
Chapter Ten

Control System Theory Overview

In this bookwehavepresentedresultsmostlyfor continuous-time,time-invariant,
deterministiccontrol systems. We have also, to someextent,given the corre-
spondingresultsfor discrete-time,time-invariant,deterministiccontrol systems.
However,in control theoryandits applicationsseveralothertypesof systemap-
pear. If the coefficients(matrices

�����������
	
) of a linearcontrol systemchange

in time, one is facedwith time-varyingcontrol systems. If a systemhas some
parametersor variablesof a randomnature, such a systemis classified as a
stochasticsystem. Systemscontainingvariablesdelayedin time are known as
systemswith time delays.

In applyingcontrol theoryresultsto real-worldsystems,it is very important
to minimize both the amountof energy to be spentwhile controlling a system
and the difference(error) betweenthe actual and desiredsystemtrajectories.
Sometimesa control action has to be performedas fast as possible, i.e. in
a minimal time interval. Theseproblems are addressedin modern optimal
control theory. The most recentapproachto optimal control theory emerged
in the early eighties. This approachis called the �
� optimal control theory,
and dealssimultaneouslywith the optimization of certain performancecriteria
andminimizationof the norm of the systemtransferfunction(s)from undesired
quantitiesin the system(disturbances,modelingerrors)to the system’soutputs.

Obtainingmathematicalmodelsof real physicalsystemscanbe doneeither
by applying known physical laws and using the correspondingmathematical
equations,or throughan experimentaltechniqueknown assystemidentification.
In thelattercase,a systemis subjectedto a setof standardknowninput functions
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434 CONTROL SYSTEM THEORY OVERVIEW

andby measuringthe systemoutputs,undercertainconditions,it is possibleto
obtain a mathematicalmodelof the systemunderconsideration.

In someapplications,systemschangetheir structuresso that one has first
to performon-line estimationof systemparametersandthento designa control
law that will producethe desiredcharacteristicsfor the system. Thesesystems
areknown asadaptivecontrol systems. Eventhoughthe original systemmay be
linear,by usingtheclosed-loopadaptivecontrolschemeoneis faced,in general,
with a nonlinearcontrol systemproblem.

Nonlinearcontrol systemsaredescribedby nonlineardifferential equations.
Oneway to control suchsystemsis to usethe linearizationproceduredescribed
in Section1.6. In that caseonehasto know the systemnominal trajectoriesand
inputs. Furthermore,we haveseenthat the linearizationprocedureis valid only
if deviationsfrom nominal trajectoriesandinputsaresmall. In the generalcase,
onehasto beableto solvenonlinearcontrol systemproblems.Nonlinearcontrol
systemshavebeena “hot” areaof researchsincethemiddleof theeighties,since
when many valuablenonlinearcontrol theory results have beenobtained. In
the late eightiesandearly nineties,neuralnetworks,whichare in fact nonlinear
systemswith manyinputsandmanyoutputs, emergedasa universaltechnological
tool of the future. However,manyquestionsremainto be answereddue to the
high level of complexityencounteredin the studyof nonlinearsystems.

In the last sectionof this chapter,we commenton other important areas
of control theory suchas algebraicmethodsin control systems,discreteevents
systems,intelligent control, fuzzy control, large scalesystems,andso on.

10.1 Time-Varying Systems

A time-varying,continuous-time,linear control systemin the statespaceform
is representedby ��������������������������������� ���!"�����
# ������$%���&�(') �����*�,+
����������������-�������!"����� (10.1)

Its coefficient matricesaretime functions,which makesthesesystemsmuchmore
challengingfor analyticalstudiesthanthe correspondingtime-invariantones.
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It canbe shownthat the solutionof (10.1) is given by (Chen,1984)

.�/�0�132�45/�076�0�891�.�/�0�8%1�: ;<
;>= 45/�0
6
?@1BAC/D?E1�F"/B?@1BGH? (10.2)

where 45/�0
6�0 8 1 is the state transition matrix. For an input-free system, the
transitionmatrix relatesthe stateof the systemat the initial time and the state
of the systemat any given time, that is.�/�0�1I2�45/�0�6J0 8 1�.�/�0 8 1 (10.3)

It is easyto establishfrom (10.3)that thestatetransitionmatrix hasthefollowing
properties:

(1) 45/�0
6�0 8 1 satisfiesthe systemdifferential equationKGL0 45/�0�6J0 8 1�2&M�/�0�1�4N/�0
6J0 8 1�6 4N/�0 8 6�0 8 1�2�O (10.4)

(2) 45/�0�6J0 8 1 is nonsingular,which follows from4NPRQS/�0�6�0 8 132�4N/�0 8 6�0�1 (10.5)

(3) 45/�0�6J0 8 1 satisfies45/�0JT%6�0 8 1I2�45/�0DT%6J0 Q 1�45/�0 Q 6�0 8 1 (10.6)

Due to the fact that the systemmatrix, MU/�0�1 , is a function of time, it is not
possible,in general,to findtheanalyticalexpressionfor thesystemstatetransition
matrix so that the stateresponseequation(10.2)canbesolvedonly numerically.

