
Chapter Eight

Time Domain Controller Design

8.1 Introduction

In this chapterwe study the problemof controller designsuchthat the desired
systemspecificationsare achieved. Controller designis performedin the time
domain using the root locus technique. Controller design techniquesin the
frequencydomain, basedon Bode diagrams,will be presentedin Chapter9.
In this bookwe emphasizecontrollerdesignin thetime domainfor thefollowing
reasons:(a) with the help of MATLAB very accurateresultscan be obtained
for both desiredtransientresponseparametersandsteadystateerrors;(b) while
designinga controllerin time systemstability will canbeeasilymonitoredsince
the root locustechniqueis producinginformationaboutthe locationof all of the
systempolesso that one is able to designcontrol systemsthat havea specified
relative degree(extent) of stability; (c) controller designusing the root locus
methodis simplerthan the correspondingonebasedon Bodediagrams; (d) root
locus controller designtechniquesare equally applicableto both minimum and
nonminimum phasesystems,whereasthe correspondingtechniquesbasedon
Bode diagramsare very difficult to use (if applicable at all) for nonminimum
phasesystems(Kuo, 1995).

Beforeweactuallyintroducetheroot locustechniquesfor dynamiccontroller
design (Section 8.5), in Section 8.2 we considera class of static controllers
obtainedthroughthepole placementtechniquebasedon full statefeedback.The
main purposeof this controller is to stabilizethe closed-loopsystem,and it can
sometimesbe usedto improve the systemtransientresponse.
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332 TIME DOMAIN CONTROLLER DESIGN

In somecasesit is possibleto achievethe desiredsystemperformanceby
changingonly the static gain

�
. In general,as

�
increases,the steadystate

errors decrease,but the maximumpercentovershootincreases. However,very
often a static controller is not sufficient and one is facedwith the problemof
designingdynamic controllers.

In Section8.3 we presentcommoncontrollersusedin linear systemcontrol
design. Two main classesof thesecontrollersare discussed:PI and phase-lag
controllersthat improve steadystateerrors,and PD and phase-leadcontrollers
that improve the systemtransientresponse.Combinationsof thesecontrollers,
which simultaneouslyimprove both the systemtransientresponseand steady
stateerrors, are also considered.

A simpleclassof dynamicfeedbackcontrollerscanbe obtainedby feeding
back the derivative of the output variables. Thesecontrollers, known as the
rate feedbackcontrollers,are presentedin Section8.4. It is shown that a rate
feedbackcontroller increasesthe dampingratio of a second-ordersystemwhile
keepingthe natural frequencyunchangedso that both the responsemaximum
percentovershootand the settling time are reduced.

Actual controllerdesignin thetime domainis studiedin Section8.5. Design
algorithms(procedures)areoutlinedfor severaltypesof controllersintroducedin
Section8.3. Theimpactof particularcontrollerson transientresponseparameters
and steadystateerrors is examined.

Severalcontroller designcasestudiesinvolving real physical systemsare
presentedin Section8.6. A the endof this chapter,in Section8.7, a MATLAB
laboratoryexperimentis formulated,in whichstudentsareexposedto theproblem
of controller designfor real physicalcontrol systems.

Chapter Objectives

This chapterpresentssystematicproceduresfor time domaincontroller de-
sign techniquesbasedon the root locus method. Studentswill learn how to
designdifferent types of controllerssuch that the closed-loopcontrol systems
havethedesiredsteadystateerrorsandtransientresponseparameters(maximum
percentovershoot,settling time). In addition, the eigenvalue(pole) placement
technique,which for controllablesystemsallows locationof systemeigenvalues
in any desiredposition in the complexplane,is fully explainedfor the caseof
single-inputsingle-outputsystems.
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8.2 State Feedback and Pole Placement
Considera linear dynamicsystemin the statespaceform��������	��

�� ����� (8.1)

In somecasesone is able to achievethe goal (e.g. stabilizing the systemor
improvingits transientresponse)by usingthefull statefeedback,whichrepresents
a linear combinationof the statevariables,that is��������� (8.2)

so that the closed-loopsystem,given by�����������
������� ����� (8.3)

has the desiredspecifications.

The main role of statefeedbackcontrol is to stabilize a given systemso
that all closed-loopeigenvaluesareplacedin the left half of the complexplane.
Thefollowing theoremgivesa conditionunderwhich is possibleto placesystem
poles in the desiredlocations.

Theorem 8.1 Assumingthat the pair � ��!"

� is controllable, there existsa
feedbackmatrix � suchthat the closed-loopsystemeigenvaluescan be placed
in arbitrary locations.

This important theoremwill be proved (justified) for single-inputsingle-
output systems. For the generaltreatmentof the pole placementproblem for
multi-input multi-output systems,which is much more complicated,the reader
is referredto Chen (1984).

If thepair �#��!%$&� is controllable,theoriginal systemcanbetransformedinto
the phasevariablecanonicalform, i.e. it existsa nonsingulartransformation����')( (8.4)

such that
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where E5F ’s arecoefficientsof the characteristicpolynomialof G , that isHJILKLMONQPSR GUTWVYX1Z\[�E Z8]>^ X_Z;]>^S[`E Z=]ba X_Z;]>aS[Yc1c2cL[�E ^ Xd[�E;e (8.6)

For single-inputsingle-outputsystemsthe statefeedbackis given byf M�g ThV R�i ^1j2^ R�i aLj1a R c2c1c R�i ZJjLZ V RSk l#g
(8.7)

After closingthe feedbackloop with f M�g T , asgiven by (8.7), we get from (8.5)

mg V
noooop

q r q s2s1s qq q r s2s1s q
...

...
...

.. .
...q q q s2s1s rR\M E e [ i ^ T R\M E ^ [ i a T R\M E a [ i2t T s2s1s R\M E Z;]>^ [ i Z T

uAvvvvw g
(8.8)

If the desiredclosed-loopeigenvaluesare specifiedby
N>x^zy N>xa2y1{|{}{}y N>xZ , then the

desiredcharacteristicpolynomial will be given by~ x MON T�V�� N*R`N x^O� � N�R�N xa"� c2c1c=� N�R�N xZ=�V�X Z [�E xZ;]>^ X Z=]�^ [�E xZ;]>a X Z=]>a [�c2c1c2[�E x^ XS[`E xe (8.9)

Sincethe last row in (8.8) containscoefficientsof the characteristicpolynomial
of the original systemafter the feedbackis applied, it follows from (8.8) and
(8.9) that the requiredfeedbackgainsmust satisfyE=eS[ i ^ V�E xe�� i ^ VYE xe R E;eE ^ [ i a V�E x^ � i a VYE x^ R E ^s2s1sE Z;]>^ [ i Z V�E xZ=]>^ � i Z V�E xZ;]>^ R E Z=]�^

(8.10)

The pole placementprocedureusing the statefeedbackfor a systemwhich is
alreadyin phasevariablecanonicalform is demonstratedin the next example.

Example 8.1: Considerthefollowing systemgiven in phasevariablecanon-
ical form mg V np q r qq q rR6� R�� R r2q uw g [ np qq r uw f



TIME DOMAIN CONTROLLER DESIGN 335

It is requiredto find coefficients ���z�"�1�z�"�1� suchthat the closed-loopsystemhas
the eigenvalueslocatedat �J��O� �d����������� ���>�������� . The desiredcharacteristic
polynomial is obtainedfrom (8.9) as� �1  �b¡ �   �£¢ � ¡   �£¢ � ¢ ��� ¡   �£¢ ���U��� ¡ � � � ¢¥¤;� � ¢ �1¦ ��¢ �1§
so that from (8.10) we have�z� ��¨ �© ��¨ © ���2§���¦���ª� � ��¨ �� ��¨ � ���2¦������ ¤� � ��¨ �����¨ � � ¤ ���1§��«��¬ ­

In general,in order to be able to apply this techniqueto all controllable
single-inputsingle-outputsystemswe needto find a nonsingulartransformation
which transfersthe original systeminto phasevariable canonicalform. This
transformationcanbeobtainedby usingthe linearly independentcolumnsof the
systemcontrollability matrix® �°¯�± ... ² ± ... ² � ± ... ³1³2³ ... ²�´;µ � ±·¶
It canbe shown(Chen,1984) that the requiredtransformationis given by¸ �«¹ º � º � ³1³2³ º ´h» (8.11)

where º ´ ��±º ´=µ � � ² º ´ ¢ ¨ ´=µ � º ´ � ² ± ¢ ¨ ´;µ � ±º ´=µ � � ² º ´;µ �h¢ ¨ ´=µ � º ´ � ² � ± ¢ ¨ ´;µ �2² ± ¢ ¨ ´;µ � ±¼1¼2¼º � � ² º �W¢ ¨ � º ´ � ² ´=µ � ± ¢ ¨ ´;µ �1² ´;µ � ± ¢�³2³1³2¢ ¨ � ±
(8.12)

where ¨;½ ’s are coefficients of the characteristicpolynomial of matrix ² . After
the feedbackgain hasbeenfound for phasevariablecanonicalform, ¾#¿ , in the
original coordinatesit is obtainedas (similarity transformation)¾ � ¾ ¿ ¸ µ �

(8.13)
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Example 8.2: Considerthe following linear systemgiven byÀÂÁÄÃÅÇÆ�È É ÊÈ Æ6Ë ÌÆ�È È Æ�Í
ÎÏ�Ð Ñ ÁÒÃÅ£ÈÉÆ�È

