
8.6 Linearization of Nonlinear Systems

In this section we show how to perform linearization of systemsdescribedby

nonlineardifferential equations.The procedureintroducedis basedon the Taylor

seriesexpansionand on knowledgeof nominal systemtrajectoriesand nominal

systeminputs.

We will startwith a simplescalarfirst-ordernonlineardynamicsystem

�

Assumethat under usual working circumstancesthis systemoperatesalong the

trajectory � while it is driven by the systeminput � . We call � and

� , respectively,the nominal system trajectory andthe nominal system input.
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On the nominal trajectorythe following differentialequationis satisfied

� � �

Assumethat the motion of the nonlinear systemis in the neighborhoodof the

nominal systemtrajectory, that is

�

where representsa small quantity. It is naturalto assumethat the system

motion in closeproximity to the nominal trajectorywill be sustainedby a system

input which is obtainedby addinga small quantity to the nominalsysteminput

�
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For the systemmotion in closeproximity to the nominal trajectory,we have

� � �

Since and aresmall quantities,the right-handsidecanbeexpanded

into a Taylor seriesaboutthe nominalsystemtrajectoryandinput, which produces

� � � � � � �

Canceling higher-order terms (which contain very small quantities
� � �

), the linear differentialequationis obtained

� � � �
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Thepartial derivatives in the linearization procedure are evaluated at the nominal

points. Introducing the notation

� � � � � �

the linearizedsystemcan be representedas

� �

In general,the obtainedlinear systemis time varying. Since in this coursewe

studyonly time invariantsystems,we will consideronly thoseexamplesfor which

the linearizationprocedureproducestime invariantsystems.It remainsto find the

initial condition for the linearizedsystem,which canbe obtainedfrom

� � � �
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Similarly, we can linearizethe second-ordernonlineardynamicsystem

� �

by assumingthat

	 	

	 	

and expanding

	 	 	 	 	 	

into a Taylor seriesaboutnominalpoints 	 	 	 	 , which leadsto


 � 
 �
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wherethe correspondingcoefficientsareevaluatedat the nominalpointsas

� � � � � 
 � � � �

� � � � � 
 � � � �

The initial conditionsfor the second-orderlinearizedsystemareobtainedfrom


 
 � 
 
 
 � 


Example 8.15: The mathematicalmodelof a stick-balancingproblemis

where is thehorizontalforceof afingerand representsthestick’s angular

displacementfrom the vertical.
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This second-orderdynamicsystemis linearizedat the nominalpoints

� � � , producing

� � ��� ��� ����������� � ���������

� � � � � � ���!���"���

The linearizedequationis given by

Note that since � � . It is

importantto point out that the samelinearizedmodelcould havebeenobtainedby

setting , which is valid for small valuesof .
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We can extendthe presentedlinearizationprocedureto an -order nonlinear

dynamicsystemwith oneinput andoneoutputin a straightforwardway. However,

for multi-input multi-output systemsthis procedurebecomescumbersome.Using

the statespacemodel, the linearizationprocedurefor the multi-input multi-output

caseis simplified.

Considernow the generalnonlineardynamiccontrol systemin matrix form

#

where , , and are, respectively,the -dimensionalsystemstatespace

vector, the -dimensionalinput vector, and the -dimensionalvector function.

Assumethat the nominal (operating)systemtrajectory $ is known and that

the nominalsysteminput that keepsthe systemon the nominal trajectoryis given

by $ .
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Using the samelogic as for the scalar case,we can assumethat the actual

systemdynamicsin the immediateproximity of thesystemnominaltrajectoriescan

be approximatedby the first termsof the Taylor series.That is, startingwith

% %

and

% % %

we expandthe right-handside into the Taylor seriesas follows

% % %

% % &"')(+*�,�-
. ( */,�-

&�'0(1*�,�-
. ( *�,�-
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Higher-ordertermscontainat leastquadraticquantitiesof and . Since

and are small their squaresare evensmaller,and hencethe high-orderterms

canbe neglected.Neglectinghigher-orderterms,an approximationis obtained

2"35416�7�89 4 6�7�8 2�354:6;7�89 4 6�7�8

The partial derivativesrepresentthe Jacobianmatricesgiven by

2"354�6!7�89 4 6;7�8
<>=?<
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Note that the Jacobianmatriceshave to be evaluatedat the nominal points, that

is, at U and U . With this notation,the linearizedsystemhasthe form

g g U g

The outputof a nonlinearsystemsatisfiesa nonlinearalgebraicequation,that is
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This equationcan also be linearizedby expandingits right-handside into a

Taylor seriesaboutnominal points h and h . This leadsto

h h h i"j5k�l!m�no k l!m�n i"j5k+l;m�no k l!m�n

Note that h cancelsterm h h . By neglecting higher-orderterms, the

linearizedpart of the output equationis given by

where the Jacobianmatrices and satisfy
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Example 8.16: Let a nonlinearsystembe representedby

� � � �
� � �K�B�b���5� �

� � ��

Assumethat thevaluesfor thesystemnominaltrajectoriesandinput areknownand

given by �f� ��� and � . The linearizedstatespaceequationof this nonlinear

systemis obtainedas

�
�

��� �f� �b� �
�[� ��� �f� �[� ���

�
�

���
�

��� �f� ��� �
�

Havingobtainedthesolutionof this linearizedsystemunderthegivensysteminput

, the correspondingapproximationof the nonlinearsystemtrajectoriesis
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� � �� � ��

Example 8.17: Considerthe mathematicalmodel of a single-link robotic ma-

nipulator with a flexible joint given by

� � � �

� � �

where � � areangularpositions, aremomentsof inertia, and are,

respectively,link massand length, and is the link spring constant. Introducing

the changeof variablesas

� � � � � � � �

the manipulator’sstatespacenonlinearmodel is given by
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� �

� � � �

� �

� � �

Takethe nominalpointsas �f  �b  �`  �`    , thenthe matrices and

are
¡:¢¤£¦¥+§©¨«ª`¬+­F®°¯± ¡±

¡² ¡² �²
Assumingthat the output variable is equal to the link’s angularposition, that is

� , the matrices and are given by
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