Since the coefficient matrices M�/�0�1�6�AC/�0�1�6
V
/�0�1�6JW�/�0�1 are time functions,
three essentialsystemconceptspresentedin Chapters4 and 5—stability, con-
trollability, andobservability—haveto be redefined for the caseof time-varying
systems.

The stability of time-varying systemscannot be defined in terms of the
systemeigenvaluesas for time-invariantsystems.Furthermore,severalstability
definitions have to be introducedfor time-varying systems,such as bounded-
input bounded-outputstability, stability of thesystem’sequilibriumpoints,global
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stability, uniform stability, andso on (Chen,1984). The stability in the senseof
Lyapunov,appliedto the systemequilibrium points, XZY�[�\�] , definedby^ [�\�]�X Y [�\�]*_&` (10.7)

indicatesthat the correspondingequilibrium pointsarestableif the systemstate
transition matrix is bounded,that isaSb [�\7c�\�dS] afehg�ikjElDmonqp c r@\tsu\�d (10.8)

Since the systemtransition matrix has no analytical expression,it is hard, in
general,to test the stability condition (10.8).

Similarly, the controllability and observabilityof time-varyingsystemsare
testeddifferently to the correspondingones of time-invariant systems. It is
necessaryto usethe notionsof controllability and observabilityGrammiansof
time-varyingsystems,respectively,definedby

vxw [�\�dyc�\�zS]3_ {�|}
{�~
b [�\�dkcJ�@]B�C[D�E]D���Z[D�@] b [�\�dyc
��]B�H� (10.9)

and vx� [�\�dkc�\Dz�]I_ { |}
{ ~
b � [���c�\�d%]D� � [��@]��C[B�@] b [B��c�\�dS]B�H� (10.10)

Thecontrollabilityandobservabilitytestsaredefinedin termsof theseGrammians
and the state transition matrix. Since the system state transition matrix is
not known in its analytical form, we concludethat it is very hard to test the
controllability and observabilityof time-varyingsystems.The readerinterested
in this topic is referredto Chen(1984),Klamka (1991),andRugh(1993).

Correspondingresultscanbepresentedfor discrete-time,time-varying,linear
systemsdefinedbyX�[�������]I_ ^ [��R]�X*[B�@]����C[B�@]��"[B�@]�c X*[B�LdS]�_�X��� [��@]�_��C[��@]�X*[B�@]�����[D�@]��"[D�@] (10.11)

The statetransitionmatrix for the system(10.11) is given byb [D��c
�kdS]�_ ^ [D�@] ^ [����h�%]E�9�S� ^ [B�LdI�&�%] ^ [B�LdS] (10.12)
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It is interestingto point out that, unlike the continuous-timeresult, the discrete-
time transition matrix of time-varying systemsis in general singular. It is
nonsingularif andonly if thematrix ���B�D� is nonsingularfor  R��¡&¢L£k¤
¢L£k¥§¦k¤�¨©¨>¨>¤
¢ .

Similarly to the stability studyof continuous-time,time-varyingsystems,in
the discrete-timedomainone has to considerseveralstability definitions. The
eigenvaluesare no longer indicatorsof systemstability. The stability of the
systemequilibrium points can be testedin terms of the bounds imposedon
the systemstatetransitionmatrix. The systemcontrollability and observability
conditionsaregivenin termsof thediscrete-timecontrollability andobservability
Grammians. The interestedreadercan find more about discrete-time,time-
invariant and time-varyinglinear systemsin Ogata(1987).

10.2 Stochastic Linear Control Systems

Stochasticlinear control systemscan be definedin severalframeworks,suchas
jump linear systems,Markov chains,systemsdriven by white noise, to name
a few. From the control theory point of view, linear control systemsdriven
by white noise are the most interesting. Such systemsare describedby the
following equationsª« ��¬��I¡q� « ��¬���¥�­C®"��¬��(¥�¯�°���¬���¤ ±³² « ��¬�£%��´µ¡ «Z¶· ��¬��I¡�¸ « ��¬���¥º¹I��¬�� (10.13)

where °���¬�� and ¹3��¬�� are white noisestochasticprocesses,which representthe
systemnoise(disturbance)andthe measurementnoise(inaccuracyof sensorsor
their inability to measurethe statevariablesperfectly). White noisestochastic
processesare mathematicalfictions that representreal stochasticprocessesthat
have a large frequencybandwidth. They are good approximatemathematical
modelsfor manyrealphysicalprocessessuchaswind, white light, thermalnoise,
unevennessof roads,and so on. Thespectrumof white noiseis constantat all
frequencies. Thecorrespondingconstantis calledthewhite noiseintensity. Since
thespectrumof a signalis theFouriertransformof its covariance,thecovariance
matricesof the system(plant) white noise and measurementwhite noise are
given by

