinear control
systems[4]-[5].

Using the fact that the uniquesolutionsof (33) and
(34) exist, then by the implicit function theorem, [36],
the existenceof the uniquesolutionsof (30) and (31) are
guaranteedby the following lemma[24].

Lemma1.1. Let Assumptions1.2 and1.3 be satisfied.
Then, ]_^4G2`ba suchthat cd^feb^�G theuniquesolutionsof
(30) and (31) exist.

Havingobtaineda goodinitial guess,theNewtontype
algorithmcanbeusedveryefficiently for solving(31). The
Newton algorithm is given byg-h1i3j P�kl m<n P�o n T g-hpi kl6q Q mYn C Q g2h1i klrn T q g-hpi/j P�klN n V o g hpi klSn T g h1i kl Hts�N	a�H�u&H v�HYw1w1w (38)

with an initial guessobtainedfrom (33).

The pure-slow Riccati equation(30) can be solved
by using the Newton algorithmalso,with an initial guess
obtainedfrom (34). The Newton algorithm for (30) is
given byg hxi/j P�ky m<z P o z T g hpi ky q Q mYz C Q g hxi ky z T q g h{i{j P#kyN z V o g hxi ky z T g hpi ky H s|N	a�H�u&H�v�H w3w1w (39)

It is importantto noticethatthetotal numberof scalar
quadraticalgebraicequationsin (30) and(31) is } T P o } TT w
Ontheotherhand,theglobalalgebraicRiccatiequation(7)
contains PT E~} P�o } T L�E�} P�o } T:o u<L scalaralgebraicequa-
tions. Thus, the presentedmethodcan even reducethe
numberof algebraicequationsif} T P o } TTD� uv E~}�P o }�T�L�E~}�P o }�T o uYL (40)

or E#} P Q�} T L T � } P o } T (41)

which is the casewhen }�P and }�T arecloseto eachother.

Using solutionsof both pure-slowandpure-fastRic-
cati equationsandformulas(23) and(28)-(29),we canget
completelydecoupledslow andfastsubsystemsin theform�� P E/�4L�N�E z P�o z T g y L � P E/�4L^ �� P E/�4L�N6E n P�o n T g l L � P E/�4L (42)

The interpretationof the result presentedby (42) is
that the optimal processingof information for this class

of systems(filtering and/or control) can be completely
performedat the local levels (slow and fast subsystems).
The global solution in the original coordinatesis then
obtainedat any time instantby usingformula (22), that is� E/�4L�N�E~� P o � T g L U P|� � P E/�4L� P E��4L�� (43)

where
g

is obtainedfrom (27). The use of the results
given in (42) in optimal filtering (first of all) andcontrol
of singularlyperturbedlinear systemswill be presentedin
the next sections.

Thequadraticperformancecriterion to be minimized,
(2), in the new coordinatesis given by� N uv j����F��� ��� E��4L�� � E/�4L o+� � E/�4L � � E��4L#�I�I�N uv j���� � �*� E��4L�E~� o g-��g L � E��4L��[�N uv j���� � � � P E/�4L� P E��4L � � E#� P�o � T g L U �� E~� o g-��g L�E�� P�o � T g L U P � � P E/�4L� P E��4L � �[�N uv j���� � � � P E/�4L� P E/�4L � � �Y� P � T� � T � V � � � P E/�4L� P E/�4L � �[�

(44)

The valueof the aboveintegral is obtainedas���/� � N uv��  ¢¡¤£ � �*¥ E/�4L� ¥ E��4L � � �*¥ E/�4L� ¥ E��4L � �5¦
N uv �  ¢§ � £ P ^ £ T^ £ �T ^ £ V � � � P�E/�4GYL � � P E��4G<L � PMEF�4GML � � P E/�4GYL� PYE��4GYL � � P E/�4GYL � P<E��4G<L � � P E/�4G�L ��¨N uv �4©�ª £ P � PYE/�4G�L � � P E/�4G�L<«o ^v �4© � £ �T � PYE/�4G�L � � P EF�4GML o £ T � P<E��4GYL � � P E/�4G�L o �o ^v �4© � £ V � P E/� G L � � P E/� G L � N � y o ^ � l

(45)
wherethematrix £ satisfiesthealgebraicLyapunovequa-
tion � E z P o z T g P4L aa P ¬ E n P o n T g TML � � £o £ � E z P o z T g P L aa P ¬ E n P|o n T g T L � o � � P � T� � T � V�� N	a
which implies threeindependent,reduced-order,Lyapunov
(Sylvester)algebraicequationsE z P�o z T g P L � £ P�o £ P E z P�o z T g P L o � P NWa^ME z P o z T g P4L � £ T o £ T[E n P o n T g T�L o � T>NbaE n P o n T g T L � £ V o £ V E n P o n T g T L o � V N	a (46)
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Formula (45) exactly decomposesslow and fast compo-
nentsof the optimal performancecriterion. It canbe con-
cludedfrom (45) that thepure-slowcomponentof theper-
formancecriterion is ­R®4¯�° and that the fast subsystem
contributesonly an ­R®#±4° to the performancecriterion of
a linear continuous-timedeterministicsystem.

B. Open-LoopLinear Control Problem

The optimal open-loop control problem is a two-point
boundaryvalue problemwith the associatedstate-costate
equationsforming the Hamiltonian systemof linear dif-
ferential equations. In this section,the two-point bound-
ary value problem of linear singularly perturbedsystems
is transformedinto the pure-slowand pure-fast,reduced-
order,completelydecoupledinitial valueproblemsby fol-
lowing methodologyof [37]. By doing this, the stiffness
(numericalill-conditioning) of the original singularlyper-
turbedtwo-pointboundaryvalueproblemis convertedinto
the problem of an ill-defined linear systemof algebraic
equations.

Considerthe linear singularly perturbedcontrol sys-
tem (1). The associatedperformancecriterion to be mini-
mizedover the time periodfrom ²4³ to ²�´ is definedbyµ·¶¹¸»ºx¼½I¾1¿FÀ ¯Á�Â ¿�ÃÄ¿FÅ(ÆÈÇFÉdÊ ®�²4°É_Ë ®�²4°�Ì*ÍÏÎ Ç/É�Ê ®/²4°É�Ë ®/²4°�Ì-Ð\Ñ Í ®�²4°�Ò Ñ ®/²4°�Ó8Ô[²

Ð ¯Á Ç É�Ê ®�² ´ °É Ë ®�² ´ ° Ì Í:Î ´ Ç É�Ê ®/² ´ °É Ë ®/² ´ ° Ì�Õ&Ö Î ´Ø×ÚÙ
(47)

where Î ´ is the terminal time penaltymatrix. The open-
loop optimal control problem of minimizing (47) along
trajectoriesof dynamicsystem(1) hasthe solution given
by (3)-(4) with boundaryconditionsgiven by [23]Û Ç É ®/² ³ °Ü ®�²4³Y°_Ì¤ÐÞÝ Ç É ®�² ´ °Ü ®/²�´*°_Ì ¶bß

(48)

withÛ ¶ Ç�àYá ÙÙ Ù Ì|Ö Ý ¶ Ç Ù Ùâ Î ´ à á Ì|Ö ß>¶ Ç É ®�² ³ °Ù Ìã ¶ ã Ê Ð ã Ë (49)
The terminalpenaltymatrix is appropriatelypartitionedasÎ ´ ¶ Ç Î ´ Ê ± Î ´ Ë± Î Í ´ Ë ± Î ´<ä�Ì (50)

The approximateoptimal solution of the open-loop
control for linear singularly perturbedsystemshas been
studiedin [18], wherethe problemorderwasreducedand
the stiff problem was avoidedsuccessfullyby using the
classic approachbasedon the power-seriesexpansions.
The theorydevelopedin [18] wasbasedon the dichotomy
transformationof [38], which requiresthepositivedefinite
andnegativedefinite solutionsof the correspondingalge-
braic Riccati equation. It was concludedin [18] that the

developedmethodis efficient for an ­R®~±�° accuracyonly. In
this section,the solution to the optimal open-loopcontrol
problemof singularlyperturbedsystemswith an arbitrary
order of accuracyis presented.

Let us partition and appropriatelyscalethe co-state
vector Ü ®/²4° as Ü Í ®�²4° ¶�å Ü Í Ê ®/²4°æ± Ü Í Ë ®�²4°�ç with Ü Ê ®/²4°fè;é á�êand Ü Ë ®�²4°Xèëé á&ì . By interchangingsecondandthird rows
in the correspondingstateco-stateequations(4), we get
the singularlyperturbedsystem(8)-(9) with the boundary
conditions

É ®�² ³ ° ¶ Ç É�Ê ®�² ³ °ÉíË ®�² ³ ° Ì ¶ Ç É�Ê ³É�Ë ³_Ì�Ö Ü ®�² ´ ° ¶ Î ´ É ®/² ´ ° (51)

Theoriginal boundaryconditionscanbe written in a com-
pact form consistentto (8) as followsÛ Ê îïð É�Ê ®F² ³ °Ü Ê ®�² ³ °ÉíË ®F² ³ °Ü Ë ®�² ³ °

ñxòó Ð\Ý Ê îïð É�Ê ®�² ´ °Ü Ê ®�² ´ °É�Ë ®�² ´ °Ü Ë ®�² ´ °
ñxòó ¶Wß Ê (52)

whereÛ Ê ¶ îïð à�á ê Ù Ù ÙÙ Ù Ù ÙÙ Ù à�á ì ÙÙ Ù Ù Ù ñxòó Ö ß Ê ¶ îïð É�Ê ³ÙÉ�Ë ³Ù
ñxòó

Ý Ê ¶ îïð Ù Ù Ù Ùâ Î ´ Ê à�á ê â ± Î ´ Ë ÙÙ Ù Ù Ùâ Î Í ´ Ë Ù â Î ´<ä à ã Ë
ñxòó (53)