ÎÏ�Ð Ó Á�Ô È Ê È�Õ
The characteristicpolynomial of this systemisÖ5×2ØÇÙOÚ�Û Æ À	Ü�Á�ÝLÞSß È1Ë Ý1à�ß Ë;Ë Ýdß È1Ë
Its phasevariablecanonicalform canbeobtainedeitherfrom its transferfunction
(seeSection3.1.2)or by usingthenonsingular(similarity) transformation(8.11).
The systemtransferfunction is given byÓ Ù Ý Û Æ À·Ü%ábâ Ñ Á Ì8ã ÝSß È2ËÝ Þ ß È1Ë Ý à ß Ë;Ë ÝSß È2Ë
Using results from Section3.1.2 we are able to write new matricesin phase
variablecanonicalform representationasÀ�ä�Á ÃÅ Ê È ÊÊ Ê ÈÆCÈ2Ë Æ6Ë=Ë Æ�È1Ë

ÎÏ Ð Ñ ä�Á ÃÅ ÊÊ È
ÎÏ Ð Ó ä�Á�Ô È2Ë Ì5ã ÊWÕ

The samematricescould have beenobtainedby using the similarity transfor-
mation with À	ä�Á�å á>â À·å Ð Ñ äSÁ�å á>â Ñ�Ð Ó äSÁ Ó å

(8.14)

with
å

obtainedfrom (8.11) and (8.12) aså�Á ÃÅ8æ È È1ã ÈÈ2Í È2ç ÉÆ æ Æ6Ë ÆCÈ
ÎÏ

Assumethatwe intendto find the feedbackgainfor theoriginal systemsuch
that its closed-loopeigenvaluesare locatedat Æ�È Ð Æ6É Ð Æ6Ë , thenè*é2Ù%Ú ÜWÁ ÙOÚ ß È Ü Ù%Ú ß É Ü Ù#Ú ß Ë ÜWÁ Ú Þ ß ã Ú à ß È=È Ú ß ã
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From equation(8.10) we get expressionsfor the feedbackgainsfor the system
in phasevariable canonicalform asêzëdì�í8îï�ð í ï ì�ñ ð`ò1ó ì ð6ôêzõdì�í8îë ð í8ëdì ò;òSð�ó;ó ì ð�ö;öê2÷6ì�í8îõ ð í õ ì�ñ ð`ò1ó ì ð�ô
In the original coordinatesthe feedbackgain is obtainedfrom (8.13)ø ì ø ùOú	û ë ì£üAý5þAÿ ò���� ð�ò þ ý�� � ý ��þ ô ý;ñ ���
Using this gain in order to closethe statefeedbackaroundthe systemwe get�	 ì 
� ð�ò þAÿ ò���� ó þAý
� � ý ð ��þ ô ý=ñ �ð ýJþ ñ ö�� ÿ ð ýJþ ÿ �=ö ý ð\ô þ �>ò2ó��ð ýJþ ò ÿ�� ò ð ýJþ ý�� � ý ð6ó þ ö��=óJò �� 	
It is easyto checkby MATLAB that the eigenvaluesof this systemsare located
at ð�ò��2ð6ö��1ðhó . �

Comment: Exactly the sameprocedureasthe onegiven in this sectioncan
be usedfor placing the observerpoles in the desiredlocations. The observers
havebeenconsideredin Section5.6. Choosingtheobservergain � suchthat the
closed-loopobservermatrix � ð ��� hasthe desiredpolescorrespondsto the
problemof choosingthefeedbackgain � suchthat theclosed-loopsystemmatrix��� ð ������� hasthesamepoles.Thus,for theobserverpoleplacementproblem,
matrix � shouldbe replacedby � � , � replacedby �!� and � replacedby �"� .
In addition,it is known from Chapter5 that the observabilityof the pair #$� � �&%
is equalto the controllability of thepair '(� � � � �*) , andhencethecontrollability
condition statedin Theorem8.1—the pair #+� � �,% is controllable, which for
observerpole placementrequiresthat the pair '(� � � � � ) be controllable—is
satisfiedby assumingthat the pair #-� � �&% is observable.

8.3 Common Dynamic Controllers
Severalcommondynamic controllersappearvery often in practice. They are
known asPD, PI, PID, phase-lag,phase-lead,andphase-lag-leadcontrollers. In
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this sectionwe introducetheir structuresand indicatetheir main properties. In
the follow-up sectionsproceduresfor designingthesecontrollersby using the
root locus techniquesuchthat the given systemshavethe desiredspecifications
arepresented.In the mostcasesthesecontrollersareplacedin the forward path
at the front of the plant (system)as presentedin Figure 8.1.

G(s)
.U(s)

+ -

Y(s)
G
.

c(s)

Figure 8.1: A common controller-plant configuration

8.3.1 PD Controller
PD standsfor a proportionalandderivativecontroller. The outputsignalof this
controller is equalto the sumof two signals: the signalobtainedby multiplying
the input signalby a constantgain /&0 andthe signalobtainedby differentiating
andmultiplying the input signalby /�1 , i.e. its transferfunction is given by2!354-6�798 / 0;: / 1 6 (8.15)

This controller is usedto improvethe systemtransientresponse.

8.3.2 PI Controller
Similarly to thePD controller,thePI controllerproducesasits outputa weighted
sum of the input signal and its integral. Its transferfunction is2<354-6�7=8 / 0>: /@?�A6 8 / 0 6 : / ?6 (8.16)



TIME DOMAIN CONTROLLER DESIGN 339

In practical applicationsthe PI controller zero is placedvery close to its pole
locatedat the origin so that the angularcontributionof this “dipole” to the root
locusis almostzero. A PI controller is usedto improvethesystemresponsesteady
stateerrors sinceit increasesthecontrolsystemtypeby one(seeDefinition 6.1).

8.3.3 PID Controller
The PID controller is a combinationof PD andPI controllers;henceits transfer
function is given byBDCFE-G�HJILK<M;NOKQP�GRNSK@T�UG I K T NSK M GRNSK�P�G�VG (8.17)

ThePID controller canbeusedto improveboththesystemtransientresponseand
steadystateerrors. This controller is very popularfor industrialapplications.

8.3.4 Phase-Lag Controller
The phase-lagcontroller belongsto the sameclassas the PI controller. The
phase-lagcontroller can be regardedas a generalizationof the PI controller. It
introducesa negativephaseinto the feedbackloop, which justifies its name. It
hasa zeroandpole with the pole beingcloserto the imaginaryaxis, that isB C E$G�H9IXWZY\[] [_^ GRN ] [GRN Y [\` ] [Da Y [badcegfih B C E+GgH9I e�fih E-G�N ] [ Hkj egfih E+GlN Y [ HJInmpoiqJjrm M qls c (8.18)

where Y [ut ] [ is known as the lag ratio. The correspondingangles
m o q

and
mvMuq

aregiven in Figure8.2a. Thephase-lagcontroller is usedto improvesteadystate
errors.

8.3.5 Phase-Lead Controller
The phase-leadcontroller is designedsuch that its phasecontribution to the
feedbackloop is positive. It is representedbyB<C5E-G�H=I GlN ] VGlN Y V ` Y V a ] V adcB<C5E-G�H9I egf5h E-GlN ] V Hkj egfih E-GRN Y V HJIwm oix jymFM x adc (8.19)
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where z�{i| and zF}�| aregiven in Figure8.2b. This controller introducesa positive
phaseshift in the loop (phaselead). It is usedto improve the systemresponse
transientbehavior.

(a)
~

(b)
~-z1

s� 1
-p1

Re{ s} Re{ s}

Im{ s} Im{ s}

-p2 -z2

s� 2
θz1 θz2θp1

θp2

Figure 8.2: Poles and zeros of phase-lag (a) and phase-lead (b) controllers

8.3.6 Phase-Lag-Lead Controller
The phase-lag-leadcontroller is obtainedas a combinationof phase-leadand
phase-lagcontrollers. Its transferfunction is given by�!�F�$�
�J� �-�����u�p�5�-�l�O�u�p��+�;��� � �i�-�l��� � ��� �\�b���u�D�d�p�D�r�\�b�d� � �p���u���S�\�+���

(8.20)

It hasfeaturesof bothphase-lagandphase-leadcontrollers,i.e. it canbeusedto
improvesimultaneouslyboththesystemtransientresponseandsteadystateerrors.
However, it is harderto designphase-lag-leadcontrollersthan either phase-lag
or phase-leadcontrollers.

Note that all controllerspresentedin this sectioncan be realizedby using
activenetworkscomposedof operationalamplifiers(see,for example,Dorf, 1992;
Nise, 1992; Kuo, 1995).

8.4 Rate Feedback Control
The controllers consideredin the previous sectionhave simple forms and in
most casesthey are placedin the forward loop in the front of the systemto
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be controlled. Another simple controller that is always usedin the feedback
loop is known as the rate feedbackcontroller. The rate feedbackcontroller is
obtainedby feedingback the derivativeof the outputof a second-ordersystem
(or a systemwhich canbeapproximatedby a second-ordersystem,i.e. a system
with dominantcomplexconjugatepoles)accordingto the block diagramgiven
in Figure 8.3.

Theratefeedbackcontrolhelpsto increasethesystemdamping.This follows
from the fact that theclosed-looptransferfunction for this configurationis given
by���-�g�� �+�g�!� �>��� ���O�* (¡D�£¢�
¤¦¥ � �¨§ � � � � � �� � �>��� ���S��¡�© � � � � � ��9ª ¤@¥J«n¬ (8.21)

Comparedwith the closed-looptransfer function of the second-ordersystem
without control (6.4), we seethat the dampingfactor is now increasedto¡�© � ¡­�¯®� ¤@¥ � � (8.22)

Sincethe naturalfrequencyis unchanged,this controllerdecreasesthe response
settling time (see(6.20)). The systemresponsemaximumpercentovershootis
also decreased(seeProblem8.3).