±§»%°���¬���°�¼���½@��¾
¡�¿ÁÀL��¬ZÂº½@�
¤Á±�»S¹3��¬��D¹"¼��B½@��¾�¡&Ã�ÀL��¬ZÂ�½@� (10.14)
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It is alsoassumedthat the meanvaluesof thesewhite noiseprocessesareequal
to zero, that is Ä�Å9Æ�Ç�È
É�ÊµË&Ì"Í ÄCÅ�Î3Ç�È�É�ÊÏË&Ì

(10.15)

even thoughthis assumptionis not crucial.

The problem of finding the optimal control for (10.13) such that a given
performancecriterion is optimized will be studied in Section10.3. Here we
consideronly an input-freesystem, Ð Ç�È�É�ËÒÑ

, subjectedto (i.e. corruptedby)
white noise ÓÔ Ç�È�É*Ë�Õ Ô Ç�È�ÉZÖ�×�Æ�Ç�È�É�Í ÄCÅ Ô Ç�ÈBØ9É�ÊÙË ÔZÚ (10.16)

and presentresultsfor the meanand varianceof the statespacevariables. In
order to obtain a valid result, i.e. in order that the meanand variancedescribe
completelythe stochasticnatureof the system,we have to assumethat white
noisestochasticprocessesareGaussian.It is well knownthatGaussianstochastic
processesare completelydescribedby their meanandvariance(Kwakernaakand
Sivan, 1972).

Applying the expectedvalue(mean)operatorto equation(10.16),we getÄCÅ ÓÔ Ç�È�É�ÊÙË&Õ§ÄCÅ Ô Ç�È�É�ÊÛÖh×ÜÄ�Å�Æ�Ç�È�É�ÊyÍ ÄCÅ Ô Ç�È Ø É�ÊÝË Ô Ú (10.17)

Denotingthe expectedvalue

ÄCÅ Ô Ç�È�É�ÊÏË�ÞºÇ�È�É
, andusing the fact that the mean

value of white noise is zero, we getÓÞºÇ�È�ÉIË&Õ�ÞºÇ�È�É
Í ÞºÇ�È�Ø%ÉIË&ÄCÅ Ô Ç�È�Ø%ÉDÊÏË ÔZÚ (10.18)

which implies that the meanof the statevariablesof a linear stochasticsystem
driven by white noiseis representedby a pure deterministicinput-freesystem,
the solution of which hasthe known simple formÞºÇ�È�ÉIËqÄCÅ Ô Ç�È�É�ÊÏË&ß�à5áãâåäæâèç�éDÞºÇ�È�Ø%ÉIË&ß�à5áãâåäæâèç�é Ô(Ú (10.19)

In orderto beableto find theexpressionfor thevarianceof statetrajectories
for the systemdefinedin (10.16),we also needto know a value for the initial
varianceof Ô Ç�È Ø É . Let us assumethat the initial varianceis ê Ç�È Ø ÉoË ê Ú . The
varianceis definedbyëÙì�í Å Ô Ç�È�É�ÊÏË&Ä�îZï Ô Ç�È�ÉñðòÞºÇ�È�ÉBó�ï Ô Ç�È�É�ðºÞºÇ�È�É�óõôÛö§Ë ê Ç�È�É (10.20)
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It is not hardto show(KwakernaakandSivan,1972;SageandWhite, 1977)that
the varianceof the statevariablesof a continuous-timelinear systemdriven by
white noisesatisfiesthe famouscontinuous-timematrix Lyapunovequation÷ø�ù�ú�û3ü�ø�ù�ú�û�ý�þ�ÿ�ý�ø�ù�ú�û�ÿ�������þ�� ø�ù�ú��SûIü�ø
	

(10.21)

Notethat if thesystemmatrix
ý

is stable,thesystemreachesthesteadystateand
the correspondingstatevarianceis given by the algebraicLyapunovequationof
the form � ü�ø
ý�þ§ÿ�ý�ø�ÿ�������þ

(10.22)

which is, in fact, the steadystatecounterpartto (10.21).

