12.1 The Essence of Feedback Systems

We canfind therespons@f anopen-loopsystemdueto giveninput usingany of the
methodgpresentedn this textbook. Therespons@btainedis strictly determinedoy
informationaboutthe systemmathematicamodel, systeminput, and systeminitial
conditions. In control theory and its applications,given systeminput and initial
conditions,the goal is for the systemoutputto have a desiredresponsgshape).
The systemoutputcan be shapedby closing the feedbackioop aroundthe system
(seethe next figure), and using particular static and/or dynamic elementsin the
feedbackpath. By closingthe feedbackioop aroundthe systemseveralinteresting

and important featurescan be achieved:
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(a)feedbackcan stabilizethe system(the mostimportantone);

(b)feedbackreducessystemoutput sensitivity to system parametervariations
(dueto agingof systemcomponentsdue to internal systemdisturbances);

(c)feedbackreducesthe impact of externalsystemdisturbancesn the system
output;

(d)feedbackcanimprove systemoutput transientresponse;

(e)feedbackcanimprove the systemoutput steadystateresponse;

(f) feedbackcan reducesystemsensitivity to inaccuraciesn the systemmea-
surementymeasuremenhoise).

Within this sectionwe will discussfeatures(a), (b), and (c). FeedbacKeatures

(d) and (e) will becomeevidentin Sections12.3, 12.4 and 12.6. Complete

clarification of the feedbackfeature(f) is outsideof the scopeof this textbook.
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(a) Feedback Stabilization of Linear Time Invariant Systems

Considerfirst the systemwith unity feedbackrepresentedan Figure4.7a.

F(s) +T E(s) HE Y(s)
@

F(s) +~ E(9) HE Y(s)
G(9)
(b)

Figure 4.7: Closed-loop system configurations:
(a) unity feedback; (b) nonunity feedback
Assumethatthe open-looptransferfunction H (s) is representedby the ratio of
two polynomials,thatis, H(s) = N(s)/D(s). Thezerosof D(s) representhe

open-loopsystempoles,and we say that the open-looptransferfunction is stable
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(asymptoticallystableand BIBO stable)if all the polesof H(s) arestrictly in the

left half complexplane(noneof themis on the imaginary axis).

The closed-looptransferfunction of the feedbacksystemin Figure4.7ais

_Y(s) __H(s) _ N()/D(s) _  N(s)
F(s) 14+ H(s) 14 N(s)/D(s) D(s)+ N(s)

In this formulawe haveused: E(s) = F(s) — Y (s) = F(s) — H(s)E(s) =

Y(s) = H(s)F(s)/(1+ H(s)). The algebraicequation

1+H(s)=0 =  D(s)+N(s)=0

definesthe characteristic equation of the closed-loop system with unity feedback.
Thezerosof theclosed-loopcharacteristiequationrepresenthe closed-loopsystem
poles. The open-loop characteristic equation is simply D(s) = 0. Hence,the

feedbackchangedhe systemcharacteristieequationand the systempoles.
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It canhappenthat the open-loopsystemis unstable pbut the closed-loopsystem
Is stableas demonstratedn the next example.
Example 12.1: Consideran open-loopunstablelinear systemrepresentedby

1
(s —0.5)(s+1)

H(s) =

Its open-looppoles are locatedat —1 and 0.5. The closed-loopcharacteristic

equationis

(s—0.5)(s+1)+1=s24+0.554+05=0

The solutionsof this algebraicequation,given by s; 2 = —0.25 &+ 70.25+/7,
representhe closed-loopsystempoles. Obviously, both polesarein the openleft

half complexplaneandthe systemis asymptoticallystable.
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Sometimesunity feedbackis not sufficient to stabilize the open-loopunstable

system,as demonstrateelow.

Example 12.2: Considerthe following open-loopunstablesystem
1
(s —1)(s + 2)

Its closed-loopcharacteristicequationis

H(s) =

(s—1)(s+2)+1=s*+s5—-1=0

Thesolutionsof this algebraicequationaresy s = —14++/2, hencetheclosed-loop
systemis unstablesincethe pole v/2 — 1 is in the right half complexplane.

The simplestform of non unity feedbackis when the elementin the feedback
pathis static,thatis, G(s) = g = const. In sucha case the closed-looptransfer

function is
H(s) N(s)

M(s) =17 gH(s) _ D(s) + gN(s)
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The closed-loopsystemcharacteristicequationis now given by
1+gH(s)=0 =  D(s)+gN(s)=0

Example 12.3: Considerthe open-looptransferfunction from Examplel12.2in
corfigurationwith non unity staticfeedbackelementsGG(s) = g. The closed-loop

characteristicequationis given by
(s—1)(s+2)+g=s’+s+(g—2)=0

It can be easily checkedthat for all static feedbackelementswith g > 2 both
closed-looppolesare in the openleft half complexplane, which implies that the

closed-loopsystemis asymptoticallystablefor any g > 2.