G(s)
U(s)

++ -
-

Y(s)

Kts

Figure 8.3: Block diagram for a rate feedback controller

Example 8.3: Designa ratefeedbackcontrollersuchthat thedampingratio
of the second-ordersystemconsideredin Example6.1 is increasedto °�±�²w³�´¶µ�·
anddeterminethesystemresponsesettlingtime andmaximumpercentovershoot.
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From Example6.1 we know¸J¹¦º¼»J½i¾�¿ÁÀuÂ�ÃyÄ&ºnÅ_ÆÈÇ�Ã�ÉiÊlËnÌ�Â�ÃrÍÏÎDÐ&Ñyº£ÒuÓ_ÆÈÌ�Ô
The gain for the ratecontroller is obtainedfrom (8.22) asÕ&Ö º Ò¸ ¹ »Ø×-Ä�ÙÛÚSÄØÜ�º Ò» »¨×$Å�ÆÞÝ�Ç�ÚSÅ�Æ¶Ç
Ü9ºnÅ�Æ¶»�Ç
The new valuesfor the responsesettling time andmaximumpercentovershoot
are given byÉ Ê Ù Ë ÌÄ Ù ¸ ¹ º ÌÅ�ÆßÝ�Ç&à�» ºn»�Â�ÃáÍâÎDÐ,ÑSºnã
äæåèç+éê ëíì å(îç ÒuÅ
ÅØ×+Ô@Ü=ºn»�Æðï�Ì�Ô
It canbe seenthat both the systemresponsesettlingtime andmaximumpercent
overshootare reduced. ñ
8.5 Compensator Design by the Root Locus Method
Sometimesone is able to improve control systemspecifications by changing
the static gain

Õ
only. It can be observedthat as

Õ
increases,the steady

stateerrors decrease(assumingsystem’sasymptoticstability), but the maximum
percent overshootincreases. However,using large valuesfor

Õ
may damage

systemstability. Even more, in mostcasesthe desiredoperatingpoints for the
systemdominantpoles,which satisfythe transientresponserequirements,do not
lie on the original root locus. Thus,in order to solve the transientresponseand
steadystateerrorsimprovementproblem,onehasto designdynamiccontrollers,
consideredin Section8.3, and put them in serieswith the plant (system)to be
controlled (seeFigure 8.1).

In the following we presentdynamiccontroller designtechniquesin three
categories: improvementof steadystateerrors (PI and phase-lagcontrollers),
improvementof systemtransientresponse(PD and phase-leadcontrollers),and
improvementof both steadystateerrorsand transientresponse(PID andphase-
lag-lead controllers). Note that transientresponsespecificationsare obtained
under the assumptionthat a given system has a pair of dominant complex
conjugateclosed-looppoles; hencethis assumptionhas to be checkedafter a
controller is addedto the system. This can be easily doneusing the root locus
technique.
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8.5.1 Improvement of Steady State Errors
It hasbeenseenin Chapter6 that the steadystateerrorscan be improvedby
increasingthe type of feedbackcontrol system,in otherwords,by addinga pole
at the origin to the open-loopsystemtransfer function. The simplestway to
achievethis goal is to add in serieswith the systema PI controller as defined
in (8.16), i.e. to get ò!óvôöõ
÷$ò,ô-õ�÷=øúù&û õ�ü ù@ýõ ò,ô-õ�÷
Sincethis controlleralsointroducesa zeroat þ ù@ý$ÿgù,û , thezero shouldbeplaced
as closeas possibleto the pole. In that casethe pole at �

ø
�

and the zero at��� � actasa dipole,andso their mutualcontributionto theroot locusis almost
negligible. Since the root locus is practically unchanged,the systemtransient
responseremainsthe sameand the effect due to the PI controller is to increase
the type of the control systemby one, which producesimproved steadystate
errors. The effect of a dipole on the systemresponseis studied in the next
example.

Example 8.4: Considerthe open-looptransferfunctionsò
�
ô+õg÷9ø ô-õlü

�
÷ô-õlü

�
÷iô$õRü

�
÷

and
ò
	
ô+õg÷Jø ô-õlü

�
÷iô$õRü



÷ô$õ;ü

�
÷iô-õlü

�
÷iô$õRü


�� �
÷

Note that the secondtransferfunction hasa dipole with a stablepole at þ 
�� � .
The correspondingstepresponsesare given in Figure 8.4. It can be seenfrom
this figure that the systemwith a stabledipole and the systemwithout a stable
dipole havealmostidentical responses.Theseresponseshavebeenobtainedby
the following sequenceof MATLAB instructions.

num1=[1 2];
den1=[1 4 3];
num2=[1 7 10];
d1=[1 1];
d2=[1 3];
d3=[1 5.1];
d12=conv(d1,d2);
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den2=conv(d12,d3);
[cnum1,cden1]=feedback(num1,den1,1,1,-1);
[cnum2,cden2]=feedback(num2,den2,1,1,-1);
t=0:0.1:2;
step(cnum1,cden1,t)
step(cnum2,cden2,t)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a)
(b)

Figure 8.4: Step responses of a system without
a stable dipole (a) and with a stable dipole (b)

It is important to point out that in the caseof an unstabledipole the effect
of a dipole is completelydifferent. Consider,for example,theopen-looptransfer
function given by


���������� ������������� �"!�����#�%$&��������'������ �"!�()$&�
Its stepresponseis presentedin Figure8.5bandcomparedwith thecorresponding
stepresponseafteradipoleis eliminated(Figure8.5a). In fact, thesystemwithout
a dipole is stableandthe systemwith a dipole is unstable;hencetheir responses
aredrasticallydifferent. Thus,we canconcludethat it is not correctto cancelan
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unstabledipole sinceit hasa big impact on the systemresponse.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a)

(b)

Figure 8.5: Step responses of a system without an
unstable dipole (a) and with an unstable dipole (b)

*
Both the PI andphase-lagcontrollerusethis “stabledipoleeffect”. They do

not changethe systemtransientresponse,but they do havean importantimpact
on the steadystateerrors.

PI Controller Design
As we havealreadyindicated,the PI controllerrepresentsa stabledipole with a
polelocatedat theorigin anda stablezeroplacednearthepole. Its impacton the
transientresponseis negligiblesinceit introducesneithersignificantphaseshift
nor gain change(seeroot locusrules9 and10 in Table7.1). Thus,the transient
responseparameterswith the PI controllerarealmostthe sameas thosefor the
original system,but the steadystateerrorsare drastically improveddue to the
fact that the feedbackcontrol systemtype is increasedby one.
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The PI controller is represented,in general,by

+-,/.�021�354�6 0�798�:8<;0 = 4?>A@B4�6
(8.23)

where
4�6

representsits static gain and
4?>�C�4�6

is a stablezeronearthe origin.
Very often it is implementedas

+ , .�0D1E3 0F7HG ,0 (8.24)

This implementationis sufficient to justify its mainpurpose.Thedesignalgorithm
for this controller is extremelysimple.

Design Algorithm 8.1:

1. Set the PI controller’spole at the origin and locateits zeroarbitrarily close
to the pole, say

G&,I3KJ�LNM
or
GO,�3PJQLRJ�M

.
2. If necessary,adjustfor the static loop gain to compensatefor the casewhen4�6

is different from one. Hint: Use
4�6S3TM

, and avoid gain adjustment
problem.

Comment: Note that while drawing the root locus of a systemwith a PI
controller(compensator),thestableopen-loopzeroof thecompensatorwill attract
thecompensator’spole locatedat theorigin asthestaticgain increasesfrom

J
to7VU

so that thereis no dangerthat the closed-loopsystemmay becomeunstable
due to addition of a PI compensator(controller).

The following exampledemonstratesthe useof a PI controller in order to
reducethe steadystateerrors.

Example 8.5: Considerthe following open-looptransferfunction

+I.�0�1<3 4".�0�7HWX1.�0�75M&J�1�.�0ZY[7H\20�7H\X1
Let the choice of the static gain

4 3]M&J
producea pair of dominantpoles

on the root locus, which guaranteesthe desiredtransientspecifications. The
correspondingpositionconstantandthe steadystateunit steperror aregiven by

4�6�3 MOJI^_WMOJI^_\ 3a`cb dOefe#3 MM�7"4�6 35J�Lg\Zh
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Using a PI controller in the form of (8.24)with the zeroat i#jQkml ( nOoqprj�k)l ), we
obtain the improvedvaluesas sItIpcu and v&w�wxpyj . The stepresponsesof the
original systemand the compensatedsystem,now given by

z o/{�|�} z {�|�} p lOj {�|x~ j�kml }�{�|#~"��}|�{�|�~ lOj }�{�|��q~���|�~���}
are presentedin Figure 8.6.
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Figure 8.6: Step responses of the original (a)
and compensated (b) systems for Example 8.5

The closed-looppolesof the original systemare given by

��� �y� ���������&��� ����� ���c�-�2�R�Z�2���#�_�����g�������
For the compensatedsystemthey are

�����q�y� ���R�2���2��� �����f� ���[�y�V���)�O�Z��� �_�����R�Q�O�2�
Having obtained the closed-loopsystem poles, it is easy to check that the
dominantsystempolesare preservedfor the compensatedsystemand that the
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dampingratioandnaturalfrequencyareonly slightly changed.Usinginformation
aboutthe dominantsystempolesandrelationshipsobtainedfrom Figure6.2, we
get

���A ¢¡y£�¤g¥�¦�§�¥�¨_�ª©  ¡¬«�£�¤R¥2¦�§2¥D­ ©<® «�¥�¤R¯�¥�°&±Q­ ©³² �ª©  ¡5¥Q¤R§�°Q£O§Q¨A��¡5°�¤´±�¥�µ�°
and ��¶·�¸ �¶�¡y£�¤)£O§�¹�¯Q¨S� © �¶ ¡r«º£�¤)£O§�¹2¯2­ © ® «�¥�¤g¯�£&°�§D­ ©² � © Z¶ ¡%¥�¤R¹2§�°Q£�¨T��¶q¡5°�¤´±�£�±Qµ

In Figure8.7 we draw the stepresponseof the compensatedsystemover a
long periodof time in order to showthat the steadystateerror of this systemis
theoreticallyand practically equal to zero.