Example 10.1: MATLAB and its function lyap can be usedto solve the
algebraicLyapunovequation(10.22). In this example,we find the varianceof
the statevariablesof the F-8 aircraft, consideredin Section 5.7, under wind
disturbances.The matrix

ý
is given in Section5.7. Matrices

�
and

�
are

given by Teneketzisand Sandell(1977)� ü�
���������� ��������� ����� ���!� �#"���$��&% þ �'� ü($�� $�$�$)���+*
Note that the wind can be quite accuratelymodeledas a white noisestochastic
processwith the intensity matrix

�
(Teneketzisand Sandell, 1977). The

MATLAB statement

Q=lyap(A,G*W*G’);

producesthe uniquesolution(sincethe matrix
ý

is stable)for (10.22)as

ø ü ,--.
$�����/0�1� �2$1��$)$�*�$ $�� $��3$�� $1��$��)����#$1��$�$)*�$ $�� $�$�$1� �#$���$)$�$)� �#$�� $�$�$)"$���$1�4$)� �2$1��$)$�$�� $�� $�$)$�" $1��$�$)$�"$���$)���)� �2$1��$)$�$�" $�� $�$)$�" $1��$�$)�05

6�778
9

Similarly, one is able to obtain correspondingresultsfor discrete-timesys-
tems,i.e. the statetrajectoriesof a linear stochasticdiscrete-timesystemdriven
by Gaussianwhite noise: ù<;�ÿ��%û3ü&ý : ù=;@û�ÿ���>�ù�;@û?�A@CB : ù=$Hû�DÙü : 	 �FEHG�I)B : ù<$HûJDÝü�ø 	

(10.23)
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satisfy the following meanand varianceequationsKML<NPO�QSRUT(VWKFL=NXRJYZK[L�\�R]T^KF_a`bK[L=NXRcT^V�d)KF_ (10.24)e L�NfO�QgRUT(V e L<NXR=VChiOkjil�j�hcY e L=\�RcT e _ (10.25)

Equation(10.25)is knownasthe discrete-timematrix differenceLyapunovequa-
tion. If the matrix V is stable,thenoneis ableto definethe steadystatesystem
variancein termsof thesolutionof thealgebraicdiscrete-timeLyapunovequation.
This equationis obtainedby setting

e L�NmOnQSRUT e L�NXRUT e
in (10.25),that ise T(V e VohCOpj�l'j�h (10.26)

TheMATLAB functiondlyap canbeusedto solve(10.26). The interested
readercan find more aboutthe continuous-and discrete-timeLyapunovmatrix
equations,and their roles in systemstability and control, in Gajić and Qureshi
(1995).

10.3 Optimal Linear Control Systems

In Chapters8 and9 of this bookwe havedesigneddynamiccontrollerssuchthat
the closed-loopsystemsdisplay the desiredtransientresponseand steadystate
characteristics.Thedesigntechniquespresentedin thosechaptershavesometimes
beenlimited to trial anderror methodswhile searchingfor controllersthat meet
the bestgiven specifications. Furthermore,we haveseenthat in somecasesit
hasbeenimpossibleto satisfyall the desiredspecifications,dueto contradictory
requirements,and to find the correspondingcontroller.

Controller design can also be done through rigorous mathematicalopti-
mization techniques. One of these,which originated in the sixties (Kalman,
1960)—calledmodernoptimal control theory in this book—is a time domain
technique.During thesixtiesandseventies,themaincontributorto modernopti-
mal control theorywasMichaelAthans,a professorat theMassachusettsInstitute
of Technology(AthansandFalb, 1966). Anotheroptimal control theory,known
as q
r , is a trendof the eightiesandnineties. q
r optimalcontrol theorystarted
with thework of Zames(1981). It combinesboththe time andfrequencydomain
optimizationtechniquesto give a unified answer,which is optimal from both the
time domainandfrequencydomainpointsof view (Francis,1987). Similarly to
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t
optimal control theory, the so-called

s
u
optimal control theory optimizes

systemsin both time and frequencydomains(Doyle et al., 1989, 1992; Saberi
et al., 1995) and is the trend of the nineties. Since

sCt
optimal control theory

is mathematicallyquite involved, in this sectionwe will presentresultsonly for
the modernoptimal linear control theorydueto Kalman. It is worth mentioning
thatvery recentlya newphilosophyhasbeenintroducedfor systemoptimization
basedon linear matrix inequalities(Boyd et al., 1994).

In thecontextof themodernoptimal linearcontrol theory,we presentresults
for the deterministicoptimal linear regulatorproblem,the optimalKalmanfilter,
and the optimal stochasticlinear regulator. Only the main results are given
without derivations.This is donefor bothcontinuous-anddiscrete-timedomains
with emphasison the infinite time optimization (steadystate)and continuous-
time problems. In someplaces,we also presentthe correspondingfinite time
optimizationresults.In addition,severalexamplesareprovidedto showhow to
useMATLAB to solvethecorrespondingoptimal linearcontrol theoryproblems.

