
12.1 The Essence of Feedback Systems

Wecanfind theresponseof anopen-loopsystemdueto giveninputusinganyof the

methodspresentedin this textbook.Theresponseobtainedis strictly determinedby

informationaboutthe systemmathematicalmodel,systeminput, andsysteminitial

conditions. In control theory and its applications,given systeminput and initial

conditions,the goal is for the systemoutput to havea desiredresponse(shape).

The systemoutputcanbe shapedby closing the feedbackloop aroundthe system

(seethe next figure), and using particular static and/or dynamic elementsin the

feedbackpath. By closingthe feedbackloop aroundthe systemseveralinteresting

and important featurescan be achieved:
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(a)feedbackcan stabilizethe system(the most importantone);

(b)feedbackreducessystemoutput sensitivity to systemparametervariations

(dueto agingof systemcomponents,due to internalsystemdisturbances);

(c)feedbackreducesthe impact of externalsystemdisturbanceson the system

output;

(d)feedbackcan improve systemoutput transientresponse;

(e)feedbackcan improve the systemoutputsteadystateresponse;

(f) feedbackcan reducesystemsensitivity to inaccuraciesin the systemmea-

surements(measurementnoise).

Within this sectionwe will discussfeatures(a), (b), and(c). Feedbackfeatures

(d) and (e) will becomeevident in Sections12.3, 12.4 and 12.6. Complete

clarification of the feedbackfeature(f) is outsideof the scopeof this textbook.
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(a) Feedback Stabilization of Linear Time Invariant Systems

Considerfirst the systemwith unity feedbackrepresentedin Figure4.7a.
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Figure 4.7: Closed-loop system configurations:

(a) unity feedback; (b) nonunity feedback

Assumethat theopen-looptransferfunction is representedby the ratio of

two polynomials,that is, . The zerosof representthe

open-loopsystempoles,and we say that the open-looptransferfunction is stable
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(asymptoticallystableandBIBO stable)if all the polesof arestrictly in the

left half complexplane(noneof them is on the imaginaryaxis).

The closed-looptransferfunction of the feedbacksystemin Figure4.7ais

In this formula we haveused:

. The algebraicequation

definesthe characteristic equation of the closed-loop system with unity feedback.

Thezerosof theclosed-loopcharacteristicequationrepresenttheclosed-loopsystem

poles. The open-loop characteristic equation is simply . Hence,the

feedbackchangesthe systemcharacteristicequationand the systempoles.
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It canhappenthat the open-loopsystemis unstable,but the closed-loopsystem

is stableas demonstratedin the next example.

Example 12.1: Consideran open-loopunstablelinear systemrepresentedby

Its open-looppoles are located at and . The closed-loopcharacteristic

equationis

�

The solutionsof this algebraicequation,given by ��� � ,

representthe closed-loopsystempoles. Obviously,both polesare in the openleft

half complexplaneand the systemis asymptoticallystable.
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Sometimesunity feedbackis not sufficient to stabilize the open-loopunstable

system,as demonstratedbelow.

Example 12.2: Considerthe following open-loopunstablesystem

Its closed-loopcharacteristicequationis

�

Thesolutionsof thisalgebraicequationare ��� � , hencetheclosed-loop

systemis unstablesincethe pole is in the right half complexplane.

The simplestform of non unity feedbackis when the elementin the feedback

pathis static,that is, . In sucha case,the closed-looptransfer

function is
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The closed-loopsystemcharacteristicequationis now given by

Example 12.3: Considerthe open-looptransferfunction from Example12.2 in

configurationwith non unity staticfeedbackelements . The closed-loop

characteristicequationis given by

�

It can be easily checkedthat for all static feedbackelementswith both

closed-looppolesare in the openleft half complexplane,which implies that the

closed-loopsystemis asymptoticallystablefor any .

For morecomplexlinear systems,systematicproceduresaredevelopedthat find

the rangeof valuesfor the static element that providesstability of closed-loop
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linear systems.The Roth-Hurwitzstability test,presentedin Section7.7.2,canbe

usedfor that purpose,as demonstratedin Example7.28.

In somecases,it can happenthat for all choicesof the static element the

closed-loopsystemremainsunstable.In suchcases,we shouldtry to stabilizethe

systemusing a dynamic feedbackelement . The correspondingclosed-loop

characteristicequationis given by

can be alsochosenas a ratio of two polynomials. It shouldbe pointedout

that systemstabilizationwith a dynamic feedbackelementis more complicated

than stabilizationwith a static feedbackelement. Detailed considerationof the

stabilizationproblemwith dynamicfeedbackis beyondthe scopeof this textbook.
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(b) Feedback Reduction of System Output Sensitivity

A unity feedbacksystemis presentedin Figure 4.7a. The perturbedform of

this systemis given in Figure 12.1, where denotesperturbationsof the

Y(s)∆
∆H(s)+ H(s)

-

+ Y(s)+F(s)

Figure 12.1: A unity feedback system and its perturbation

systemopen-looptransfer function. The perturbationsin the systemopen-loop

transferfunction areprimarily due to aging of the systemcomponentsanddue to

systeminternaldisturbances(this also includesthe casewhensomeof the system

parametersarenot perfectlyknown—parameteruncertainties).For the closed-loop

unity feedbacksystemwithout perturbations,the systemoutput is given by
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In the caseof perturbations,we obtain from Figure 12.1

which implies

Sincein general , we canapproximatethe lastexpressionas
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In summary,we havederivedthe following relationship

which indicatesthat the relativechangein the systemoutput is proportionalto the

relative changein the systemtransferfunction. The proportionality factor

is called the systemoutput sensitivity function. Due to the fact that

we can conclude that the impact of systemparameter

variationson the systemoutput is relatively reducedby the factor of .

For systemswith non unity feedback, , we can follow the same

derivations,andobtainthefollowing form for thesystemoutputsensitivityfunction
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(c) Feedback Disturbance Rejection

Let the feedbacksystembe under the influenceof an externaldisturbanceas

demonstratedin the block diagrampresentedin Figure 12.2.

+

+-

+ Y(s)

D(s)

F(s)
H(s)

Figure 12.2: A feedback system with an external disturbance

Using the basictransferfunction rules, we obtain

which implies
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It follows from thelastformulathatthesensitivityfunctioncausesthedisturbance

to be attenuateddueto the fact that . In general, is a function of

frequency,hencewe needthat is very small at least in the frequency range of

the system disturbance. We canconcludethat thefeedbackconfigurationhasa nice

propertyof rejectingthe systemdisturbanceby reducingits impact on the system

output. Similarly, like in the previouscases,we canperformthe samederivations

for the caseof a non unity feedbackcontrol system,that is with , which

implies
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