Figures8.6 and8.7 areobtainedby using the sameMATLAB functionsas
thoseusedin Example8.4.

The root loci of the original and compensatedsystemsare presentedin
Figures8.8 and 8.9. It can be seenfrom thesefigures that the root loci are
almostidentical,with the exceptionof a tiny dipole branchnearthe origin.
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Figure 8.7: Step response of the compensated system for Example 8.5
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Figure 8.8: Root locus of the original system for Example 8.5
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Figure 8.9: Root locus of the compensated system for Example 8.5
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Phase-Lag Controller Design
Thephase-lagcontroller,in thecontextof root locusdesignmethodology,is also
implementedasa dipole that hasno significantinfluenceon the root locus,and
thuson thetransientresponse,but increasesthesteadystateconstantsandreduces
the correspondingsteadystateerrors. Since it is implementedas a dipole, its
zero and pole haveto be placedvery closeto eachother.

Thelagcontroller’simpacton thesteadystateerrorscanbeobtainedfrom the
expressionsfor the correspondingsteadystateconstants.Namely, from (6.31),
(6.33), and (6.35) we know that

¼�½-¾¬¿ÁÀÃÂÄfÅ ÆÈÇZÉËÊ�Ì�Í�ÎIÊ�Ì�Í�Ï�Ð ¼?Ñ�¾r¿)ÀÒÂÄfÅ ÆÓÇZÌ&ÉÔÊ�Ì�Í�ÎIÊ�Ì�Í/Ï�Ð ¼¢ÕÖ¾r¿mÀÃÂÄ�Å Æq×ZÌ�Ø�ÉÙÊ�Ì�Í�ÎIÊ�Ì�ÍÛÚ
and from (6.30), (6.32), and (6.34) we have

Ü Ä�Ä/ÝßÞNàÃá ¾ ââ�ã ¼�½ Ð Ü ÄfÄ�äÒåçæ�á ¾ â¼?Ñ Ð Ü Ä�Äfáèå�äÒå�émêèëgì í ¾ î¼ïÕ
For control systemsof type zero, one, and two, respectively,the constants¼�½ Ð ¼?Ñ , and

¼ïÕ
are all given by the sameexpression,that is

¼ñðò¾5¼cóOô�ó Ø¸õ&õOõö ô ö Ø õOõ&õ Ð ÷ ¾ ö Ð�øùÐ�ú (8.25)

Consider,first, a phase-lagcompensatorof the form

ÎVûºÊ�ÌDÍ ¾ Ì ã ó ûÌ ã ö û Ð ó û�ü ö û�üþý (8.26)

If we put this controller in serieswith the system,thecorrespondingsteadystate
constantsof the compensatedsystemwill be given by

¼ïð û ¾r¼róOô�ó Ø�õOõ&õö ô ö Ø õOõOõ
ó ûö û
¾5¼ïð�ó ûö û Ð ÷Òÿ�Ðº÷ ¾ ö Ð�øùÐ�ú (8.27)

In order to increasetheseconstantsandreducethe steadystateerrors,the ratio
of ó û�� ö û shouldbe aslarge aspossible.Sinceat the sametime ó û mustbeclose
to ö û (they form a dipole), a large value for the ratio ó û � ö û can be achievedif
both of them are placedclose to zero. For example,the choice of ó û ¾ ý�� â
and ö û ¾ ý��gý â increasesthe constants

¼ïð Ð�÷ ¾ ö Ð�øùÐ�úùÐ ten timesandreducesthe
correspondingsteadystateerrors ten times.
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Now considera phase-lagcontrollerdefinedby (8.18), that is���	��

������� �� ��� 
�� � �
�� � ��� � ��� � �����
This controllerwill changethe valueof the static gain � by a factor of � �� � � ,
which will producea movementof the desiredoperatingpoint along the root
locus in the direction of smaller static gains. Thus, the plant static gain has
to be adjustedto a higher value in order to preservethe sameoperatingpoint.
The consequenceof using a phase-lagcontrollerasdefinedin (8.18) is that the
same(desired) operatingpoint is obtainedwith higher static gain. We already
know that by increasingthe static gain, the steadystateerrorsare reduced. In
this case,the static gain adjustmenthas to be done by choosinga new static
gain !� � � � �" � � . Note that the effectsof bothphase-lagcontrollers(8.18)and
(8.26) are exactly the same,sincethe gain adjustmentin the caseof controller
(8.18) in fact cancelsits lag ratio � �  � � .

The following simplealgorithmis usedfor phase-lagcontrollerdesign.

Design Algorithm 8.2:

1. Choosea point that hasthe desiredtransientspecificationson the root locus
branchwith dominantsystempoles. Readfrom the root locus the value
for the static gain � at the chosenpoint, and determinethe corresponding
steadystateerrors.

2. Set both the phase-lagcontroller’s pole and zero near the origin with the
ratio � �" � � obtainedfrom (8.27) such that the desiredsteadystate error
requirementis satisfied.

3. In the caseof controller (8.18), adjust for the static loop gain, i.e. take a
new static gain as !� � � � �  � � .
Thenextexampledemonstratesthecontrollerdesignprocedurewith a phase-

lag compensatoraccordingto the stepsoutlinedin DesignAlgorithm 8.2.

Example 8.6: The steadystateerrorsof the systemconsideredin Example
8.5 can be improvedby using a phase-lagcontrollerof the form���#�$
%�&� 
'�(��)+*
,�-��).��*
Since � �  � � �/*0�

, the positionconstantis increasedten times, that is�21 � � �21 � �� � �43657*8���43��
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so that the steadystateerror due to a unit stepinput is reducedto9
:;:�<>=@?BA�C DD�E-F6GIH C DJ D C4K�L.K JNMOM�P
It can be easily checkedthat the transientresponseis almost unchanged;in
fact, the dominantsystempoleswith this phase-lagcompensatorare Q D L M K MOP�RS M L P DOD�T , which is very closeto the dominantpolesof the original system(see
Example 8.5). U

Example 8.7: Considerthe following open-looptransferfunctionV6WYX%ZY[\WYX%Z C F WYX E4D0] ZX
W�X E M K Z�WYXN^ E`_ X E(a Z
Let the choiceof the static gain F C M K producea pair of dominantpoleson
the root locus that guaranteesthe desiredtransientspecifications. The system
closed-looppoles for F C M K are given bybdc�e ^ C Q K�L ] JOMNf,R S M L M K M _Og b�h C Q M L T�D8T%_dg b�i C Q M KjLkK D8] J
so that for this value of the static gain F the dominantpoles exist, i.e. the
absolutevalueof the real part of the dominantpoles(0.5327)is aboutsix times
smallerthanthe absolutevalueof the real part of the next pole (2.9194),which
is in practicesufficient to guaranteepoles’dominance.Sincewe havea typeone
feedbackcontrol system,the steadystateerror due to a unit step is zero. The
velocity constantand the steadystateunit ramperror areobtainedasFml C M K6n D0]M K6n a CoD8]a p 90:$:�qsrut A C DF l C4K�L ] J
Using the phase-lagcontroller with a zero at Q K�L D ( v H CwKjL D ) and a pole atQ K�L.K D (x H CwKjLkK D ), we getF l H C F l v Hx H C D0] Ka p 9 :$: H qyr�t AzC4K�L.K ] J
It canbeeasilyshownby usingMATLAB that therampresponsesof theoriginal
and the compensatedsystemsarevery closeto eachother. The sameholds for
the root loci. Note that evensmallersteadystateerrorscan be obtainedif we
increasethe ratio v H#{ x H , e.g. to v H#{ x H C D KOK . U
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8.5.2 Improvement of Transient Response
The transientresponsecan be improved by using either the PD or phase-lead
controllers. In the following, we considerthesetwo controllersindependently.
However,bothof themhavethe commonfeatureof introducinga positivephase
shift, andboth of themcan be implementedin a similar manner.

PD Controller Design
The PD controller is representedby|�}	~��
�����,�`�0}�� �0}����

(8.28)

which indicatesthat the compensatedsystemopen-looptransfer function will
haveoneadditionalzero. The effect of this zerois to introducea positivephase
shift. The phaseshift andpositionof the compensator’szerocanbe determined
by usingsimplegeometry.That is, for the chosendominantcomplexconjugate
polesthat producethe desiredtransientresponsewe apply the root locus angle
rule given in formula (7.10)andpresentedin Table7.1 asrule number10. This
rule basicallysaysthat for a chosenpoint,

�8�
, on the root locus the difference

of the sumof the anglesbetweenthe point
� �

andthe open-loopzeros,and the
sum of the anglesbetweenthe point

� �
and the open-looppolesmustbe �8� ��� .