10.3.1Optimal Deterministic Regulator Problem
In modernoptimal control theory of linear deterministicdynamicsystems,rep-
resentedin continuous-timebyvw]xzy?{]|^}~xzyJ{<w]x�y�{�����xJ�J{���x<yJ{�� w]x�y<�S{]|(w&� (10.27)

we use linear statefeedback,that is��x<yJ{�|����#x�y�{<w�x<yJ{ (10.28)

and optimize the value for the feedbackgain, �#x�y�{ , such that the following
performancecriterion is minimized

� |n�f���������� �� ���� � �¡��¢�£ ¤¦¥]§<¨�©=ª�«?¤�§z¨�©­¬k®¦¥]§<¨J©�ªi¯�®�§�¨�©<°+±)¨
² ³
´mµ ª�«#¶(· µ ª�¯¹¸p·

(10.29)
Thischoicefor theperformancecriterionis quitelogical. It requiresminimization
of the “square” of input, which means,in general,minimization of the input
energy requiredto control a given system,and minimizationof the “square”of
thestatevariables.Sincethestatevariables—inthecasewhena linearsystemis
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obtainedthroughlinearizationof a nonlinearsystem—representdeviationsfrom
the nominal systemtrajectories,control engineersare interestedin minimizing
the “square” of this difference,i.e. the “square” of º]»�¼�½ . In the casewhen
the linear mathematicalmodel (10.27) representsthe “pure” linear system,the
minimization of (10.29) can be interpretedas the goal of bringing the system
as closeas possibleto the origin ( º�»<¼J½¿¾ÁÀ ) while optimizing the energy. This
regulationto zerocaneasilybemodified(by shifting theorigin) to regulatestate
variablesto any constantvalues.

It is shownin Kalman(1960) that the linear feedbacklaw (10.28)produces
the global minimum of the performancecriterion (10.29). The solution to this
optimization problem, obtainedby using one of two mathematicaltechniques
for dynamicoptimization—dynamicprogramming(Bellman,1957)andcalculus
of variations—isgiven in termsof the solution of the famousRiccati equation
(Bittanti et al., 1991; LancasterandRodman,1995). It canbe shown(Kalman,
1960; Kirk, 1970; SageandWhite, 1977) that the requiredoptimal solution for
the feedbackgain is given byÂ�ÃÅÄ�Æ »<¼J½U¾ÈÇ2ÉËÊÍÌÎnÏfÐ »<¼J½�ÑP»�¼�½ (10.30)

where Ñf»z¼J½ is the positivesemidefinite solutionof the matrix differentialRiccati
equationÇpÒÑ�»<¼J½U¾(Ó Ð »z¼J½ÔÑP»z¼J½�ÕAÑP»<¼J½�ÓW»<¼J½XÕMÉ Ì ÇÖÑf»�¼�½ Ï »<¼J½�ÉËÊ1ÌÎnÏ�Ð »�¼�½=Ñf»�¼�½J×[Ñf»z¼�Ø�½]¾(Ù

(10.31)
In thecaseof time invariantsystemsandfor an infinite time optimizationperiod,
i.e. for ¼ ØCÚÜÛ , the differentialRiccati equationbecomesan algebraiconeÀË¾¹Ó Ð ÑnÕMÑÝÓÞÕMÉ Ì ÇFÑ Ï É ÊßÌÎ Ï Ð Ñ (10.32)

If theoriginal systemis bothcontrollableandobservable(or only stabilizableand
detectable)the uniquepositivedefinite (semidefinite) solution of (10.32)exists,
such that the closed-loopsystemÒº]»�¼�½U¾áà�ÓâÇ Ï ÉËÊßÌÎ^Ï�Ð Ñ�ã�º�»<¼J½�× º�»z¼�ä3½U¾�º�å (10.33)

is asymptoticallystable. In addition, the optimal (minimal) valueof the perfor-
mancecriterion is given by (Kirk, 1970; Kwakernaakand Sivan, 1972; Sage
and White, 1977) æ ÃÅÄ�Æ ¾ æ�çUè é ¾'êëXº Ð å Ñìº­å (10.34)
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Example 10.2: Consider the linear deterministic regulator for the F-8
aircraft whosematrices í and î are given in Section5.7. The matricesin
the performancecriterion togetherwith the systeminitial condition are taken
from Teneketzisand Sandell (1977)ï�ð¹ñ(ò�ózôgõ¦ö0÷�ø�÷�ù�÷^ú)û�ü�÷^ú)û�ü)÷�ý�þMï�ÿ#ñ(ú)û�ü)÷��� ñ���ù3÷�÷ ÷ ÷�ø û ÷����
The linear deterministicregulatorproblemis alsoknown as the linear-quadratic
optimal control problemsincethe systemis linear andthe performancecriterion
is quadratic.The MATLAB functionlqr and the correspondinginstruction