TheChangtransformation(10) appliedto (8) producestwo
completelydecoupledpure-slowandpure-fastsubsystems
definedby (16)-(18). The boundaryconditionsin the new
coordinatescorrespondingto (16)-(18)aregiven byÛ Ë Ç�ô ®/² ³ °õ ®/² ³ ° Ì Ð\Ý Ë Ç�ô ®/² ´ °õ ®�² ´ ° Ì ¶	ß Ê (54)

where Û Ë ¶ Û Ê�öø÷ ÊÊ Ö Ý Ë ¶ Ý Ê�öR÷ ÊÊ (55)

Sincesolutionsof (16) and (17) aregiven byô ®F²4° ¶	ù ¾ Í ê ÷ Í ìûú À/¾1¿ ÷ ¿ Å À ô ®/² ³ ° (56)õ ®�²4° ¶Wù êü ¾ Í&ý4þ�ÿ ú Í ì À/¾1¿ ÷ ¿ Å À õ ®/² ³ ° (57)

we caneliminate ô ®/² ´ ° and
õ ®�² ´ ° from (54),which leadsto� Û Ë Ð+Ý Ë Ç ù ¾ Í ê ÷ Í ì ú À/¾1¿�Ã ÷ ¿FÅ À ÙÙ ù êü ¾ Í ý þ�ÿ ú Í ì À/¾1¿/Ã ÷ ¿FÅ�À Ì��� Ç ô ®/²4³�°õ ®�² ³ °�Ì ¶	ß Ê (58)

Thesystemof linear algebraicequationsobtained,(58), is
of the form � ®#±4° Ç ô ®�² ³ °õ ®/²4³�°�Ì ¶bß Ê (59)

6



It is proved in [37] that ���	��
 is invertible, hence �
������

and �
��� � 
 can be obtainedfrom (59). The corresponding
lemmaof [37] is given below.

Lemma1.2. Under Assumptions1.2 and 1.3, the
matrix ������
 is invertible.

Now we areableto find ������
 and �
����
 from (56) and
(57). Using(18),we cangetthevaluesfor ��������
 and��� ����
 .
The costatevariables�!����
 andthe optimal control law are
thereforefound.

The only difficulty encounteredin the procedureis
to compute �"�#��
 in the casewhen an ill-defined problem
occurseither for � beingextremelysmall or for ���	$&%'� � 

beingvery large. Notethatthematrix (�) containsbothsta-
ble andunstablemodes.In thatcasethe *+�#��
 -approximate
resultsof [18] haveto be used.

C. Linear KalmanFiltering Problem

In this sectiona methodthatfacilitatescompletedecompo-
sition of the optimal global Kalman filter of linear singu-
larly perturbedsystemsinto pure-slowandpure-fastlocal
optimalfilters bothdrivenby systemmeasurementsis pre-
sented.The methodis basedon the exactdecomposition
of the global singularly perturbedalgebraicfilter Riccati
equationaspresentedin Section1.1 andthe duality prop-
erty thatexistsbetweenthe linear-quadraticoptimal filters
and regulators.

Filtering problem of linear singularly perturbed
continuous-timesystemshas been well documentedin
the control literature [40]-[44]. In Haddad[40]-[42] the
suboptimalslow and fast Kalmanfilters were constructed
producingan *+����
 accuracyfor the estimatesof the state
trajectories,where a small positive singular perturbation
parameter� representsthe separationbetweenslow and
fastphenomena.In [43]-[44] boththeslow andfast(local)
Kalmanfilters wereobtainedwith anarbitraryorderof ac-
curacy,that is *-,#��.�/ , where 0 standsfor eitherthenumber
of terms of the Taylor series[43] or the numberof the
fixed-point iterations[44] usedto calculatecoefficientsof
the correspondingfilters. It is importantto point out that
thelocal slow andfastfilters of [43]-[44] aredrivenby the
innovation processso that the additional communication
channelsare requiredto form the innovationprocess. In
the techniquepresentedin this section,the local filters are
driven by the systemmeasurementsonly. In addition,the
optimal filter gains are completely determinedin terms
of the exact pure-slowand exact pure-fastreduced-order
algebraicfilter Riccati equations.

Considerthe linear continuous-timeinvariant singu-
larly perturbedstochasticsystem12 � ����
�354 � 2 � ����
�674 � 2 � ����
86:9 �<;=� ����
� 12 � 3>4@? 2 � ����
A674 ) 2 � ����
86:9 � ; � ����
 (60)

with the correspondingmeasurementsB ����
�3DC � 2 � ����
A6:C � 2 � ����
86 ; � ����
 (61)

where 2FE ����
HGJILK�M	N�O�3QPRN	S�N arestatevectors,; E �T��
"GUILV�M
are zero-meanstationary, mutually uncorrelated,white
Gaussian noise stochastic processes with intensitiesW E�X5Y , and B ����
UGZI V	[ are systemmeasurements.In
the following 4 E N�9L\
N�C�\RN7O-3]PRN�S
N	^�N�_�NJ`a3bPRN�S , are
constantmatrices.We assumethat the systemundercon-
siderationhasthestandardsingularlyperturbedform, [28],
that is, the following assumptionis satisfied.

Assumption1.4: The fast subsystemmatrix 4@) is
nonsingular.

TheoptimalKalmanfilter, correspondingto (60)-(71),
driven by the innovationprocess,cF����
 , is given by1d2 � ����
�3e4 � d2 � ����
8674 � d2 � ����
86ef � cF����
� 1d2 �g����
h3>4 ? d2 ������
A674 ) d2 ������
86:fi��cF����
cj�T��
"3 B �T��
A%7C � d2 � ����
�%kC � d2 � ����
 (62)

where the optimal filter gains fl� and fi� are obtained
from (Khalil and Gajic 1984)fl�m3 ,�n ��omC=p� 6 n ��o�C=p� / Wrq ��fi�s3 , � n p��o C=p� 6 n ? o�C=p� / Wrq �� (63)

with matricesn ��osN n ��o , and n ? o representingthepositive
semidefinitestabilizing solution matrix of the filter alge-
braic Riccati equation4 n o 6 n o 4 p % n out n o 6v9 W � 9 p 3 Y (64)

where 4a3xw 4 � 4 �� y 4 ? � y 4=)8z N�9a3xw 9 �� y 9 � zt 35C p Wrq �� C{N n o 3|w n �#o n ��on p�	o � y n ? o z (65)

For the decompositionandapproximationof the sin-
gularlyperturbedKalmanfilter (62) theChangtransforma-
tion havebeenusedin [43]-[44]w d� � ����
d� � ����
 z 3}w�~ K
� %k���U� %@���� ~ KR� z w d2 � ����
d2 � ����
 z (66)

where � and � satisfy algebraicequations4@)g�U%74 ? %k���L��4 � %�4 � ��
�3 Y%@�-4 ) 6�4 � %:���U��4 � 6:����4 � %74 � �m
���3 Y (67)

The Changtransformation,definedby (66) andappliedto
(62) produces1d� � ����
�3r��4&��%74����m
 d�F������
86>�#fl��%:�Ufi�L%7���U��fl��
	cF����
� 1d� � ����
"3r��4 ) 6v���u4 � 
 d� � ����
86>��f � 6:����f � 
	cj�T��


(68)
In the new coordinatesthe innovationprocessis given bycF����
�3 B ����
�%v�#C � %7C � ��
 d� � ����
%&� C � 6:���#C � %7C � �"
	�l� d� � ����
 (69)
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Equations(67) are solvableand producethe unique
solutionsunderAssumption1.4. The algebraicfilter Ric-
cati equation(64)hastheuniquestabilizingsolutionsunder
the following assumptions.

Assumption1.5: Thetriple ���@�����s���	�&��� is stabilizable
and detectable.

Assumption1.6: The triple ������� �s�����{��� is stabi-
lizable and detectable, with ���x� �{���Z�����{� �� �=����s�m�D�=���7�s���&� �� �=��� and �{�@�r�+���7�����&� �� �&� .

In thedecompositionproceduregivenby (68)-(69)the
slow andfast filters (68) requiresomeadditionalcommu-
nicationchannelsnecessaryto form the innovationprocess
(69). In this section,we presenta decompositionscheme
of [45]–[46] such that the slow and fast filters are com-
pletely decoupledandboth of themaredriven by the sys-
temmeasurements.This methodis basedon thepure-slow
andpure-fastdecompositiontechniquefor solving the fil-
ter algebraicRiccati equationof singularlyperturbedsys-
tems—derivedby usingduality betweentheoptimalfilters
and regulatorsand the methodologypresentedin Section
1.1. In that respect,we give anadditionalinterpretationof
the resultspresentedin Section1.1.

Using(5)-(7), theoptimal regulatorgain is definedby� �Q� � � � �� �Q� ¡ � �F¢#£�¤�u¥ ��¦ £=¤��¥ ¤�=§ ¡ � �F¢#¨�£=¤�h¥ ��¦ £=¤�m¥ � §  
(70)

The resultsof interestthatwe need,which canbededuced
from Section1.1, are given in the form of the following
lemma.

Lemma1.3. Considerthe optimal closed-looplinear
system©ª ����«����¬�T�{��� £ � � ��� ª ����«�� ¦ �T���L� £ � � ��� ª �g��«��¨ ©ª � ��«����D��� � � £ � � � � ª � ��«�� ¦ �T� � � £ � � � � ª � ��«�� (71)

Under Assumptions1.2 and 1.3 there existsa nonsingular
transformation ­¯®#°²± ��«��°²³ ��«���´ �5­ ® ª � ��«��ª � ��«���´ (72)

such that ©°²± ��«����¬�#µ �h¦ µ � ¥ ± � °²± ��«��¨ ©°¶³ ��«����·�#¸ �h¦ ¸ � ¥ ³ � °¶³ ��«�� (73)

where ¥ ± and ¥ ³ are the unique solutionsof the exact
pure-slow and pure-fast completelydecoupledalgebraic
regulator Riccati equations(30)-(31). The nonsingular
transformation­ is givenby­r�r��¹�� ¦ ¹@� ¥ � (74)

Even more, the global solution ¥ can be obtainedfrom
the reduced-order exactpure-slowandpure-fastalgebraic
Riccati equations,that is¥ �¯º�» �m¦ » � ® ¥ ± ¼¼ ¥ ³ ´
½ º�» ��¦ » � ® ¥ ± ¼¼ ¥ ³ ´
½ � �

(75)

Knownmatrices »L¾��H¿L�ZÀ��	Á
��Â
�ÄÃ , and ¹Å�²�@¹=� are given
in termsof solutionsof the Changdecouplingequations,
and defined in (20) and (25).