Applying the root locus anglerule to the compensatedsystem,we get� | } ~$� � �Y|2~$� � ��� � ~Y� � �`� } ������ �>��� � ~�� � �(� � ��� �� �>��� � ~�� � ��� � ��� �8� � � (8.29)

which implies� ~�� � �`� } ��� �8� � � ���� �>��� � ~�� � �(� � ��� �� �s��� � ~Y� � ��� � ����� }
(8.30)

From the obtainedangle
� ~�� � �(�0}��

the location of the compensator’szero is
obtainedby playingsimplegeometryasdemonstratedin Figure8.10. Using this
figure it can be easily shownthat the value of

� }
is given by� } �   �¡I¢%£ � }�¤N¥ ¡I¢%£ � } ��¦ � � ¥�§#¨ (8.31)

An algorithmfor the PD controllerdesigncanbe formulatedas follows.
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Figure 8:10 Determination of a PD controller’s zero location

Design Algorithm 8.3:

1. Choosea pair of complexconjugatedominantpoles in the complexplane
that producesthe desired transient response(damping ratio and natural
frequency). Figure 6.2 helpsto accomplishthis goal.

2. Find the requiredphasecontribution of a PD regulatorby using formula
(8.30).

3. Find the absolutevalue of a PD controller’s zero by using formula (8.31);
seealso Figure 8.10.

4. Checkthatthecompensatedsystemhasapairof dominantcomplexconjugate
closed-looppoles.

Example 8.8: Let the design specifications be set such that the desired
maximumpercentovershootis lessthan20% and the 5%-settlingtime is «
¬k­¯® .
Then,the formula for the maximumpercentovershootgiven by (6.16) implies

° ±�²³ « ° ±�´¶µ-·y¸z¹Nº6»¯¼�½ ± µ ·y¸ ´ ¹Nº2»&¼² ´�¾ ·B¸ ´ ¹
º2»�¼ µ4¿ ¬ÁÀ�­NÂ
We take ± µÃ¿ ¬ÁÀÄÂ so that the expectedmaximumpercentovershootis lessthan
20%. In orderto havethe5%-settlingtime of «�¬.­�® , thenaturalfrequencyshould
satisfy Å	Æ'Ç È±
ÉËÊ ½ É�Ê Ç È± Å�Æ µ ÀÌ¬ È À%Í�ÎIÏ
ÐÒÑN®
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The desireddominantpolesare given byÓ
ÔÖÕØ×dÔ,ÕÚÙ,Û0Ü�ÝßÞ�àOÜËÝâá ã,Ù`ÛOä,ÕÚÙ,å�ækçOç,Þ�à�è�æÁé�ê
Considernow the open-loopcontrol systemë2ì Ó
í¯Õ î ì Ó,ï�ã8çOíì Ó'ï4ã
í ì Ó,ï(åOí ì Ó,ï�ã0å�í

The root locus of this systemis representedin Figure 8.11a.
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Figure 8.11: Root loci of the original (a) and compensated (b) systems

It is obviousfrom theabovefigure that thedesireddominantpolesdo not belong
to the original root locus since the breakawaypoint is almost in the middle
of the open-looppoles locatedat ðòñ and ðÖó . In order to move the original
root locus to the left suchthat it passesthrough ô8õ , we designa PD controller
by following DesignAlgorithm 8.3. Step1 hasbeenalreadycompletedin the
previousparagraph.Sincewehavedeterminedthedesiredoperatingpoint, ô0õ , we
nowuseformula(8.30)to determinethephasecontributionof aPDcontroller. By
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MATLAB functionangle (or just usinga calculator),we canfind thefollowing
angles ö�÷$ø
ù¯ú(û0ü0ý�þ4ÿ�� �������	��

��� ö�÷	ø8ù�ú��dü0ý�þ������
� �
����

�ö�÷	ø ù ú����0ý�þ���� ��� ÿ�� ��

��� ö¯÷�ø ù ú��� 
ý�þ�ÿ�� �"! � �#��

�
Note that MATLAB function angle producesresultsin radians.Using formula
(8.30), we getö¯÷	ø0ù�ú(û%$#ý�þ'&)(7ÿ�� ������� ú*������� ��� ú+�
� �,� ÿ��'ú-ÿ�� �
! � �þ�ÿ��-� � � �.��
�� þ � ��� ���/�"0 þ213$
Having obtainedthe angle

13$
, the formula (8.31) producesthe location of the

controller’szero,i.e.
û%$¯þ4� � �-�%��� �

, sothat therequiredPD controlleris givenby5 $�÷�ø
ý�þ4ø�ú6� � �-�7�8� �
The root locus of the compensatedsystemis presentedin Figures8.11b and
8.12b. It can be seenfrom Figure 8.12 that the point

ø ù þ9(:�<;>= � ��� !
lies on

the root locus of the compensatedsystem.

−3 −2.5 −2 −1.5 −1 −0.5 0
−5

−4

−3

−2

−1

0

1

2

3

4

5

Real Axis

Im
ag

 A
xi

s

(a)
(b)

Figure 8.12: Enlarged portion of the root loci in the neighborhood of the
desired operating point of the original (a) and compensated (b) systems
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At the desiredpoint, ?"@ , the static gain A , obtainedby applying the root
locusrule number9 from Table7.1, is given by ACB4D8E�F
G
H . This valuecanbe
obtainedeitherby usinga calculatoror the MATLAB function abs asfollows:

d1=abs(sd+p1);
d2=abs(sd+p2);
d3=abs(sd+p3);
d4=abs(sd+z1);
d5=abs(sd+zc);
K=(d1*d2*d3)/(d4*d5)

For this value of the static gain A , the steadystateerrorsfor the original and
compensatedsystemsare given by I%JKJLBMD8EON7P
P�G�QRI%JKJKSTBMD8E-U7D�N%P . Note that in
the casewhen V SXW U , this controller can also improve the steadystateerrors.
In addition, sincethe controller’s zero will attractone of the systempoles for
large valuesof A , it is not advisableto choosesmall valuesfor V%S sinceit may
damagethe transientresponsedominanceby thepair of complexconjugatepoles
closestto the imaginary axis.

The closed-loopstepresponsefor this value of the static gain is presented
in Figure8.13. It canbeobservedthatboth themaximumpercentovershootand
the settling time are within the specifiedlimits.
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Figure 8.13: Step response of the compensated system for Example 8.8
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The valuesfor the overshoot,peaktime, and settling time are obtainedby
the following MATLAB routine:

[yc,xc,t]=step(cnumc,cdenc);
% t is a time vector of length i=73;
% cnumc = closed-loop compensated numerator
% cdenc = closed-loop compensated denominator
plot(t,yc);
[ymax,imax]=max(yc);
% ymax is the function maximum;
% imax = time index where maximum occurs;
tp=t(imax)
essc=0.1074;
yss=1–essc;
os=ymax-yss
% procedure for finding the settling time;
delt5=0.05*yss;
i=73;
while abs((yc(i)-yss)) <delt5;
i=i-1;
end;
ts=t(i)

Using this program,we havefound that Y[Z]\_^
`-^7a"b#c and d�e<fhgi\ja"k�`�l
m,n .
Our startingassumptionshavebeenbasedona modelof thesecond-ordersystem.
Sincethesecond-ordersystemsareonly approximationsfor higher-ordersystems
that havedominantpoles,the obtainedresultsaresatisfactory.

Finally, we have to check that the system responseis dominatedby a
pair of complex conjugatepoles. Finding the closed-loopeigenvalueswe geto�p \9qT^
^�`�m
a�b�^sr o�t�u v \9q:a�`wk
k
kyx>z�{8`�m
l�k
k , which indicatesthat the presented
controllerdesignresultsarecorrectsincethe transientresponseis dominatedby
the eigenvalues

o t|u v
. }

Phase-Lead Controller Design
The phase-leadcontroller works on the sameprinciple as the PD controller. It
usestheargumentrule, formula(7.10),of theroot locusmethod,which indicates
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the phaseshift that needsto be introducedby the phase-leadcontrollersuchthat
thedesireddominantpoles(havingthespecifiedtransientresponsecharacteristics)
belong to the root locus.

The generalform of this controller is given by (8.19), that is~T���K����� �����%���������� �����*�7���*�
By choosingapoint

�"�
for adominantpolethathastherequiredtransientresponse

specifications,thedesignof a phase-leadcontrollercanbedonein similar fashion
to that of a PD controller. First, find the anglecontributedby a controllersuch
that the point

� �
belongsthe root locus,which can be obtainedfrom� ~R���[� � �	���7���
�#� � ~���� � �

(8.32)

that is

� ��� � ��� � ���%����� � �K� � �������#���7���
������ � ��� � ��� � ���
� ���¡ � � ��� � ��� � ���

� �
(8.33)

Second,find locationsof controller’spole andzero. This can be donein many
ways as demonstratedin Figure 8.14.
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-zc1 0-pc2
-pc1

Figure 8.14: Possible locations for poles and zeros of
phase-lead controllers that have the same angular contribution

All thesecontrollersintroducethesamephaseshift andhavethe sameimpacton
the transientresponse.However,theimpacton thesteadystateerrorsis different
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sinceit dependson the ratio of ¤%¥�¦�§�¥ . Sincethis ratio for a phase-leadcontroller
is lessthanone,we concludefrom formula (8.27) that the correspondingsteady
stateconstantis reducedand the steadystateerror is increased.

Notethatif thelocationof a phase-leadcontrollerzerois chosen,thensimple
geometry,similar to that usedto derive formula (8.31), can be usedto find the
locationof thecontroller’spole. For example,let ¨:¤%¥ª© betherequiredzero,then
using Figure 8.14 the pole ¨�§�¥«© is obtainedas

§�¥«©<¬'­%®�¯R°�®3¯�± ²�¨>­�³�´�µ"¶¸·º¹%¥�¨6»¼°¾½3¦7¿�À (8.34)

where »Á¬jÂ�·�Ã"Ä�°�¤ ¥«© À . Note that »ÆÅ9¹ ¥ .
An algorithm for the phase-leadcontroller design can be formulated as

follows.

Design Algorithm 8.4:

1. Chooseapair of complexconjugatepolesin thecomplexplanethatproduces
the desiredtransientresponse(dampingratio andnaturalfrequency).Figure
6.2 helps to accomplishthis goal.