[F,P,ev]=lqr(A,B,R1,R2);

producevaluesfor optimal gain 	 , solutionof the algebraicRiccati equation
 ,
and closed-loopeigenvalues.Thesequantitiesare obtainedas	 ñ����#÷�ø ÷�÷
� ÷�ø�������� �#÷�ø û��)û�ù ÷1ø�÷�����÷��


 ñÈù3÷�� ���� ÷�ø ÷�÷)÷�÷ �#÷�ø ÷�÷�ù3ü �#÷�ø ÷�÷)÷�ú �#÷1ø�÷�÷)÷�ú�#÷�ø�÷)÷�ù3ü ù)ø�ü��)ú�� ÷1ø�ù������ ÷�ø�û1ù
����#÷�ø�÷)÷�÷)ú ÷1ø�ù������ ÷1ø �)û�ù)ù �#÷1ø�÷���ù4ú�#÷�ø�÷)÷�÷)ú ÷1ø�û�ù���� �#÷�ø ÷���ù4ú ÷�ø�ù3ú�ü1ù
 �!!"# ð%$ ÿ ñ&�2÷1ø��)ü�ú�ù('*)�ú�ø ÷�÷�ü1ù�þ #�+ $ � ñ,�#÷1ø�÷�ú-�0ú.'*)�÷�ø�÷���ú-�

The optimal value for the performancecriterion can be found from (10.34),
which produces /�02143 ñ5�
��ú1ø��-�0÷-�

. 6
For linear discrete-timecontrol systems,a correspondingoptimal control

theoryresultcanbe obtained.Let the discrete-timeperformancecriterion for an
infinite timeoptimizationproblemof a time-invariant,discrete-time,linearsystem��798;: ù�<]ñ í ��7=8 < : î?> 798 <�þ �@7 ÷�<Uñ � � (10.35)

be definedby/ ñ ùûBACD4EGFIH � � 798 <�ï ð �@7J8 < : > � 7J8 <�ï ÿ > 7J8 <2KSþ ï ðML ÷�þ[ï ÿON ÷
(10.36)
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then the optimal control is given byP�Q9RTSVU�WYX2Z\[V]_^a`cbd^fehgji�^d`cb.kml�Q=RTSnU�WIoqp2r%s2l@Q9RTS (10.37)

where b satisfies the discrete-timealgebraicRiccati equationbBUtku`vbwkx]MZ i W_km`cbd^*XJ^f`cbd^&]_Z [ e gyi ^f`zbwk (10.38)

It can be shownthat the standardcontrollability–observabilityconditionsimply
theexistenceof a uniquestabilizingsolutionof (10.38)suchthat theclosed-loop
system l{Q9Rd]t|hS{U}Q9k~W_^;o�p�r�s=S2l@Q9RTS (10.39)

is asymptoticallystable. The optimal performancecriterion in this caseis also
given by (10.34)(Kwakernaakand Sivan,1972; Sageand White, 1977; Ogata,
1987).

10.3.2Optimal Kalman Filter
Considera stochasticcontinuous-timesystemdisturbedby white Gaussiannoise
with the correspondingmeasurementsalso corruptedby white Gaussiannoise,
that is�l�QJ��SnUtkul{Q2��Sz]��\�xQ2��S�� �?��l{Q2�9��S%��U l��
� �a������l{Q2����S=��U}���� Q2��SnU}�dl{QJ��Sv]��nQ2��S (10.40)

Sincethe systemis disturbedby white noise,the statespacevariablesare also
stochasticquantities(processes).Undertheassumptionthatboththesystemnoise
andmeasurementnoiseareGaussianstochasticprocesses,thensotooarethestate
variables.Thus, the statevariablesarestochasticallycompletelydeterminedby
their meanand variancevalues.

Sincethesystemmeasurementsarecorruptedby white noise,exactinforma-
tion aboutstatevariablesis not available.The Kalmanfiltering problemcanbe
formulatedas follows: find a dynamicalsystemthat producesas its output the
bestestimates, �l{QJ��S , of the statevariables l@Q2�%S . The term “the bestestimates”
meansthoseestimatesfor which the varianceof the estimationerror�TQJ��S@U�l{Q2��S(W �l{QJ��S (10.41)
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is minimized. Thisproblemwasoriginally solvedin a paperby KalmanandBucy
(1961). However, in the literature it is mostly known simply as the Kalman
filtering problem.