The desiredslow-fastdecompositionof the Kalman
filter (62) will be obtainedby producinga dual lemma
to Lemma1.3. Considerthe optimal closed-loopKalman
filter (62) driven by the systemmeasurements,that is©Æª � ��«����D�T� � �:Ç � � � � Æª � ��«�� ¦ ��� � �7Ç � � � � Æª � ��«��¦ Ç �<È �T«��¨ ©Æª � ��«����¬�T�=�s�:Çi�¶�=��� Æª ���T«�� ¦ ���@�s�7Çi�¶�s��� Æª � ��«��¦ Ç ��È ��«�� (76)

with the optimal filter gains Çl� and Çi� calculatedfrom
(63)-(65). By duality betweentheoptimalfilter andregula-
tor, thealgebraicfilter Riccati equation(64) canbe solved
by using the samedecompositionmethodfor solving the
algebraicregulatorRiccati equation(7) with�aÉÊ� ¤ �7ËDÉÌ�+Í'�<� ¤ � � ¤ �DÇÎ � £ ¡ � � £ ¤ ÉÐÏ7�5� ¤ Í � �� � (77)

By invoking theresultsfrom Section1.1andusingduality,
the following matriceshaveto be formedÑ ��Ò7� ® � ¤ � �@� ¤� Ír� �� �=��@�+��Í���� ¤ � �s�&� ´Ñ ��Ò � ® � ¤ � �@� ¤� Í � �� � ��@� � Í � � ¤ � �s� � ´Ñ ��Ò7� ® � ¤ � �@� ¤� Ír� �� �=��@� � Í � � ¤ � �s� � ´Ñ ��Ò7� ® � ¤ � �@� ¤� Ír� �� �s��@�&��Í'�<� ¤ � �s�@� ´

(78)

Note that on the contrary to the results from Sec-
tion 1.1, where the state-costatevariables have to be
partitioned and scaled as ª ¤ ��«��r� Ó ª ¤ � ��«�� ª ¤ � ��«���Ô andÕ ¤ ��«��h� Ó Õ ¤ � ��«�� ¨ Õ ¤ � ��«�� Ô , in the caseof the dual filter vari-
ables,we have to use the following partitions and scal-
ing ª ¤ ��«��i� Ó ª ¤ � ��«�� ¨ ª ¤ � ��«�� Ô and Õ ¤ ��«��"� Ó Õ ¤ � ��«�� Õ ¤ � ��«�� Ô .
Sincematrices

Ñ ��Ò � Ñ ��Ò � Ñ ��Ò � Ñ ��Ò correspondto the
systemmatricesof asingularlyperturbedlinearsystem,the
slow-fast decompositionis achievedby using the Chang
decouplingequationsÑ ��Ò�Ö×� Ñ ��Ò'� ¨ ÖQ� Ñ ��Ò'� Ñ ��Ò�Ör��� ¼
�@Ø'� Ñ ��ÒU¦ ¨ Ö Ñ ��Ò � ¦ Ñ ��ÒJ¦ ¨ � Ñ �#Ò � Ñ ��Ò Ör��Ø�� ¼

(79)
By using the permutationmatrices dual to those from
Section1.1 (note Ù �#Ò is different than the corresponding
one from Section1.1)

ÙÅ�#Ò'�ÛÚÜÝ�Þ<ß �
¼ ¼ ¼¼ ¼

Þ ß �
¼¼ � à Þ ß �

¼ ¼¼ ¼ ¼
Þ ß �

áãâä
Ù@��Ò��×ÚÜÝ Þ ß �

¼ ¼ ¼¼ ¼
Þ ß �

¼¼
Þ ß �

¼ ¼¼ ¼ ¼
Þ ß �

áãâä (80)
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we can defineåçæ:è}é å�ê æ å@ë æåsì�æ åsí�æ&î èDï=ðë æ é�ñ ë�ò
ó�ô:õ	öø÷ ô@õ�ö÷ ñ ë�ò�ù î ï ê æ
(81)

Then, the desiredtransformationis given byú ë èDû	å ê æ-üýå ë æuþAæ�ÿ
(82)

Thetransformation
ú{ë

appliedto thefilter variablesasé����� û���ÿ���� û	��ÿ î èDú�

�ë é��� ê û���ÿ�� ë û���ÿ î (83)

producesé ��� � û���ÿ��� � û���ÿ î èDú�

�ë é�� ê ô�� ê��=ê � ë ô�� ê��sëê � û � ì ô�� ë��=ê ÿ ê � û � í ô�� ë��së ÿ î� ú � ë é �� � û���ÿ�� � û	��ÿ�î üvú 

�ë é � êê � �ië�î
� û���ÿ
(84)

such that the complete closed-loop decomposition is
achieved,that is��� � û���ÿhè¬û � ê æ ü�� ë æ þ � æ ÿ ð ��!� û���ÿ8ü�� � � û	��ÿõ ��� � û���ÿ�èrû#" ê æ�ü�" ë æ�þ � æ�ÿ ð �� � û���ÿ8ü�� � � û	��ÿ (85)

The matricesin (85) are given byé �
ê æ �Fë æ� ì�æ � í�æ î è¬û�$Aê æ ô%$ ë æ ÷rÿé " ê æ " ë æ"�ì�æ "<í�æ{î è¬û�$�í�æJüvõ�÷&$ ë æ�ÿé � �ê � � � î è5ú 
'�ë é � êê � �ië�î (86)

( èaþ � æ ��ê æ ô�� í�æ þ � æ ô�� ì�æ üýþ � æ �Fë æ þ � æ( èaþ � æ " ê æ ô�" í�æ þ � æ ô�" ì�æ ü:þ � æ " ë æ þ � æ (87)

A methodfor solvingnonsymmetricRiccatiequations(87)
is consideredin Section1.1. Notethat thematricesneeded
for the ) û#õ�ÿ

approximateslowfilter algebraicRiccatiequa-
tion dual to (34) and definedbyþ+*�,.-� æ � ð � æ ü � � æ þ+*/,0-� æ ü�1 �32 ê � 1 ð �ô@þ */,0-� æ � ð� 2 
 êë � � � þ */,0-� æ è ( (88)

can be obtainedfrom [20]é � ð � æ ô � ð� 2 
 êë � � �ô41 ��2 ê � 1 ð � ô � � æ î è5$ ê æ ô�$ ë æ $ 
 êí�æ $ ì�æ
(89)

Evenmore,we canobtainedtheanalyticalexpressionsfor� � æ76 � � 601 � 6 2 ê � 6 2 ë � using the methodologyof [43]. It
is important to point out that the matrix

þAæ
in (82) can

be obtainedin terms of
þ � æ and

þ � æ by using formula
(75) with þ � èDþ � æ 6kþ � èDþ � æ (90)

and 8 ê 6 8 ë 6 8 ì 6 8 í obtainedfrom

8 è é 8 ê 8 ë8 ì 8 í î è5ï 
 êê æ é ñ ë�ò�ó õ�öô@÷ ñ ë�ò ù ô:õ�÷rö î ï 
 ðë æ
(91)

A lemmadual to Lemma1.3 canbe now formulated
as follows.

Lemma1.4: Given the closed-loopoptimal Kalman
filter (76) of a linear singularly perturbedsystem. There
existsa nonsingulartransformation(82),whichcompletely
decouples(76)into pure-slowandpure-fastlocal filters(85)
both driven by the systemmeasurements.The decoupling
transformation(82) andthe filter coefficientsgivenin (86)
can be obtainedin termsof the exactpure-slowand pure-
fast reduced-order completelydecoupledalgebraicRiccati
equations(87).

It can be seenfrom the previous analysisthat the
new filtering methodallows completedecompositionand
parallelismbetweenpure-slowandpure-fastfilters.

D. Optimal Linear-QuadraticGaussianControl

In this sectionan approachfor solving the linear-quadratic
optimal Gaussiancontrol problemof singularly perturbed
continuous-timestochasticsystemsis presented.Thealgo-
rithm proposedis basedon theresultspresentedin Sections
1.1 and 1.3. It is shownthat the optimal linear-quadratic
Gaussiancontrol problemtakesthe completedecomposi-
tion andparallelismbetweenpure-slowandpure-fastfilters
and controllers.

Singularly perturbedlinear-quadraticoptimal control
problem of stochasticcontinuous-timesystemshas been
studiedin thepastby severalresearchers[41]-[44]. In this
section,we presenta completelynew approachto the sto-
chasticcontrol of linear singularly perturbedsystemsthat
is pretty muchdifferent thanall othermethodsusedso far
in the study the sameproblemby following the resultsof
[45], [47]. Theapproachis basedon a closed-loopdecom-
positiontechniquethatguaranteescompletedecomposition
of the optimal filters andregulatorsanddistributionof all
requiredoff-line andon-line computations.As a matterof
fact, the presentedapproachcombinesresultspresentedin
Sections1.1 and1.3 andusesthe separationprinciple for
linear stochasticcontrol [23]. This decompositionallows
usto designthelinearcontrollersfor slow andfastsubsys-
temscompletelyindependentlyof eachother and thus, to
achievethe completeand exactseparationfor the linear-
quadraticstochasticregulatorproblem.