2. Find the required phasecontribution of a phase-leadcontroller by using
formula (8.33).

3. Choosevaluesfor the controller’spole andzeroby placingthemarbitrarily
suchthat the controllerwill not damagethe responsedominanceof a pair of
complexconjugatepoles. Someauthors(e.g. Van de Verte,1994) suggest
placing the controller zero at ¨:­%®3¯ .

4. Find the controller’s pole by using formula (8.34).
5. Checkthatthecompensatedsystemhasapairof dominantcomplexconjugate

closed-looppoles.

Example 8.9: Consider the following control systemrepresentedby its
open-looptransfer function

Ç ·[Ã"À#¬ È ·�Ã�°�É,À·[Ã�°'²7Ê,À[·�Ã%³#°�¿�Ã�°�¿,À
It is desiredthat the closed-loopsystemhave a settling time of ²
ËÍÌ�Î and a
maximumpercentovershootof lessthan ¿
Ê�Ï . From Example8.8 we know that
the systemoperatingpoint shouldbe at Ã7ÄT¬M¨:¿:Ð�Ñ�Ò�ËÍÓ
É . A controller’sphase
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contribution,obtainedfrom formula (8.33) isÔ7Õ�Ö+×)Ø>Ù�ÚOÛ�Ü,Û�Ü�Ý�Ù�Ú Þ
Þ�ß�à:Ý*á
Úwß
Ù�ÛsâãÝ'á
ÚäÛ
Ûså,ÛÖiÜ�Úwà
Ù/Þ
Þçæ�è
éêÖ'Ù8Ú�â�â�á%å.æ�è�éLÖ�á7â8Ú�Ü�Û"Ü
ß�ë
Let us locatea zeroat

ØTá7à
( ì Õ Ö�á%à ), thenby (8.34)thecompensator’spole

is at
Ø�í�Õ<ÖîØïà�ß�Úwâ
Ù
â�à

. The root loci of the original and compensatedsystems
aregiven in Figure8.15,andthe correspondingstepresponsesin Figure8.16.
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Figure 8.15: Root loci for the original (a) and compensated (b) systems

It can be seenthat the root locus indeedpassesthroughthe point ð:ñ<ò>ó�ô�õ ö�÷ .
For this operatingpoint the static gain is obtainedas øúùüû%ý�û�õ�þ�÷ ; hencethe
steadystateconstantsof the original and compensatedsystemsare given byø�ÿ)ù9ô
ý8õ���÷�ö and ø�ÿ��<ù9ø�ÿ������
	��
���<ù���õ���û���÷ , and the steadystateerrorsare����� ù'ý�õwý
ô8û���� ����� �#ù+ý�õ-û�û���� . Figure8.16revealsthatfor thecompensatedsystem
both the maximumpercentovershootand settling time are reduced. However,
the steadystateunit steperror is increased,aspreviouslynotedanalytically.

Considernow anotherphase-leadcompensatorwith a zerosetat ð�� . From
(8.34) we get ���Tù û%þ�õ�ñ���û . The root locus of the compensatedsystemwith a
new controller is given in Figure 8.17.
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Figure 8.16: Step responses of the original (a) and compensated (b) systems
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Figure 8.17: Root locus for the compensated
system with the second controller for Example 8.9
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The static gain at the desiredoperatingpoint � �"!$#&%('�)�* is +-,/.�0�' 1�)&2 ,
and hencethe steadystate errors are 354647,98(':8&2�.&�<;$3�4�4>=?,98('@0�0�A�)�* . The
stepresponsesof the original and compensatedsystems,for +B,C.�0�':1�)D2 , are
presentedin Figure 8.18.
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Figure 8.18: Step responses of the original (a) and compensated
(b) systems with the second controller for Example 8.9

It can be seenthat this controller also reducesboth the overshootand settling
time, while the steadystateerror is slightly increased.

Wecanconcludethatbothcontrollersproducesimilar transientcharacteristics
andsimilar steadystateerrors,but the secondone is preferredsincethe smaller
value for the static gain of the compensatedsystem has to be used. The
eigenvaluesof the closed-loopsystemfor EGFIH�J�KML�N&O aregiven byP�Q�R FTS"J�U�K�H
J�V�L(W PDX�R FTS"J�Y(KMNDO5U�L(W P�X�R6Z [
R FTS�U(KMY�Y�Y]\_^(`�KMN�V�Y�Y
which indicatesthat the responseof this systemis still dominatedby a pair of
complex conjugatepoles. a
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Remark: In someapplicationsfor a chosendesiredpoint, b�c , the required
phaseincrease,d�e , may be very high. In such casesone can use a multiple
phase-leadcontroller having the formfhgiMj6k c�l b�mon p brqts ebuq_v�e�w g�x v ezy s ezy|{ (8.35)

sothateachsinglephase-leadcontrollerhasto introducea phaseincreaseof d�e�}�~ .

8.5.3 PID and Phase-Lag-Lead Controller Designs

It canbeobservedfrom the previousdesignalgorithmsthat implementationof a
PI (phase-lag)controllerdoesnot interferewith implementationof a PD (phase-
lead) controller. Since thesetwo groupsof controllers are used for different
purposes—oneto improve the transientresponseand the other to improve the
steadystateerrors—implementingthemjointly andindependentlywill takecare
of both controller designrequirements.

Considerfirst a PID controller. It is representedasf������ l b�monI�"�]qt��c�brq ���b n���c b���q��o��o� brq �z��o�bn�� c l b]q$s�e>��m l bzq7s e�� mb n f ��� l b�m f ��� l b�m (8.36)

which indicatesthat the transferfunction of a PID controller is the productof
transferfunctionsof PD andPI controllers.Sincein DesignAlgorithms 8.1 and
8.3 thereare no conflicting steps,the designalgorithm for a PID controller is
obtainedby combiningthe designalgorithmsfor PD andPI controllers.

Design Algorithm 8.5: PID Controller

1. Checkthe transientresponseand steadystatecharacteristicsof the original
system.

2. Designa PD controller to meetthe transientresponserequirements.
3. Designa PI controller to satisfy the steadystateerror requirements.
4. Checkthat the compensatedsystemhasthe desiredspecifications.
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Example 8.10: Considerthe problemof designinga PID controller for the
open-loopcontrol systemstudiedin Example8.8, that is��������� � ���]�|�� &����u�����¡���]�t¢��¡���]�£��¢&�
In fact, in that example,we havedesigneda PD controllerof the form��¤�¥��>���o���r�$¢�¦
§¨��©(��ª
such that the transientresponsehas the desiredspecifications.Now we add a
PI controller in order to reducethe steadystateerror. The correspondingsteady
stateerror of the PD compensatedsystemin Example8.8 is «�¬�¬�­ �® (§@�� �¯�¦

.
Sincea PI controller is a dipole that hasits pole at the origin, we proposethe
following PI controller � ¤�° �>���o� �u�t �§¨��
In comparisonto (8.36), we are in fact using a PID controller with ��± �²��³´ ­�µ ��¢�¦
§¨��©(��ª(³ ´ ­�¶ �� (§@� . Thecorrespondingroot locusof this systemcompen-
satedby a PID controller is representedin Figure 8.19.
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Figure 8.19: Root locus for the system from
Example 8.8 compensated by the PID controller
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It can be seenthat the PI controller doesnot affect the root locus, and hence
Figures8.11band8.19 arealmostidentical exceptfor a dipole branch.

On the other hand, the step responsesof the systemcompensatedby the
PD controller and by the PID controller (seeFigures8.13 and 8.20) differ in
the steadystateparts. In Figure 8.13 the steadystatestep responsetendsto·�¸�¸º¹¼»(½M¾�¿5À�Á , and the responsefrom Figure 8.20 tendsto Â since due to the
presenceof an open-looppole at the origin, the steadystateerror is reduced
to zero. Thus, we can concludethat the transientresponseis the sameone as
that obtainedby the PD controller in Example8.8, but the steadystateerror is
improveddue to the presenceof the PI controller.

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1

1.2

Time (secs)

A
m

pl
itu

de

yss = 1

Figure 8.20: Step response of the system from
Example 8.8 compensated by the PID controller Ã

Similarly to the PID controller, the designfor the phase-lag-leadcontroller
combinesDesignAlgorithms8.2 and8.4. Looking at theexpressionfor a phase-
lag-leadcontrollergiven in formula (8.20), it is easyto concludethatÄhÅMÆ�ÇÉÈ�Å:Ê�Æ
Ë�Ì�Í�Î�Ï�Ä ÅMÆ�Ç Ì>Í�Î>Ä ÅMÊ�Æ
Ë Ì�Í�Î

(8.37)
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The phase-lag-leadcontroller designcan be implementedby the following al-
gorithm.

Design Algorithm 8.6: Phase-Lag-Lead Controller

1. Checkthe transientresponseand steadystatecharacteristicsof the original
system.

2. Designa phase-leadcontroller to meetthe transientresponserequirements.
3. Designa phase-lagcontroller to satisfy the steadystateerror requirements.
4. Checkthat the compensatedsystemhasthe desiredspecifications.