The Kalman filter is a stochasticcounterpartto the deterministicobserver
consideredin Section5.6. It is a dynamicalsystembuilt by control engineers
anddriven by the outputs(measurements)of the original system.In addition, it
has the sameorder as the original physicalsystem.

The optimal Kalmanfilter is given by (KwakernaakandSivan,1972)���@ ¢¡4£{¤}¥ ��� J¡�£v¦�§©¨�ª�«= %¬�£� 2­V �¬%£�®�¯ ��� �¡%£�£ (10.42)

where the optimal filter gain satisfies§ ¨2ª4«  J¡�£@¤}°m 4¬%£4¯O±c²*³G´ (10.43)

The matrix °m �¡%£ representsthe minimal valuefor the varianceof the estimation
error µ  J¡�£f¤~�{ 2¡�£V® ��� J¡�£ , and is given by the solution to the filter differential
Riccati equation¶°\ J·�£¸¤¹¥º°m 4¬»£z¦¼°m �¬%£=¥m±\¦�½\¾¿½m±(®�°m �¬%£%¯d±v²À³Á´�¯�°m 4¬»£jÂ °m J¡9Ã�£n¤Ä°YÅ

(10.44)
Assumingthat the filter reachessteadystate, the differential Riccati equation
becomesthe algebraicone, that is¥º°�¦¼°�¥u±u¦�½m¾Æ½m±{®�°m¯d±v²À³y´�¯?°t¤¹Ç (10.45)

so that the optimal Kalman filter gain § ¨�ª�« as given by (10.43)and (10.45) is
constantat steadystate.

Note that in the casewhen an input is presentin the stateequation,as in
(10.13), the Kalman filter has to be driven by the sameinput as the original
system,that is ���{ �¡%£n¤t¥ ��� �¡%£c¦ÉÈ?Ê� �¬%£�¦_§ ¨�ª�«  �¬%£� J­V %¬%£(®�¯ ��@ J¡�£%£ (10.46)

Theexpressionfor theoptimalfilter gainstaysthesame,andis givenby (10.43).

Example 10.3: Considerthe F-8 aircraft example. Its matrices ¥ , È , and¯ are given in Section5.7, and matrices ½ and ¾ in Example10.1. From
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the paperby Teneketzisand Sandell(1977)we havethe value for the intensity
matrix of the measurementnoiseË Ì5Í¢Î¸ÏÐÎ�Î�Î�Ñ�Ò�Ñ ÎÎ Ó�ÎzÔ

Theoptimalfilter gainat steadystatecanbeobtainedby usingtheMATLAB
functionlqe, which standsfor thelinear-quadraticestimator(filter) design.This
name is justified by the fact that we considera linear systemand intend to
minimize the variance(“square”) of the estimationerror. Thus,by using

[K,Q,ev]=lqe(A,G,C,W,V);

we get steadystatevaluesfor optimal Kalmanfilter gain Õ , minimal (optimal)
error variance Ö , and closed-loopfilter eigenvalues.For the F-8 aircraft, these
are given by Õ Ì Í2×¸Ø Ï�Ñ�Ó�Ù�Ù ÚÛÎ¸ÏÐÑ�Î × Î ÎyÏ�Ñ�Î ×¸Ø ÓTÏ Ü�Î�Ü�ÑÎ¸ÏÐÎ�Î�Ò Ø ÚÛÎ¸ÏÐÎ�Î�Î Ø ÎyÏ�Î�Î�Î Ø ÎyÏ�Î�Î�ÎhÓvÔÁÝ

Ö ÌßÞààá Î¸Ï�Ù ×�×�â ÚIÎyÏ�Î�Î × Ó Î¸ÏÐÎ�Î�Ü�Ù ÎyÏ�Î Ø Ó�ÒÚÛÎyÏ�Î�Î × Ó Î¸ÏÐÎ�Î�Î Ø ÚÛÎ¸Ï�Î�Î�Î Ø ÚÛÎ¸ÏÐÎ�Î�ÎhÓÎ¸Ï�Î�Î�Ü�Ù ÚIÎyÏ�Î�Î�Î Ø Î¸ÏÐÎ�Î�Î�Ó ÎyÏ�Î�Î�Î�ÓÎ¸Ï�Î Ø Ó�Ò ÚIÎyÏ�Î�Î�Î�Ó Î¸ÏÐÎ�Î�Î�Ó ÎyÏ�Î�Î�Ù Ø
ã�ääåæÁç Ì ÚIÙyÏ�è
Ó â¸Ø�é æÁê Ì Ú × ÏÐÑ�Ó Ø Î é æ�ë�ì í Ì ÚÛÎ¸Ï�Î Ø ÎhÓqî¹ï¸ÎyÏ�Î-è�Ñ�Î ð