Consider the singularly perturbed linear stochastic
system�� ê�û���ÿ�è � ê � ê�û���ÿ8ü � ë � ë û���ÿ8ü�9�ê;:8û���ÿ8ü�1+ê=<�û���ÿõ �� ë û���ÿ�è � ì � ê û���ÿ8ü � í � ë û���ÿAü�9 ë :!û���ÿ8ü�1 ë <Åû���ÿ� û	��ÿ�è � ê � ê�û���ÿ�ü � ë � ë û���ÿ8ü�<së�û���ÿ (92)
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with the performancecriterion>@? ACB/DE/FHGJI KLNMPO QR S E FTE�UWVYXHZ7[ L=\ X][ L=\_^�` Za[ L=\.bc` [ L=\#d;efLhg ij (93)

where kml [ L=\on�prqmsNtNu ? K tNvmt
compriseslow and fast state

vectors, respectively,
` [ L=\wnxpry

is the control input,z [ L=\{n|pr}N~
is the observedoutput, �rl [ L=\cn�pr}0s

are zero-
mean stationary, mutually uncorrelated,Gaussianwhite
noise processeswith intensities ������� and �����x� ,
respectively,and X][ L=\rn�p7��t

is the controlledoutputgiven
by X�[ L=\ ?�� ��k�� [ L=\�^ � ��k
� [ L=\ (94)

All matricesare of appropriatedimensionsand assumed
to be constant.The optimal control law for (92) with the
performancecriterion (93) is given by`'��� E [ L=\ ?W�4� �]�k�� [ L=\ ��� ���k'� [ L=\ (95)

where �k � [ L=\ and �k � [ L=\ aretheoptimalestimatesof thestate
vectors k � [ L=\ and k � [ L=\ obtainedfrom the Kalmanfilter��k � [ L=\ ?�� � �k � [ L=\�^ � � �k � [ L=\�^�� � ` [ L=\�^�� ��� [ L=\� ��k
� [ L=\ ?5�4� �k�� [ L=\�^ �4� �k
� [ L=\�^�� � ` [ L=\�^�� � � [ L=\� [ L=\ ? z [ L=\ ��� � �k � [ L=\ ��� � �k � [ L=\ (96)

Theoptimal regulatorgains
� � t � � andfilter gains

� � t0� �
are given, respectively,by (70) and (63). The required
positive semidefinitestabilizing solutionsof the algebraic
regulatorand filter Riccati equations(7) and (64) can be
obtainedin terms of reduced-order,pure-slowand pure-
fast, regulatorand filter, algebraicRiccati equations,re-
spectively,given by (30)-(31) and (87).

The optimal global Kalman filter (96) can be put
in the form in which the filter is driven by the system
measurementsandoptimal control inputs, that is��k � [ L=\ ? [ � � � � � � � \ �k � [ L=\_^ [ � � � � � � � \ �k � [ L=\^�� � ` [ L=\�^�� � z [ L=\� ��k � [ L=\ ? [ � � � � � � � \ �k � [ L=\�^ [ � � � � � � � \ �k � [ L=\^�� � ` [ L=\�^�� � z [ L=\

(97)

It is knownfrom Section1.1 thatthereexistsa nonsingular
transformationdefined by (82) suchthat (97) is decoupled
into pure-slowand pure-fastlocal filters both driven by
systemmeasurementsandsystemcontrol inputs��� � [ L=\ ? [N  �	¡ ^   �.¡P¢ � ¡ \ Z �� � [ L=\_^�� � ` [ L=\�^�� � z [ L=\� ��� M [ L=\ ? [#£ �#¡ ^ £ �.¡ ¢ M ¡ \ Z �� M [ L=\�^��7M�` [ L=\�^���M z [ L=\(98)
The pure-slowand pure-fastfilter gains,

� � t0� M t
are de-

fined by (86). The pure-slowand pure-fastsysteminput
matricesare given by¤ � �� ¥ � M§¦ ?&¨�© Z� ¤ � �� ¥ � � ¦ (99)

As a result, the coefficients of the optimal pure-slowfil-
ter arefunctionsof thesolutionof the pure-slowalgebraic
Riccati equationonly and thoseof the pure-fastfilter are
functions of the solution of the pure-fastalgebraicRic-
cati equationonly. Thus, thesetwo filters can be imple-
mentedindependentlyin the different time scales(slow
and fast). It should be noted that the filtering method
proposedfor singularlyperturbedlinearstochasticsystems
allows completedecompositionand parallelism between
pure-slowand pure-fastfilters.

The optimal control in the new coordinatesis given
by, [47]` ��� E [ L=\ ?W�ª� �k [ L=\ ?W�4�+¨ Z � ¤ �� � [ L=\�� M [ L=\ ¦?«�+¬­� � � M¯® ¤ �� � [ L=\�� M [ L=\ ¦ (100)

where
� � and

� M
are obtainedfrom¬ � � � M ® ?5�+¨c°� ? b © � � Z ¢ [ ± �#¡ ^ ± ¡�� ¢ ¡ \ Z (101)

The optimal value of
>

follows from the known formula
[23] > ��� E ?5²N³�´ ¢ � � � � Z ^ ¢ ¡ � Z ��µ?¶².³ ´ ¢c·�� � · Z ^ ¢ ¡ � Z b � µ (102)

II. H ¸ -OPTIMAL CONTROL AND FILTERING

Singularly perturbed¹ I -optimal linear-quadraticcontrol
and filtering problemshave beenstudied in the past by
severalresearchers[21]-[22], [48]-[54]. Relatedproblems
for singularlyperturbeddifferentialgamesanddisturbance
attenuationhavebeenconsideredin [55]-[58].

In this sectionwe study the algebraicRiccati equa-
tion of singularly perturbed ¹ I -optimal linear-quadratic
control problemsby generalizingthe resultsof [24] and
presentan efficient reduced-orderalgorithm that removes
ill-conditioning of theoriginal problem.Anotherapproach
to decompositionof the algebraicRiccati equationfor the
sameclassof systems,basedon atransformationderivedin
[13], hasbeenconsideredin [21]-[22]. However,theprob-
lem of derivinganalgorithmfor solvingthecorresponding
algebraicRiccati equationis not addressedin [21]-[22].

It is well known [4]–[5] that the singularly per-
turbed algebraicRiccati equation is ill-conditioned. In
this section,we show how to exactly decouplethe alge-
braic Riccati equationof ¹ I -optimal control of singu-
larly perturbedsystemsin terms of pure-slowand pure-
fast, reduced-order,well-conditioned, ¹ I -algebraicRic-
cati equations. We also establishconditions that allow
sucha decomposition,andformulatethecorrespondingal-
gorithm. Even though, the obtainedreduced-order¹ I -
algebraicRiccati equationsarenonsymmetic,theyareeffi-
ciently solvedin termsof Lyapunoviterationsby usingthe
Newtonmethod.Theiterativealgorithmof [59], alsogiven
in termsof Lyapunoviterations,is usedto obtainnumeri-
cal solutionsof thecorrespondingreduced-order,slow and
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fast, symmetric, º�» algebraicRiccati equations,which
containindefinite matricesin quadraticterms,and whose
solutionsproduceexcellentinitial guessesfor the Newton
method.

The resultspresentedin this sectionwill facilitateex-
actandcompletetime-scaledecompositionof º¼» -optimal
control andfiltering tasksof singularlyperturbedsystems,
and reduced-orderparallel processingof all off-line and
on-line computationalrequirements.

A. º » –Optimal Linear Control

The linear singularly perturbedcontrol systemunderdis-
turbancesis describedby½c¾¿�À�Á�Â=ÃÄ ¾¿�Å�Á�Â=Ã!ÆÈÇ ½ÊÉ À É ÅÉÌËÍÉoÎ Æ ½ ¿�À�Á�Â=Ã¿'ÅfÁ�Â=Ã!ÆÐÏ ½�Ñ ÀÑ Å'Æ
Ò Á�Â=Ã Ï ½#Ó ÀÓ ÅmÆ
Ô Á�Â=Ã

(103)
where ¿ À Á�Â=Ã7Õ�Ör×mØ�Ù=¿ Å Á�Â=Ã7Õ�Ör×�Ú are,respectively,system
slow andfaststatespacevariables,Ò Á�Â=ÃÛÕ�ÖrÜ is a control
input, Ô Á/Â=ÃÐÕ@Ö¯Ý is a systemdisturbance,and Ä is a small
positivesingularperturbationparameter.Theperformance
criterion to be minimized is given byÞ Çàßá »â ãàä ¿]åaÁ�Â=Ã0æ+¿�Á/Â=Ã Ï�Ò årÁ�Â=Ã.ç Ò Á�Â=Ãéè;ê�Â�Ù§æWë¶ì�Ù§ç&í¶ì

(104)

The º¼» -optimal control problem associatedwith
(103) and (104) hasa solution given in termsof solution
of the following algebraicRiccati equation[60]-[62]É å§î Ï î É Ï æðï î�ñ�ò ï ßó Å
ôªõ î Ç ìmÙ î Ç ½ îÛÀ Ä îöÅÄ î åÅ Ä î Ë Æ

(105)
whereÉ Ç ½_É À É ÅÀ ÷ ÉoË À ÷ ÉoÎ Æ Ù ò Ç ½ ò À À ÷ ò ÅÀ ÷ ò åÅ À÷ Ú ò Ë Æ ëøì

ô Ç ½ ô À À ÷ ô ÅÀ ÷ ô åÅ À÷ Ú ô Ë Æ ë¶ìò À Ç Ñ À çJù À Ñ å À Ù ò Å Ç Ñ À çJù À Ñ åÅ Ù ò Ë Ç Ñ Å ç+ù À Ñ åÅô À Ç Ó À Ó å À Ù ô Å Ç Ó À Ó å Å Ù ô Ë Ç Ó Å Ó å Å
(106)

and ó is arealpositiveparameterthatrepresentsanoptimal
disturbanceattenuationlevel in the senseú/û�üý�þ/ÿ����������þ/ÿ	� 
 � Þ� Ô Á�Â=Ã ��
 Ç ó (107)

The optimal controller that guaranteesthe ó level of op-
timality is given byÒ�� Ý ÿ Á�Â=Ã Ç ï4çJù À ½ Ñ ÀÀ ÷ Ñ Å Æ î ¿�Á�Â=Ã (108)

ThealgebraicRiccatiequation(105)with anindefinite
coefficient matrix in the quadratic term appearsalso in

zero-sumdifferentialgames[63], stabilizationof uncertain
systems[64]-[65], disturbanceattenuationproblems[66],
and decentralizedstabilization[67].