For morecomplexlinear systemssystematiqoroceduresre developedhat find

the rangeof valuesfor the static elementg that providesstability of closed-loop
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linear systems.The Roth-Hurwitz stability test, presentedn Section7.7.2,canbe
usedfor that purpose,as demonstratedn Example7.28.

In somecases,it can happenthat for all choicesof the static elementg the
closed-loopsystemremainsunstable.In suchcaseswe shouldtry to stabilizethe
systemusing a dynamicfeedbackelementG(s). The correspondingclosed-loop

characteristicequationis given by

1+ H(s)G(s) =0 = D(s) + N(s)G(s) =0
G(s) canbe alsochosenas a ratio of two polynomials. It shouldbe pointed out
that systemstabilizationwith a dynamic feedbackelementis more complicated

than stabilizationwith a static feedbackelement. Detailed considerationof the

stabilizationproblemwith dynamicfeedbackis beyondthe scopeof this textbook.
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(b) Feedback Reduction of System Output Sensitivity

A unity feedbacksystemis presentedn Figure 4.7a. The perturbedform of

this systemis given in Figure 12.1, where A H (s) denotesperturbationsof the

F(S) +~ Y(9)+AY(9)

H(s)+ AH(S)

Figure 12.1: A unity feedback system and its perturbation

systemopen-looptransfer function. The perturbationsin the systemopen-loop
transferfunction are primarily due to aging of the systemcomponentsaand dueto

systeminternal disturbancegthis also includesthe casewhen someof the system
parametersre not perfectly known—parameteuncertainties).For the closed-loop

unity feedbacksystemwithout perturbationsthe systemoutputis given by

ﬂp(s)

Y(s) = M(s)F(s) = T H(3)
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In the caseof perturbationswe obtain from Figure 12.1
H AH
() + AH()

Y(o) +AY () = T o) + aH(s)

which implies
H(s) + AH(s)
14+ H(s)+ AH(s)
_ H(s)+ AH(s)
1+ H(s)+ AH(s)
. AH(s)
~ (L+ H(s) + AH(s))(1 + H(s))

AY (s) =

F(s) —Y(s)

H(s)
14+ H(s)

F(s)

F(s) — F(s)

Sincein generall AH(s)| << |H(s)|, we canapproximatehe lastexpressioras

_ AH(s) )
AYE) R AT HE) 0+ HE) P
AH(s)H(s) F(s) = AH(s) 1 ¥ (s)

~ H(s)(1+ H(s))(1 + H(s)) H(s) (14 H(s))
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In summary,we havederivedthe following relationship

AY (s) 1 AH(s) (5)
Y(s) (1+H(s)) H(s) H(s)

which indicatesthat the relative changein the systemoutputis proportionalto the
relative changein the systemtransferfunction. The proportionality factor S(s)
is called the systemoutput sensitivity function. Due to the fact that |S(s)| =
|1/(1 + H(s))| < 1 we can concludethat the impact of system parameter
variationson the systemoutputis relatively reducedby the factor of |S(s)| < 1.
For systemswith non unity feedback,G(s) # 1, we can follow the same
derivations,andobtainthe following form for the systemoutputsensitivityfunction

1

S8) = T G H(s)
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(c) Feedback Disturbance Rejection

Let the feedbacksystembe underthe influenceof an externaldisturbanceas

demonstratedn the block diagrampresentedn Figure 12.2.

D(s)
LY

H(s) U

F(S) +~

Figure 12.2: A feedback system with an external disturbance

Using the basictransferfunction rules, we obtain
Y(s) = D(s) + H(s)(F(s) — Y(s))

which implies

H (s)

Y(s) = TI‘I(S)F(S) +

H(s)

D) =6

T HG F(s)+ S(s)D(s)
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It follows from thelastformulathatthe sensitivityfunctioncauseshedisturbance
to be attenuatediueto the fact that|S(s)| < 1. In general,S(s) is a function of
frequencyhencewe needthat S(s) is very small at least in the frequency range of
the system disturbance. We canconcludethat the feedbackcorfigurationhasa nice
propertyof rejectingthe systemdisturbanceby reducingits impacton the system
output. Similarly, like in the previouscaseswe canperformthe samederivations
for the caseof a non unity feedbackcontrol system thatis with G(s) # 1, which

implies
_ H(s)
14+ G(s)H(s)

Y (s) F(s) 4+ S(s)D(s)
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