Example 8.11: In this examplewe designa phase-lag-leadcontroller for a
control systemfrom Example8.9, that isÐÒÑ�Ó�ÔoÕ Ö Ñ�Óz×tØDÔÑ>Óz×�Ù�ÚDÔ>Ñ�Ó5ÛÜ×tÝ�Óz×tÝDÔ
suchthatboththesystemtransientresponseandsteadystateerrorsareimproved.
We haveseenin Example8.9 that a phase-leadcontrollerof the formÐ"ÞMß6à�á�Ñ>Ó�ÔoÕ Ór×$âÓr×£Ù�ã�äMÝ�â�Ù
improvesthe transientresponseto the desiredone. Now we add in serieswith
the phase-leadcontrolleranotherphase-lagcontroller,which is in fact a dipole
nearthe origin. For this examplewe usethe following phase-lagcontrollerÐ"ÞMà>å�Ñ�Ó�ÔoÕ Óz×7Ú(ä¨ÙÓu×tÚ�äMÚ(Ù
so that the compensatedsystembecomesÐ�Ñ�Ó�ÔÜÕ|ÐÒÑ>Ó�Ô>Ð�æ¡Ñ�Ó�ÔoÕ Ö Ñ�Ó]×$ØDÔÑ>Ó]×£Ù�Ú&Ô�Ñ�Ó Û ×$Ý�Ó]×$ÝDÔ Ñ�Óz×7â&ÔÑ�Óz×|Ù�ã�äMÝ�â�Ù�Ô Ñ>Óz×tÚ�ä¨Ù�ÔÑ>Ó]×$Ú�äMÚ�Ù�Ô
Thecorrespondingroot locusof thecompensatedsystemandits closed-loopstep
responsearerepresentedin Figures8.21and8.22. We canseethattheadditionof
the phase-lagcontrollerdoesnot changethe transientresponse,i.e. the root loci
in Figures8.17and8.21arealmostidentical. However,the phase-lagcontroller
reducesthe steadystateerror from ç�è6è�é Þ:ß�à
á"ÕêÚ�ä¨Ù�Ù�â5ë�Ø to ç è6è>é Þ:à>åÉì�Þ:ß�à
á ÕêÚ�äMÚ(Ù�í�î�î
since the position constantis increasedtoÖ�ï é Þ:à>åÉì¡ÞMß�à
á Õ Ö ï é Þ:ß�à
á Ú(ä¨ÙÚ(ä:Ú(Ù Õ î
Ù�ä:ã�ë�ðòñóâÒñôÚ(ä@ÙÙ�ÚÒñ_Ý�ñ$Ù�ã"ñ_Ú�äMÚ�Ù ÕIð�í(ä�î&í�Ý
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Figure 8.21: Root locus for the system from Example
8.9 compensated by the phase-lag-lead controller
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Figure 8.22: Step response of the system from Example
8.9 compensated by the phase-lag-lead controller
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so that õ�ö6ö>÷ øMù�úÉû�ø�ü6ù�ýÿþ ������ �
÷ ø:ù>úÉû¡øMü�ù
ý þ ���	� ��

���

�

8.6 MATLAB Case Studies
In this sectionwe considerthe compensatordesignfor two real control systems:
a PD controllerdesignedto stabilizea ship,anda PID controllerusedto improve
thetransientresponseandsteadystateerrorsof avoltageregulatorcontrolsystem.

8.6.1 Ship Stabilization by a PD Controller
Considera ship positioning control systemdefinedin the statespaceform in
Problem7.5. The open-looptransferfunction of this control systemis������� þ ����� ���
������ � ������� ��� � �!� �"� ����� �
The root locus of the original systemis presentedin Figure 8.23a.
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Figure 8.23: Root loci for a ship positioning control
problem: (a) original system, (b) compensated system
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It can be seenthat this systemis unstableeven for very small valuesof the
staticgain. Thus,thesystemtransientresponseblowsup very quickly dueto the
system’sinstability. Our goal is to designa PD controller in order to stabilize
thesystemandimproveits transientresponse.Let the desiredoperatingpoint be
locatedat #%$'&)(+*�,.-0/21�*�, 3 , which implies 4657&8*�,�3�9�*�9;:=<�>@?BA and CD&E*�,.F�F�G�H .
We find from (8.30) that the requiredphaseshift is I;J�&KHB-�,	*LH�9NM�O , and from
(8.31) the locationof the compensatorzerois obtainedat ('*�,�-BPLH . Thus,the PD
compensatorsoughtis of the formQ J�R #
ST&E#VU�*�,	-�PWH
It can be seenfrom Figure 8.23 that the root locus of the compensatedsystem
indeedpassesthrough the point # $ &X('*�,�-Y/"1�*�,�3 and that the compensated
systemis stablefor all valuesof the static gain. The static gain at the desired
operatingpoint is given by Z7[ \]&^*�,	9�-�F�M and the correspondingclosed-loop
eigenvaluesat this operatingpoint are _a`�Jb&c(ed�,�-�*
G�9�f6_�g�Jih j=J�&k('*�,	-T/l1�*�,�3 . In
Figure8.24 the unit stepresponseof the compensatedsystemis presented.
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Figure 8.24: Step response of a ship positioning compensated control system

It is found that mNnpo q]rts�u	v�w�x�y , z|{lr~}Lu�y��
��yT� , and z!��r�s%v�u�}Bw�v�xb� . From
the samefigure we observethat the steadystateerror for this systemis zero,



TIME DOMAIN CONTROLLER DESIGN 371

which alsofollows from the fact that the systemopen-looptransferfunction has
one pole at the origin.

8.6.2 PID Controller for a Voltage Regulator Control System
Themathematicalmodelof a voltageregulatorcontrolsystem(Kokotović, 1972)
is given in Section6.7. The open-looptransferfunction of this systemis

�D�!����� �N����������!�6� ����� ���!�6� ����� ��� ��� �%� �����p� ���a����� � �!�p� ��� �
The correspondingroot locus is presentedin Figure 8.25. Since one of the
branchesgoesquitequickly into the instability region,our designgoal is to move
this branchto the left so that it passesthroughthe operatingpoint selectedas�N�'�c� ���e�@� . For this operatingpoint,we have ��� �8� ���=��� ��¡ and ¢ � ���¤£B�W£��
so that theexpectedmaximumpercentovershootandthe 5%-settlingtime of the
compensatedsystemare ¥§¦e¨�© � �a��ª�������«­¬6®�¯ � ª�¡ . In addition, the design
objectiveis to reducethe steadystateerror due to a unit stepto zero.
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Figure 8.25: Root locus for a voltage regulator system

We useaPID controllerto solvethecontrollerdesignproblemdefinedabove.
Therequiredphaseimprovementfor theselectedoperatingpoint is foundby using
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(8.30) as °;±6²§³�´�µ�¶�·�¸b¹�º�»l²)¼B¸�´�½�·L¼�µB¾ . From formula (8.31) the locationof the
compensator’szero is obtainedas ¿'À ± ²k¿Á³�´	½BÂL¼BÃ , so that the PD part of a PID
compensatoris Ä

ÅÇÆ'È�É�Ê ² É0Ë ³�´	½�ÂW¼BÃ
The branchesof the root loci in the neighborhoodof the desiredoperatingpoint
of the original and PD compensatedsystemsare presentedin Figure 8.26. It
can be seenthat the compensatedroot locus indeedpassesthrough the pointÉNÌ ²Í¿Á³YÎÐÏ@³ .
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Figure 8:26: Root loci of the original (a) and PD (b) compensated systems

The closed-loopunit step responseof the systemcompensatedby the PD
controller is representedin Figure8.27. Using the MATLAB programsgiven in
Example8.8, gives Ñ§ÒeÓ�ÔÐÕ×Ö�Ø	Ù�Ú�Û , ÜiÝYÕ×Þ�Øàßâá , and Ü!ã0Õ×ä�Ø	åTá , which is quite
satisfactory.However,the steadystateunit steperror is æNã�ãèçêé)ÕkÙ�Ø�Ù�Ú�Ù�Ú . Note
that the static gain at the operatingpoint, obtainedby applying the root locus
rule number9 from Table 7.1, is ëìã í7Õïî�Ù�Ö�Ù�Ø	Ú . The closed-loopeigenvalues
at the operatingpoint areðañ ò�ó Õkô'Þ�ä�Ø¤õ�Ù�ÞWõ%ö ð�÷�ò%ó Õ)ôYßNÚ�Øàß%ÖLõ�å�ö ðLø=ò�ó Õcô'Ö�Øàß�ßNÙ�åð�ùûú ü�ò�ó Õkô'Ù�Ø�ý�ýLõ�þ ÿ@ß�Ø�Ù�Ù�ß�ß
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which indicates that the system has preserveda pair of dominant complex
conjugatepoles.

In order to reducethis steadystateerror to zero we usea PI controller of
the form �������	��

� ����������
Sincethe compensatedsystemopen-looptransferfunction now hasa pole at the
origin, we concludethat the steadystateerror is reducedto zero,which canalso
be observedfrom Figure 8.27.

0 2 4 6 8 10 12 14 16 18 20
0

0.2

0.4

0.6

0.8

1

1.2

PD

PID

Figure 8.27: Step responses of PD and PID compensated systems

The transientresponsespecificationsfor the systemcompensatedby the
proposedPID controller are ����������� � !#"%$&$(' , )+*,�-"�!.��/ , and )102�435!.�6/ .
Thus, the proposedPI controller has slightly worsenedthe transientresponse
characteristics. It is left to students,in the form of a MATLAB laboratory
experiment,to checkthatthetransientresponsespecificationsof thecompensated
systemobtainedby using PI controllersthat have zeroslocatedat 7985!#8�� and798�!:8 85� are improved.
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8.7 Comments on Discrete-Time Controller Design

Similarly to the continuous-timecontroller design, the root locus methodcan
be usedfor designof controllers(compensators)in the discrete-timedomain. In
Section7.4we haveindicatedthatthediscrete-timeroot locusmethodis identical
to its continuous-timecounterpart.Thus,theresultspresentedin this chaptercan
be easily extendedand usedfor the controller designof discrete-timesystems.
For moredetails,thereaderis referredto Kuo (1992)for theoreticalaspects,and
to ShahianandHassul(1993) for MATLAB discrete-timecontrollerdesign.