B. SingularlyPerturbed º¼» –AlgebraicRiccatiEquation

TheHamiltonianform correspondingto the º¼» algebraic
Riccati equation(105) is used in further analysis. This
form is given by½ ¾¿�Á�Â=Ã¾� Á�Â=Ã Æ Ç�� É ï�� ò ï À� Ú ô��ï4æ ï É å � ½ ¿�Á�Â=Ã� Á�Â=Ã Æ (109)

with � Á�Â=Ã Ç î ¿�Á�Â=Ã (110)

Our goal is to find the solution of (105) in termsof
solutions of the reduced-order,pure-slow and pure-fast,º¼» -algebraicRiccati equationsby following the method-
ologyof [24] and[68]. In addition,we establishconditions
for sucha decomposition,and formulate the correspond-
ing algorithm.

By partitioning the costate vector � Á�Â=Ã as� Á�Â=Ã Ç�� � À Á�Â=Ã Ä � Å Á�Â=Ã�� with � À Á�Â=ÃrÕ�Ö × Ø�Ù � Å Á�Â=ÃÐÕ@Ö × Ú and
interchangingthe secondandthird rows in (109) we get�� ¾¿�À3Á�Â=Ã¾� À Á�Â=Ã¾¿ Å Á�Â=Ã¾� Å Á�Â=Ã"!$#% Ç ½'& À & ÅÀ ÷ & Ë À ÷ & Î Æ �� ¿�À;Á	Â=Ã� À Á�Â=Ã¿ Å Á	Â=Ã� Å Á�Â=Ã(!$#% (111)

with & À Ç � É À ï)� ò À§ï À� Ú ô À �ï4æ�À ï É å À �& Å Ç � É Å ï ��ò Å ï À� Ú ô Å �ï4æ+Å ï É å Ë �& Ë Ç � É Ë ï ��ò�Å ï À� Ú ô Å � åï4æ å Å ï É å Å �& Î Ç � É Î ï ��ò Ë ï À� Ú ô Ë �ï4æ Ë ï É å Î �
(112)

It is important to notice that (111) retainsthe singularly
perturbedform. In the following, in order to be able to
apply the Changtransformationto (111),we neednonsin-
gularity of the fast subsystemmatrix

& Î
. It is established

in [21]-[22] that the matrix
& Î

is nonsingularunder the
following assumption.

Assumption2.1: The triple * É4Î Ù Ñ Å�Ù � æ Ë,+
is con-

trollable and observable.

Applying theChangtransformationto (111)we get in
the new coordinatestwo independentpure-slowandpure-
fast subsystems½ ¾- À3Á�Â=Ã¾- ÅHÁ�Â=Ã Æ Ç ½	. À . Å. Ë . Î Æ ½ - À;Á�Â=Ã- Å�Á�Â=Ã Æ Ç Á & À§ï & Å0/§Ã ½ - À�Á�Â=Ã- ÅfÁ�Â=Ã Æ

(113)
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1325468709�:<;46>=�9�:<;@?BA 2	C 7 C =CEDFCEG ? 2 68709�:<;6 = 9�:<; ?HA 9	I GKJ 1EL I = ; 2 6�7>9M:<;6 = 9M:<; ?
(114)

wherethematrix L is obtainedfrom theChangtransforma-
tion equation(11) . Note that onecanalsoapply to (111)
the new version of the Chang transformationderived in
[25] that producescompleteindependencebetweenthe L
and N equations.However,in thatcase,the N equationis
weaklynonlinear.Theuniquesolutionsof thecorrespond-
ing equations(11)-(12) exist for sufficiently small values
of 1 undertheassumptionthatthematrix

I G is nonsingular
(by the Implicit FunctionTheorem).

The relationshipbetweenthe new andold statevari-
ablesis determinedby the Changtransformationas2	O 9�:<;6(9�:<; ? A 2QPSR 1 N L R 1 NL P ?UTVW<X 7 9M:<;Y 7 9�:<;X = 9M:<;Y = 9�:<;[Z$\] A_^ D TVW<X 7 9�:<;Y 7 9M:<;X = 9�:<;Y = 9M:<;(Z$\]

(115)

The relationshipbetweenthe original andnew coor-
dinatesis given byTVW O 7,9	:<;68709�:<;O = 9	:<;6 = 9�:<; Z$\] Aa`cb= TVW O 7,9�:<;O = 9�:<;6 7 9M:<;6 = 9M:<; Z$\] Ad`Sb= ^ D TVW X 7,9�:<;Y 7>9M:<;X = 9�:<;1 Y = 9�:<; Z$\]Aa`cb= ^ D ` 7 2 X 9�:<;Y 9M:<; ? A_e 2 X 9f:<;Y 9�:<; ? A 2 e 7 e =e D e G ? 2 X 9�:<;Y 9M:<; ?

(116)
wherethe permutationmatrices̀

7
and ` = aredefined in

(19) and (21).

Now we canproceedlike in Section1.1, that is, along
thelinesof (22)-(31). In thenewcoordinates,thestateand
costateequationsare relatedby2	O = 9M:<;6 = 9M:<; ?BA 2Qg�h ii g3j ? 2QO 7 9�:<;68709�:<; ? (117)

Using (117) in (113)-(114)we get two reduced-ordernon-
symmetric,pure-slowandpure-fast,NUk -algebraicRiccati
equations,respectivelygiven byi A g hEl 7 R l G g h R l D J g h,l = g hi A g j C 7 R CEG g j R CEDmJ g j C = g j (118)

The reduced-orderalgebraicnonsymmetricRiccati equa-
tions can be solved by using the eigenvectormethodin
termsof eigenvectorsspanningthe stablesubspace,[23].
Another approachfor solving equations(118), which is
more in the spirit of theory of singular perturbations,is
given below.

By usingthe samemethodologyasin Section1.1 we
get 2 g h ii gnj ? A 9 e D J e G g ;o9 e 7 J e = g ;op 7 (119)

Also, we can find g in termsof g�h and g j asg Arq�s DtJ s G 2	g�h ii g j ?�u q�s 7 J s = 2Qg�h ii g j ?�u p 7
(120)

where svA 2 s 7 s =s D s G ?wAd` p 77 ^ p 7x ` = Ade p 7 (121)

It can be shown that the inversionsdefinedin (119) and
(120) exist for sufficiently small values of the singular
perturbationparameter1 sincethe correspondingmatrices
are equal to P Jdy 9 1 ; .

It is interestingto point out that N k -algebraicRiccati
equations(118) are nonsymmetric,but their y 9 1 ; pertur-
bationsaresymmetric.Namely,by closelyexaminingthe
coefficients in (114), the pure-fast NUk –algebraicRiccati
equationis representedbyg j@z GmJ z b G g j J|{}D R|g j q�~ D R��� =�� D u g j Jvy 9 1 ; A i

(122)
It can be observedfrom (120) thatg A 2 g h ii i ? J|y 9 1 ; (123)

It is knownfrom [49] that thenatureof thesolutionmatrix
of (105) isg A 2 g 7 J�y 9 1 ; 1 9 g 7 = Jvy 9 1 ;�;1@� g b7 = J�y 9 1 ;�� 1 9 g = J�y 9 1 ;�; ?g 7 A g b7�� g = A g b= (124)

where g 7 satisfiesthe symmetricslow N k -algebraicRic-
cati equation.It follows from [49] and(123)–(124) thatg�h z h J z b h g�h J|{ htR|g�h q�~ h�R �� = � h u g�h J�y 9 1 ; A i

(125)
From(122)and(125)onecanobtain y 9 1 ; approximations
for g�h and g j equationsby solving the following NUk
algebraicRiccati equationsg}���E�h z h J z b h g��f�E�h Jv{ h R|g��f�<�h q ~ h R��� =3� h u g����E�h A i

(126)g ���E�j z GmJ z b G g �f�<�j Jv{}D R|g �f�<�j q�~ D R��� = � D u g ���E�j A i
(127)

The unique positive semidefinite stabilizing solution of
(127) exists under Assumption 2.1, [59]. The unique
positive semidefinitestabilizing solution of (126) exists
underthe following assumption,[59].

Assumption2.2. The triple � z h �<� h ��� { h � is stabiliz-
able and detectable.
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Matrices �c�������8�E��� , can be derivedeither by using
the methodologyof [49]-[50] or evenin a simplermanner
from the resultsof [20] as� � � �����3����� ¢¡�£ �E¤� � � � �¦¥ � §�¨_© � � ©«ª�©}¬ �­ ©�® (128)

An importantfeatureof equations(126)-(127),which
distinguishestheseequationsfrom the standardalgebraic
Riccati equationof the linear-quadraticoptimal control
problemis that the quadratictermsin (126)-(127)havein-
definitecoefficient matrices.The algorithmof [59], given
in termsof Lyapunoviterations,convergesglobally to the
positivesemidefinitestabilizingsolutionof (126)-(127)un-
der Assumptions2.1 and2.2. It hasbeendemonstratedin
[69] that the Lyapunoviterationsarevery efficient numer-
ical tool for solving many nonlinearalgebraicequations
arisingin optimalcontrolandfiltering problems.Usingthe
algorithmof [59], equation(127) is solvedby performing
the following Lyapunoviterations¯±°�²�³	´¶µ$·"¸�¹º � � ­ �|� ® ¯�°f²<³»´$µ ¹º ¤¼ � � ­ �|� ® ¯�°f²<³»´$µ ¹º ¤ ¥ ¯�°�²E³M´$µ½·"¸Q¹º¨ ��¾ � ® ¼ ¯±°¿²E³ ´fµ ¹º � ® ¯�°�²E³ ´$µ½¹º ¼ÁÀÂ ª ¯�°f²E³ ´¶µ ¹º £ ® ¯�°f²E³ ´fµ ¹º Ã

(129)
with the initial conditionobtainedfrom the standardalge-
braic Riccati equation¯ °¿²E³ ´½ÄQ¹º � ­ ¼ � ¥ ­ ¯ °f²E³ ´ Ä	¹º ¼ � ® � ¯ °�²E³ ´ Ä	¹º � ® ¯ °f²E³ ´ Ä	¹º ¨aÅ (130)

This choiceof the initial conditionis an interestingfeature
of the algorithm of [59], and it is important for the effi-
ciency of the overall algorithm for solving the singularly
perturbedÆÈÇ -algebraicRiccatiequation.Havingobtained
an approximatesolution

¯ °f²E³º ¨ ¯ º ¼�ÉËÊ�ÌEÍ , we canimple-
menttheNewtonmethodfor solvingthepure-fastalgebraic
Riccati equationgiven in (118) sincea good initial guess
is available. The Newton methodleadsto the following
Lyapunov-like(Sylvester)iterations¯ °fÎ�Ï � ³º �,Ð � ¼ Ð ª ¯ °¶ÎÑ³º ¤Ò�Ó�>Ð ­ � ¯ °f²<³º Ð ª ¤ ¯ °¶Î�Ï � ³º¨ Ð ® ¼ ¯ °¶ÎÑ³º Ð ª ¯ °¶Î�³º (131)

and converges in only few iterations.

Similarly, the algorithmof [59] is appliedfor solving
(126) as ¯ °�²E³ ´$µ½·"¸Q¹� �,�c� �|� � ¯ °f²E³ ´¶µ ¹� ¤¼ � �c� �|� � ¯ °f²E³ ´¶µ ¹� ¤ ¥ ¯ °�²E³ ´fµ½·"¸�¹�¨ ��¾ � � ¼ ¯ °¿²E³	´¶µ ¹� �3� ¯ °f²E³	´$µ½¹� ¼ÁÀÂ ª ¯ °f²E³M´fµ ¹� £ � ¯ °�²E³�´¶µ ¹� Ã

(132)

with the initial condition obtainedfrom the standardslow
algebraicRiccati equation¯ °�²E³ ´½ÄQ¹� �c� ¼ � ¥ � ¯ °�²E³ ´ Ä	¹� ¼ �±� � ¯ °�²E³ ´ Ä	¹� � � ¯ °¿²E³ ´$ÄQ¹� ¨dÅ (133)

Having obtainedan approximatesolution
¯ °¿²E³� ¨ ¯ � ¼ÉBÊQÌ<Í

, we can implement the Newton method for solv-
ing the correspondingpure-slow algebraicRiccati equa-
tion definedin (118)sincea goodinitial guessis available.
TheNewtonmethodsleadsto thefollowing Lyapunov-like
(Sylvester)iterations¯ °¶ÎÑÏ � ³� �>Ô � ¼ Ô ª ¯ °¶Î�³� ¤H���>Ô ­ � ¯ °M²<³� Ô ª ¤ ¯ °$Î�Ï � ³�¨ Ô ® ¼ ¯ °fÎ�³� Ô ª ¯ °fÎ�³� (134)

which converge quadraticallyto the requiredsolution.

C. SingularlyPerturbed Æ Ç –OptimalLinear Filtering

The Kalman filter has beenusedsince 1961 in all areas
of control systemengineering[70]. It hasbeenalso used
in signal processing(seefor example,[71]–[72] and ref-
erencestherein), image processing,communications,and
economics. In this sectionwe presenta methodthat al-
lows completetime-scaleseparationandparallelismof theÆ Ç –optimal Kalman filtering problemfor linear systems
with slow andfast modes(singularlyperturbedlinear sys-
tems). The algebraicRiccati equationof singularly per-
turbed Æ Ç –Kalman filtering problem is decoupledinto
two completelyindependent,reduced-order,pure-slowand
pure-fast, Æ Ç –algebraicRiccati equationsby using the
methodologyfrom theprevioussection.ThecorrespondingÆ Ç –Kalmanfilter is decoupledinto independentreduced-
order, well-defined,pure-slowand pure-fast,Kalman fil-
ters driven by systemmeasurements.The proposedexact
closed-loopdecompositiontechniqueproducesa lot of sav-
ings in both on-line andoff-line computationsandallows
parallelprocessingof informationwith different sampling
ratesfor slow and fast signals.

During the last fifteen years the Æ Ç –optimization
becameoneof themostinterestingandchallengingareasof
optimalcontrolandfiltering theoriesandtheir applications.
The main advantageof the Æ Ç –optimizationis that such
obtainedcontrollersand filters are robustwith respectto
internalandexternaldisturbances.In the caseof Kalman
filtering, theadditionaladvantageof the Æ Ç –Kalmanfilter
over thestandardKalmanfilter is that the former onedoes
not require knowledgeof the systemand measurement
noiseintensitymatrices—datahardly exactly known.

It is knownthatthesingularlyperturbedKalmanfilter
is numericallyill-conditioneddue to couplingof the slow
and fast modes(signals). Hence,the main goal in theory
of singularperturbationsis to decouple(separate)theslow
and fast signals and processthem independently. Diffi-
cultiesencounteredwith the full-order ÆUÇ –Kalmanfilter
of singularlyperturbedlinear systemsare in the facts that
the correspondingalgebraicfilter Riccati equationis also
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ill-conditionedandthat it containsan indefinitecoefficient
matrix multiplying the quadraticterm (which makesthis
equationmuch more difficult for studying than the cor-
respondingone of standardsingularly perturbedoptimal
filtering problems).

In the previoussectionthe algebraicregulatorRiccati
equationof ÕUÖ optimal linear-quadraticregulatorprob-
lemis decomposedinto reduced-order,pure-slowandpure-
fast, algebraicregulatorRiccati equations.In this section,
we extendthoseresultsto the decompositionof the corre-
spondingalgebraicfilter Riccati equationandusethemto
decomposethe Õ Ö singularlyperturbedKalmanfilter into
independent,well-defined,reduced-order,Kalman filters.
The filters obtainedare completely independentand can
work in parallel. Each of them can processinformation
with different samplingrate—the fast filter requiressmall
samplingperiodandthe slow onecanprocessinformation
with relatively large samplingperiod.

Considerthe linear singularlyperturbedsystem×Ø«Ù>ÚMÛ<ÜtÝ_Þ±Ù<ØßÙ>ÚMÛ<Ü3à|Þ}á,Ø5á8ÚMÛ<Ü3à�âwÙ,ã}Ú�Û<Üä ×Ø á Ú	Û<Ü�ÝåÞ�æ8Ø Ù ÚMÛ<ÜnàçÞ�è8Ø á ÚMÛ<Ünà�â á ã}ÚMÛ<Ü (135)

with the correspondingmeasurementsé ÚQÛ<Ü�Ýaê Ù Ø Ù Ú�Û<Ü3àvê á Ø á Ú�Û<Üëà|ì"Ú	Û<Ü (136)

where Ø3ÙoÚ�Û<ÜKí�îKï�ð and Ø�áñÚ�Û<ÜKí�îKï¢ò areslow andfaststate
variables,respectively, ã�Ú�Û<ÜóíôîKõ ð and ì[ÚQÛ<ÜóíöîKõ ò are
systemandmeasurementdisturbances,and é Ú	Û<ÜKí�îKõ ò are
systemmeasurements.Þ�÷Eø<âSù�øEê�ù¢øtúëÝöû@ø�ü�ø�ý(ø�þ�øëÿ�Ýöû@ø<ü(ø
are constantmatricesof appropriatedimensions. ä is a
small positive singularperturbationparameter.

In this sectionwe designa filter to estimatesystem
statesØ Ù Ú	Û<Ü and Ø á Ú�Û<Ü . Thestatesto beestimatedaregiven
by a linear combination� Ú�Û<ÜtÝ��ËÙ�ØßÙ,ÚMÛ<Ü3à��±á,Ø�á�Ú�Û<Ü (137)

The estimationproblem is to obtain an estimate �� Ú�Û<Ü of
� ÚMÛ<ÜÒí î�� using the measurementsé Ú�Û<Ü , [72]-[74]. The
measureof the infinite horizon estimationproblemis de-
fined as a disturbanceattenuationfunction� Ý Ö� 	�
 � Ú	Û<Ü
� �� Ú�Û<Ü 
 á��� ÛÖ� 	���
 ã}ÚMÛ<Ü 
 á��� ð à 
 ì"Ú	Û<Ü 
 á��� ð�� � Û (138)

where ����� ø! " � and # " � are the weighting
matricesto be chosenby designers.The ÕUÖ –filter is to
ensurethat the energy gain from the disturbancesto the
estimationerrors,

� Ú�Û<Ü$� �� ÚMÛ<Ü , is less than a prespecified
level % á . That is, &('*)+�, - �/. % á (139)

where"sup" standsfor supremumand % á is a prescribed
level of noiseattenuation.The ÕUÖ –filter associatedwith

singularlyperturbedlinear systems,driven by the innova-
tion process,is given by [46], [72]×�Ø Ù Ú�Û<ÜtÝåÞ Ù �Ø Ù Ú�Û<Ü3à�Þ á �Ø á Ú�Û<Ü3à�0 Ù21 ÚfÛ<Üä ×�Ø á Ú�Û<Ü�Ý_ÞSæ �Ø Ù Ú�Û<Üëà ÞSè �Ø á Ú�Û<Üëà30 á41 ÚfÛ<Ü1 ÚfÛ<ÜtÝ é Ú	Û<Ü
�|êSÙ �Ø3ÙoÚQÛ<Ü
� ê¦á �Ø5á0ÚMÛ<Ü (140)

wherethe filter gains 0 Ù and 0 á areobtainedfrom0ÒÙmÝ6587�Ù:9mê<; Ù à37�á=9'ê>;á@? #BA Ù0Uá¦ÝC5�äD7 ;á=9 ê ;Ù à�7 æ 9tê ;á�? # A Ù (141)

with matrices7tÙ89KøD7�á=9¦ø and 7E9 representingthe positive
semidefinitestabilizingsolutionof the following algebraic
Riccati equation[72]-[73]Þ>7
9�à37
9tÞ ; �F7
9HG�ê ; # A Ù ê�� û% á � ; � �JIK7
9àcâL aâ ; Ý �

(142)
whereÞaÝNM Þ Ù Þ áÙ O Þ æ Ù O Þ èQP øEâÓÝRM â ÙÙ O â á P ø�7 9 ÝRM 7 Ù89 7 á=97 ;á=9 Ù O 7 æ 9 PêdÝTS ê Ù ê áVU ø �aÝWS � Ù � áVU

(143)

In order to form the innovation processdefined in
(140),communicationsof the filter estimatesarerequired,
thusadditionalcommunicationchannelsarenecessary.In
the following, we will achievethe slow-fast ÕUÖ –filter
decompositionin which both filters are directly driven by
the systemmeasurementsand thus, we will eliminatethe
need for communicationof estimates. The problem of
solvingthe Õ Ö singularlyperturbedalgebraicfilter Riccati
equation(142)will besolvedby usingduality betweenthe
optimal filters and regulatorsand the algorithm from the
previoussection.