8.8 MATLAB Laboratory Experiment

Part 1. Considerthe control systemgiven in Example8.8, that is;=<	>@?BA C <D>FEHGJI%?<	>�EKG@?L<D>FE�M&?L<	>FENG�M%?
with the transientresponserequirementsdeterminedby a desiredoperatingpoint
locatedat

>@OPARQ9MSEUTWV
.

(a) Designa PD controllersuchthat thetransientresponserequirementsaremet.
(b) Designa PID controllersuchthat the steadystateerror is reducedto zero.
(c) Designa phase-leadcontroller for the designproblemdefinedin (a).
(d) Add a phase-lagcontroller in serieswith the controller obtainedin (c) in

order to reducethe steadystateerror by X I&Y .

Plot the root loci andunit stepresponsesfor (b) and(d) of both the original
andcompensatedsystemsandcomparethe resultsobtainedwith PID andphase-
lag-leadcontrollers.

Part 2. UseMATLAB to designa phase-lag-leadcontroller for the control
systemof Example8.9 suchthat Z\[^] M`_Jacbedgf=h ] GiIjY

, and ki[l[	mn] I�o:I�G
.

Use the MATLAB programfrom Example8.8 to find the actual response
overshootandsettlingtime. Find theeigenvaluesof thecompensatedsystemand
checkwhetherthe systemresponseis dominatedby a pair of complexconjugate
poles.

Part 3. For thevoltageregulatorsystemconsideredin Section8.6.2,usethe
samePD controllerasin Section8.6.2,but takefor a PI controllerthe following
forms:
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(a) prq6s�tDu&vxw-t	uzy|{�}#{�~�v1�@� .
(b) p q�s t	��vxw-t	�zy|{�}#{&{�~�vL�(� .
For bothcases,find theunit stepresponsesof the PID compensatedsystems

and determinethe transientresponseparameters.Comparethe resultsobtained
with the resultsfrom Section8.6.2.
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8.10 Problems

8.1 Considerasingle-inputsingle-outputsystemwhoseopen-looptransferfunc-
tion is given by

p=t	��v
w ~i{�J�nyU� �J�ny��W�i�ByH~
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Find the phasevariablecanonicalform for this systemanddesignthe full
statefeedbackstatic controller suchthat the systemclosed-looppolesare
locatedat �j��� �=���g�9�,�W�����W�����F���J�%�x�����i� .

8.2 Find the feedbackgain � suchthat the system

�� � �� ��� � �� �9� �� ��� �F 
¡¢ �¤£ �� �� �

¡¢¦¥
with

¥ �e�F� � hasa pair of dominantcomplexconjugateclosed-looppoles
at ���F�|��� and a closed-looppole at ���i� .

8.3 Plot the function §�¨ ©lª« ¬®­ ©D¯
andcommenton themaximumpercentovershootdependenceon thedamp-
ing ratio.

8.4 Design a rate feedbackcontroller such that for the second-ordersystem
representedby the closed-looptransferfunction°± � £ � ±n£ °
the maximum percentovershootis 10%. Find the settling time of the
compensatedsystem.

8.5 Considerthe second-ordersystemfrom Example6.6. Its steadystateerror
is

§�²D²
�K��³ ´ . Designa PI controllerto reducethe steadystateerror to zero.

UseMATLAB to plot the root loci andunit stepresponsesof the original
and compensatedsystems.

8.6 For the open-loopcontrol systemµS¶ ±�· � ¸ ¶ ±F£ �i� ·± ¶ ±n£ � � · ¶ ± � £ � ±z£ �i� ·
draw the root locus. Checkthat the static gain ¸ �¹� producesa pair of
complex conjugatedominantpoles. Find the correspondingsteadystate
errors and transient responseparameters. Design a PI controller such
that the steadystateerror is reducedto zero while the transientresponse
characteristicsare preserved.
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8.7 Considerthe controllerdesignproblemfor the hydroturbinegovernorsof a
powersystem(Arnautovíc and Skataríc, 1991), representedby

º�»
¼½½½½
¾
¿^À%Á�Â%Ã À À À ÀÀ ¿FÄ À À ÀÀ5Á Å5Ã Ã Á:Ä Æ ¿�Ã Á Ç%Å À�ÁÉÈ Å&Å À¿9À�ÁÊÃiÆ ¿9À�Á#Ë%Â À5Á#È Å ¿9À�Á#È(Ì�Ç ¿9À�Á#Ä&ËÀ À À Ë�ÃJÇÍÁ.Ã�Å À

Î#ÏÏÏÏ
Ð^Ñ|Ò »

¼½½½½
¾
À�Á�Â%ÃÄÀÀÀ

Î#ÏÏÏÏ
Ð

Assumethat the output matricesare given byÓÔ»�Õ À À Ã À Ã×Ö Ñ�Ø » À
Using MATLAB, perform the following:

(a) Find its open-looptransferfunction and the steadystateerror.
(b) Suggestaphase-lagcontrollerto reduceits steadystateerrortentimes.
(c) Locatethe systemoperatingpoint on the root locusapproximatelyat¿�Ã&Á#È^Ù,Ú×Ã and find the static gain at that point.

8.8 Designa phase-lagcontroller for the systemrepresentedbyÛ=Ü	Ý@Þ » ßÜ	Ý ÙHÃ ÞLÜDÝ Ù�È ÞLÜ	Ý ÙKÃ�À Þ
which producesa steadystate unit step error of less than 0.01. Takeß » Ä À&À .

8.9 Considerthe synchronousmachinefrom Section7.5.2. Designa PI con-
troller to reducethe steadystateunit steperror by Ã�À À%à . Choosean op-
eratingpoint on the root locusandfind the correspondingstaticgain. Use
MATLAB to checkthat the closed-loopsystemis asymptoticallystable.

8.10 For thesecond-ordersystemfrom Example6.1,designa PD controllersuch
that the compensatedsystemhas á	â9ã Ä`ä and åeægçSèNé Ã�È%à .

8.11 Repeat Problem 8.10 with the following requirements á\â-ã Ä
ä andå�æ�ç=è�é ÃiÀjà .

8.12 Solve Problem8.11 using a phase-leadcontroller.

8.13 Considertheproblemof a PD controllerdesign.Assumethata controller’s
zeroanddesiredoperatingpoint satisfy ê Ü	Ýië Ù|ì(í Þ
î Ì À@ï . Derivea formula
correspondingto (8.31).
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8.14 Considerthe phase-leadcontrollerdesignfor the systemgiven in Example
8.9. Use differentvaluesfor the controller’spolesandzerosandexamine
their impact on the steadystate errors. Suggestat least five different
controllers.

8.15 Derive formula (8.34) for finding the location of the pole of a phase-lead
controllerassumingthat the location of its zero is chosen.

8.16 Designa phaselead-controllersuch that

ð=ñ	ò@óBô õ ñDòFöH÷ùøjóñ	ò�ö�ú øjó\ñ	òiûBö�ú&ònö�újó
has ü1ýÿþ ÷������

and ���
	��¹þ ú&ø�

.

8.17 Considerthe voltageregulatorcontrol systemfrom Section8.6.2. Use a
doublePD controller of the formð
���9ñ	ò�ó
ô ñDòFöH÷��:ú ø����jó û
to compensatethis system.

(a) Draw the root locus of this systemcompensatedwith a double PD
controller and compareit with the correspondingone from Section
8.6.2 obtainedusing a single PD controller.

(b) Choosetheoperatingpoint for a pair of complexconjugatepolessuch
thatthedampingratio is thesameasin Section8.6.2,i.e. � ôKø����(ø��W÷

.
Findthestaticgainat thatpointandtheclosed-loopeigenvalues.Does
thecompensatedsystempreservetheresponsedominanceof a pair of
complexconjugatepoles?

8.18 Design a phase-lag-leadcontroller for the voltage regulatorsystemfrom
Section8.6.2 suchthat ���
	���� ��


, ü	ý
��� � , and �iýlý�� ÷ 

.

8.19 Considerthe ship position control systemfrom Section8.6.1. Design a
phase-leadcontroller suchthat ���
	���� ÷iø�


and ü ý � ÷iø!�
.

8.20 Use MATLAB to find and plot the ramp responsesof the original and
compensatedsystemsstudiedin Example8.7.

8.21 Considerthe F-15 aircraft undersupersonicflight conditionswith its state
spacematricesgiven in Example1.4. Note that this aircraft hasone input
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and four outputs, where the outputs representthe statespacevariables.
Thus,we are able to get four transferfunctionsof the form

"
#%$'& (!)�*�#%$'&,+.-0/1(32�46587 9:)<;�7>=�7>?�7A@

(a) Using MATLAB, find all four transferfunctionsof the F-15 aircraft.
(b) Plot the root loci for

"B#C$C&D(E7!9!)F;G76=�76?H7>@
. Commenton the stability

propertiesof this aircraft with respectto the values of the static
feedbackgains I #'7�9B)J;G76=�76?H7K@

.
(c) Findtheclosed-looptransferfunctionswith unit feedbackandexamine

their stability.
(d) Proposecontrollerswhich will stabilizeall outputsof this aircraft.
(e) For the proposedcontrollersthat assurestabilization,find the closed-

loop step responsesand determinethe responsesteadystateerrors
and transientparameters.

(f) If necessary,design dynamic controllers basedon the root locus
technique,as discussedin this chapter,such that steadystateerrors
and transientresponseparametersare improved.

8.22 RepeatProblem8.21 for the F-15 aircraft undersubsonicflight conditions
with the statespacematricesgiven in Example1.4.1

1 Problems8.21and8.22canbe assignedaseitherterm papersor final projects.