Thedesireddecompositionof the ÕUÖ filter (140)will
be obtainedby first producingdual resultsto (118), (120).
Considertheoptimalclosed-loopfilter (140) drivenby the
systemmeasurements×�Ø3ÙoÚ�Û<ÜtÝ ÚQÞ±Ù��X0ÒÙ,êSÙ�Ü �Ø3ÙoÚ�Û<Ünà ÚQÞ}á$�30ÒÙ�ê¦á,Ü �Ø�áñÚQÛ<ÜàK0ÒÙ é ÚQÛ<Üä ×�Ø á ÚMÛ<Ü�Ý ÚQÞ æ �30 á ê Ù Ü �Ø Ù ÚMÛ<Ü3à_Ú	Þ è �Y0 á ê á Ü �Ø á ÚMÛ<ÜàK0Uá é ÚQÛ<Ü

(144)
with the optimal filter gains 0 Ù and 0 á calculatedfrom
(141)-(143). By duality betweenthe optimal filter and
regulator, the filter algebraicRiccati equation(142) can
be solvedby usingthe samedecompositionmethodasthe
one usedfor solving (105) withÞ[Z�Þ ; ø]\^Z âL aâ ; ø]_ ; Z`0 Ý M 0 ÙÙ O 0 á Pa Ý^b �BA ÙÙ b ; Z ê ; # A Ù ê�ø âUâ ; Z`� ; � �

(145)
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By invoking resultsfrom Sections1.3 and 2.2 and using
dualitybetweentheoptimallinear-quadraticcontrollersand
optimal Kalman filters, the following matriceshaveto be
formedc
dfe`g h<i d jlknm id@oqp d m d j drtsvu i dxw u d=yjJz d4{ z i d j h d |c~}�e g h<i� j k m id oqp d m } j dr s u i d w u } yjJz d4{ z i } j h } |c � e g h<i } j k m i} oqp d m d j dr s u i } w u d=yjJz } { z i d j h � |cQ�Je g h<i� j k m i} oqp d m } j drts u i } w u } yjJz } { z i } j h � |

(146)
It can be shown after some algebra that matrices� c
d��(c } �=c � �(c �n�

comprisethe systemmatrix of a standard
singularly perturbedsystem,namely���E�� d�� d�� }�� }�����

eR� c d cx}d � c � d � cQ�~� ��� � d� d� }� }����� (147)

Note that in contrastto the resultsof Section2.2, where
the state-costatevariables have to be partitioned as� i e�� � i d � i }�� and � i e�� � i d�� � i }~� , in the caseof the
dual filter variables,we have to use the following parti-
tions � i e � � i dl� � i } � and � i e � � i d � i } � . Sincematrices

c
d���c } ��c �
, and

c �
correspondto the systemmatrices

of a singularly perturbedlinear system,the slow-fastde-
compositionof (147) canbe achievedby usingthe Chang
decouplingtransformationobtainedfrom algebraicequa-
tions dual to (11)-(12). The unique solutions of these
equationsexist, by the implicit function theorem, for

�
sufficiently small, under the assumptionthat the matrix

c �
is nonsingular. Using the results of [21]-[22] and

duality betweenoptimal linear-quadraticregulatorsand
Kalmanfilters given in (145), it follows that this matrix is
nonsingularunderthe following assumption.

Assumption2.3: The triple
� h ��� m }�� z } �

is control-
lable and observable.

The required Chang decoupling transformation is
given by � �Je ��� jF��� � jJ�D�� � �

(148)

where

�
and

�
satisfy algebraic equations(11)-(12).

Then,by duality, from Section2.2, we have¡
¢ e]£*¤ � ¢�¥ ¤ � ¢ � ¡�¦8¢ §§ ¡
¨4¢ �ª©« £ ¤ d ¢ ¥ ¤�} ¢ � ¡ ¦¬¢ §§ ¡ ¨4¢ �*© p
d

(149)

where, the pure-slow and pure-fast, well-conditioned,
reduced-order,algebraic ­�® filter Riccati equationsare
given by¡ ¦¬¢�¯ d j ¯ � ¡ ¦¬¢ j ¯ � ¥�¡ ¦8¢�¯ } ¡ ¦8¢ e §¡ ¨n¢$° d j ° � ¡ ¨n¢ j ° � ¥�¡ ¨4¢�° } ¡ ¨4¢ e § (150)

with� ¯ d ¯ }¯ � ¯ � � e � c d j c~} � � � � ° d ° }° � ° � � e � cQ� ¥ ��� cx} �
(151)

The

¤$±D��²Ee´³v�(µ*�(¶V�8·¸�
matricesin (149) aredefinedby¤ ¢ e � ¤ d ¢ ¤�} ¢¤ � ¢ ¤$� ¢ � e¹ p dd � p d� ¹ }fe ¹ p dd ��� ���jJ� � jF���º� � ¹ } (152)

The permutationmatrices
¹ d

and
¹ }

aredefinedin (80).

It can be shown that one can obtain » � � � approxi-
mationsfor

¡ ¦¬¢
and

¡ ¨4¢
by solving the following ­H®

symmetricalgebraicfilter Riccati equations¡B¼¾½(¿¦8¢ h i ¦ ¥ h ¦ ¡B¼À½�¿¦8¢ ¥ z ¦ { ¦ z i ¦j ¡ ¼À½�¿¦8¢ £ m i¦ o p d¦ m ¦ j ³Á } u i ¦ w ¦ u ¦ © ¡ ¼Â½�¿¦¬¢ e § (153)¡ ¼¾½D¿¨4¢ h i � ¥ h � ¡ ¼À½�¿¨4¢ ¥ z }t{ z i }j ¡B¼À½�¿¨n¢ £ m i} o p d¦ m } j ³Á } u i } w u } © ¡B¼À½�¿¨4¢ e § (154)

Thenewlydefinedmatricesappearingin (153)areobtained
fromg h i ¦ j k m i¦ o p d¦ m ¦ j dr�s�u i ¦ w ¦ u ¦ yjJz ¦ { ¦ z i ¦ j h ¦ |e�c d j c } c p d� c � (155)

An importantfeatureof equations(153)–(154),which dis-
tinguishestheseequationsfrom thestandardalgebraicfilter
Riccatiequation,is that thequadratictermshaveindefinite
coefficient matrices.

The algorithm of [59] developedfor solving the­H® –algebraicRiccati equationsin termsof Lyapunovit-
erations,converges globally to the positive semidefinite
stabilizing solution of (153)-(154) under the following
stabilizability-detectabilityassumptions.

Assumption2.4:

£ h ¦ �2Ã m i¦ o p d¦ m ¦ �2Ä z ¦ { ¦ z i ¦ ©
is stabilizableand detectable.

Assumption2.5: The triple
� h ��� m }t� z } �

is stabiliz-
able and detectable.

Note thatAssumption2.5 is weakerthanAssumption
2.3, hence,it is sufficient to use in this sectiononly As-
sumptions2.3 and2.4. Also, Assumption2.4 canbe writ-
ten in a simplerform requiringthat the triple

� h ¦ � m ¦ � z ¦ �
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is stabilizable-detectable.However, in that case,one has
to find Å�Æ and ÇqÆ matricesexplicitly. This canbedoneby
usingthe procedureof [49]-[50] for forming the reduced-
order slow approximatesystem.

Using the algorithmof [59], equation(154) is solved
by performingthe following LyapunoviterationsÈKÉËÊ�Ì�ÍÏÎ ÐÒÑËÓÔ�Õ Ö2×ÙØ�Ú Å>ÛÜ<ÝBÞ
ß Å Ü ÈàÉËÊ�ÌËÍÏÎ ÓÔ4Õ á Ûâ Ö × Ø Ú ÅÙÛÜ Ý�ÞEß Å Ü È ÉËÊ�Ì ÍÀÎ ÓÔnÕ á È ÉÀÊ�Ì Í�ÎãÐÒÑËÓÔnÕä Ú Ö Ç Ütå ÇàÛÜ â È ÉÀÊ�Ì�Í�ÎãÓÔnÕ ÅÙÛÜ Ý�ÞEß Å Ü È ÉÀÊ�Ì¾ÍÂÎãÓÔnÕ áÚçæè Ü È ÉÀÊ�Ì ÍÀÎ ÓÔ4Õ é Û Ü
ê é Ü È ÉÀÊ�Ì Í�ÎãÓÔnÕ (156)

with the initial conditionobtainedfrom the standardalge-
braic filter Riccati equationÈBÉÀÊDÌëÍ ì�ÓÔ4Õ × Û Ø â ×ÙØ ÈBÉËÊ�Ì¾Í�ì:ÓÔnÕ â Ç Ü å ÇàÛÜÚ È É¾ÊDÌ Í ì�ÓÔ4Õ ÅÙÛÜ Ý�ÞEß Å Ü È ÉËÊ�Ì Ííì�ÓÔ4Õ äïî (157)

This choice of the initial condition is an interestingfea-
ture of the algorithm of [59], and it is important for the
efficiency of the overall algorithm for solving the singu-
larly perturbed ðHñ –algebraicRiccati equation. Having
obtainedan approximatesolution

È ÉÀÊ�ÌÔ4Õ ä È ÔnÕ â3ò�ó8ô�õ , we
can implementthe Newton methodfor solving the pure-
fast algebraicRiccati equationgiven in (150)sincea good
initial guessis available.TheNewtonmethodleadsto the
following Lyapunov-like(Sylvester)iterationsÈ ÉÀöÀ÷ ß ÌÔnÕ Ö!ø ß â ø Ü È ÉÏöËÌÔnÕ á Ú Önø Ø Ú È ÉÀöËÌÔ4Õ ø Ü á È É�öË÷ ß ÌÔ4Õä ø�ù â ÈBÉÀöËÌÔnÕ ø Ü ÈBÉÏöËÌÔ4Õ (158)

with
È ÉËÊ�ÌÔ4Õ obtain in (156), and converges in only few

iterations.

Similarly, the algorithmof [59] is appliedfor solving
(153) asÈ ÉÀÊDÌ Í�Î ÐªÑúÓÆ Õ Ö × Æ Ú Å>ÛÆ ÝBÞ
ßÆ Å�Æ È ÉËÊ�Ì ÍÀÎ ÓÆ Õ á Ûâ Ö × Æ Ú Å ÛÆ Ý ÞEßÆ Å Æ È ÉËÊ�Ì ÍÀÎãÓÆ Õ á È ÉÀÊDÌ Í�Î ÐªÑ:ÓÆ Õä Ú Ö Ç Æ å Æ Ç Û Æ â È ÉÀÊ�Ì�ÍÏÎ ÓÆ Õ Å ÛÆ Ý Þ
ßÆ Å Æ È ÉÀÊ�Ì�Í�ÎãÓÆ Õ áÚ æè Ü È ÉËÊ�Ì Í�Î ÓÆ Õ é Û Æ ê Æ é Æ È ÉËÊ�Ì Í�ÎãÓÆ Õ (159)

with the initial conditionobtainedfrom the slow algebraic
Riccati equationÈ ÉÀÊDÌ Í ì�ÓÆ Õ × Û Æ â × Æ È ÉËÊ�Ì Í�ì�ÓÆ Õ â Ç�Æ å Æ2ÇàÛÆÚ È ÉÀÊDÌëÍ ì�ÓÆ Õ ÅÙÛÆ ÝBÞEßÆ Å�Æ È ÉÀÊDÌëÍ ì�ÓÆ Õ ä[î (160)

Having obtained an approximate solutionÈ ÉÀÊ�ÌÆ Õ ä È Æ Õ â�ò�ó8ô�õ we can implement the Newton

method for solving the corresponding slow Riccati
equationdefined in (150) since a good initial guessis
available. The Newton methodsleads to the following
Lyapunov-like(Sylvester)iterationsÈ É�öË÷ ß ÌÆ Õ Önû ß â û Ü È ÉÏöËÌÆ Õ á Ú Ö2û Ø<Ú È É�öËÌÆ Õ û Ü á È Éúöú÷ ß ÌÆ Õä û ù â È ÉÀöËÌÆ Õ û Ü È ÉÀöËÌÆ Õ (161)

with
È ÉÂÊ�ÌÆ Õ obtainedfrom (159). Theiterativescheme(161)

convergesquadraticallyto the requiredsolution.

C1. Slow-FastDecouplingof ð ñ –OptimalLinear Filter

It is interestingto point out that for thestandard(classical)
Kalman filtering, the transformationthat relatesthe old
and new coordinatesdefined byü ä ó8ý ß Õ â3ý Ü Õ È Õ õ (162)

whereý Õ ä]þ ý ß Õ ý Ü Õý ù Õ ý Ø ÕBÿ ä�� ÛÜ þ � Ú ô���� Ú ô��� � ÿ � ß
(163)

is usedto decoupleboth the algebraicfilter Riccati equa-
tion andthe Kalmanfilter into independentpure-slowand
pure-fastcomponents[46]. However, in the caseof theð ñ –Kalmanfiltering the similarity transformationþ �	 Æ ó�
Dõ�	 Ô ó�
Dõ ÿ ä ü Þ
ß þ �
 ß ó�
Dõ�
 Ü ó�
Dõ ÿ (164)

doesnot producein the new coordinatesthe optimalpure-
slow andoptimal pure-fastKalmanfilters, that isþ ��	 Æ ó�
Dõ��	 Ô ó�
Dõ ÿ ä ü Þ
ß þ × ß Ú�� ß Å ß × Ü Ú�� ß Å Üß � ó × ù Ú�� Ü Å ß õ ß � ó × Ø Ú�� Ü Å Ü õ ÿ� ü þ �	 Æ ó�
Dõ�	 Ô ó�
Dõ ÿ â ü ÞEß þ � ßß � � Ü ÿ�� ó�
Dõ

(165)
doesnot lead to a block diagonalfilter matrix in the new
coordinates.Thereasonfor this is inconsistencylies in the
fact that the “closed-loop ð ñ –filtering problemmatrix” is×�Ú È Õ � ÅÙÛ Ý�ÞEß Å Ú æè Ü é Û ê é��ä ×ïÚ�� Å Ú æè Ü È Õ é Û ê é (166)

This matrix is indeedblock diagonalizedby the similarity
transformation

ü
. However,the ð ñ optimalKalmanfilter

definedin (144) hasthe feedbackmatrix given by×ïÚ È Õ ÅÙÛ ÝqÞ
ß Å ä ×�Ú�� Åä þ × ß Ú�� ß Å ß × Ü Ú�� ß Å Üß � ó × ù Ú�� Ü Å ß õ ß � ó ×ÙØ�Ú�� Ü Å Ü õ ÿ (167)
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This singularly perturbedmatrix can be diagonalizedby
usinganotherChangtransformationof the form�����! �"$#�%'&�( #)%�&( "+*-, �/.10� �2 /" %�&#3( "$#�%�(4&5*

(168)
where ( and & matricessatisfy the Chang decoupling
equations687$9 #;:=<?>@<BAC(D# 6�7FE #�:=<?> 0 A#3%?G 6�7 0 #�: 0 > 0 A1# 687 < #�: 0 > < A'(IH �KJ#3& 6L739 #�:=<?>@<BA-M 687 <N#;: 0 >@<BA#)%�&O( 687 < #;: 0 > < AM$%?G 687 0 #�: 0 > 0 A1# 6�7 < #�: 0 > < A�(1H�& ��J (169)

The unique solutionsof theseequationsexist under the
assumptionthatthematrix

739 #F:=<P>@< is nonsingular.Note
thatbasedon theoryof singularperturbations[4] thematrix
739 #RQ E'S >FT<)U .10 >@<V# 0WYX Q E�S4Z T <1[ Z < is nonsingularsince
it representsthe fast feedbackmatrix. By the result from
[74], the stability of the matrix

7 9 #�Q E�S >�T< U .-0 > < #0W X Q E�S Z T < [ Z < impliesthatthematrix

7 9 #)Q E�S >�T< U .-0 > <
is stablealso. Using (141) we seethat

7�9 #O:=<\>@<]M�^ 6 %�A
is a stablematrix. Thus,thematrix

7 9 #_: < > < is stablefor
sufficiently small valuesof the small singularperturbation
parameter% . The uniquesolutionsof equations(169) can
be easily obtainedeither by using the Newton methodor
the fixed point iterationsstartingwith the following initial
conditions(a`�b'c � 6�739 #�:=<\>@<dA .10 687�E #�:=<\> 0 Ae `�b�c � 6L7 <f#�: 0 >@<dA 6L739 #�:=<\>@<dA .-0 (170)

Hence,theoptimalKalmanfilter obtainedby applying
the following similarity transformation hgi\j 6�k AgiBl 6�k A * ���R.-0�  gm 0 6�k Agm < 6�k An* (171)

producesin thenewcoordinatestheoptimalpure-slowand
optimal pure-fast,reduced-order,&po Kalman filters, that
is q�rgi j 6�k Argi l 6�k Ans ��� .10�  7 0 #�: 0 > 0 7 <N#�: 0 >@<0 t 6873E #�:=<?> 0 A 0 t 687�9 #�:=<?>@<\A *u � �v gi j 6�k Agi l 6�k A * M � .10�  : 00 t :=< *�w 6�k A�x 8y j JJ 0 t y l *  zgi j 6�k AgiBl 6�k A * M  a: j0 t : l * w 68k A

(172)
wherethe pure-slowandpure-fastKalmanfilter gainsare
given by  : j0 t : l * �K� .-0�  : 00 t : < * (173)

Using the expressionfor the similarity transformationde-
fined in (168) we can obtain analytical expressionsfory j , y l , : j , : l as followsy j � 6L7 0 #�: 0 > 0 AI# 6�7 <f#�: 0 >@<BA'(y l � 6�7 9 #�: < > < A]M{%�( 687 < #�: 0 > < A: j � : 0 #�&�:=<f#�%�&�(4: 0: l � : < M�%�(4: 0 (174)

The reduced-order,independent,pure-slowandpure-
fast, filtering equations(172) representthe main result of
thissection.Dueto completeindependenceof theslowand
fastfilters, theslow andfastsignalscanbe now processed
with different sampling rates. In contrast, the original,
full-order, filter (144) requiresthe fast samplingrate for
processingof both the slow and fast signals.

III. COMMENTS

In Sections1 and 2 we have presentedsolutionsby the
Hamiltonianapproachto continuous-timeoptimal control
andfiltering steadystateproblemsof linearsingularlyper-
turbedsystems.The discrete-timelinear-quadraticGauss-
ian control problem of singularly perturbedsystemsis
solved via the Hamiltonian approachin [45], [75]. The
open-loop discrete-timelinear-quadraticoptimal control
problem is solved in [76]-[77]. The results for the & o
optimal control and filtering for singularly perturbedsys-
tem in discrete-timeby the Hamiltonianapproachare not
obtainedyet. This might bean interestingandchallenging
researchtopic. In addition, the finite time feedbacksolu-
tion to the linear quadraticoptimal control by using the
presentedmethodologyis an interestingsubjectfor future
research.

The open-loophigh gain (cheapcontrol) problemin
continuous-timeand the problem of completeand exact
decompositionof the correspondinghigh gain (cheapcon-
trol) algebraicRiccati equationis presentedin [6]. The
smallmeasurementnoiseKalmanfiltering problemvia the
Hamiltonian approachis solved in [78]. In a recentpa-
per [30], the eigenvectormethodis introducedfor simul-
taneouspure-fastand pure-slowblock diagonalizationof
the Hamiltonianmatrix and the solution of Chang’salge-
braic equationsrequiredfor such a decomposition. The
most fundamentalresultsfor the so-calledmultimodeling
control problem [5] havebeenrecentlyobtainedin [79].
Thesolutionto thecheapcontrolproblemof sampleddata
systemshasbeenobtainedin [80]. Severalother research
problemremainopenin thecontextof theHamiltonianap-
proachto singularly perturbedlinear optimal control and
filtering problems.
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