Note that the closed-loopfilter in Example10.3 is asymptoticallystable,
wherethe closed-loopstructureis obtainedby rearranging(10.42)or (10.46)asñòó{ôJõ�ö Ì ô9÷ Ú Õxø�ù�ú=û ö òó�ô�õ%öcüÉý?þ{ô2õ�ö�ü Õxø2ù4ú¢ÿ ô2õ�ö (10.47)

It can be seenfrom this structurethat the optimal closed-loopKalman filter is
driven by both the systemmeasurementsandcontrol. A block diagramfor this
system-filterconfigurationis given in Figure 10.1.

Similarly to the continuous-timeKalman filter, it is possible to develop
correspondingresultsfor the discrete-timeKalmanfilter. The interestedreader
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canfind the correspondingresultsin severalbooks(e.g. KwakernaakandSivan,
1972; Ogata,1987).
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10.1: System-filter configuration

10.3.3Optimal StochasticRegulator Problem
In the optimal control problem of linear stochasticsystems,representedin
continuoustime by (10.13), the following stochasticperformancecriterion is
defined

���	� 
� ��
����������� ���� ���� �! #"%$'& �)(+*-, "'& �.(0/21 $3& ��(4*6571 & �.(98;:<�>= ?@BA *-,DCFE A *-5DGFE
(10.48)

Thegoal is to find the optimalvaluefor
1 &IH (

suchthat theperformancemeasure
(10.48)is minimized alongthe trajectoriesof dynamicalsystem(10.13).

Thesolutionto theaboveproblemis greatlysimplified by theapplicationof
the so-calledseparationprinciple. Theseparationprinciple says: performfirst
the optimal estimation,i.e. constructthe Kalmanfilter, and thendo the optimal
regulation, i.e. find the optimal regulatoras outlined in Subsection10.3.1with"J&KH (

replacedby L"'&IH ( . For more detailsabout the separationprinciple and its
completeproof seeKwakernaakand Sivan (1972). By the separationprinciple
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the optimal control for the aboveproblemis given byM%N9O�P4QIR�SUTWVYXZNKO)P\[]JQIR.S (10.49)

where XZN9O�P is obtainedfrom (10.30)and(10.32),and []'Q^R�S is obtainedfrom the
Kalmanfilter (10.46). The optimal performancecriterion at steadystatecan be
obtainedby usingeitheroneof the following two expressions(Kwakernaakand
Sivan, 1972)_ N9O�P TF`�a)b>c)dfe>g�hjikhjljmon6p-q<rBTF`.a�b<c)dfe>gBs-tus-lvm2nwXxlyp6z;XBr (10.50)

Example 10.4: Consideragainthe F-8 aircraft example.The matricesX NKO)P
and g are obtainedin Example10.2 and the matrices h{N9O�P and n are known
from Example10.3. Using any of the formulasgiven in (10.50),we obtain the
optimal value for the performancecriterion as

_ N9O�P6T}|�~�������|<~ . The optimal
control is given by (10.49) with the optimal estimates []JQIR.S obtainedfrom the
Kalman filter (10.46). �

Thesolutionto thediscrete-timeoptimalstochasticregulatoris alsoobtained
by usingtheseparationprinciple,i.e. by combiningtheresultsof optimalfiltering
and optimal regulation. For details, the readeris referredto Kwakernaakand
Sivan (1972) and Ogata(1987).

10.4 Linear Time-Delay Systems

The dynamicsof linear systemscontainingtime-delaysis describedby delay-
differentialequations(Driver, 1977). Thestatespaceform of a time-delaylinear
control systemis given by�]JQKR�S�T��6�0QIR.S%m��-�Y��Q^RyV��DS�m�����Q^R�S (10.51)

where � representsthe time-delay. This form can be generalizedto include
statevariablesdelayedby |��Y���\����������� time-delayperiods.For the purposeof this
introductionto linear time-delaysystemsit is sufficient to consideronly models
given by (10.51).
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Taking the Laplacetransformof (10.51)we get�����+�<�y�� j�¡�I���3�� -¢Y�k�I�\�4£\¤¦¥I§©¨2ª�«I¬­¤0®x¯o°�±©�I�\� (10.52)

which producesthe characteristicequationfor linear time-delaysystemsin the
form ²�³;´ «^��µx�¶ ·��  ¢ £\¤¦¥K§3®¸¨�¬¨¹�7º�¯¶» º<¤½¼ «I£\¤¦¥K§y®��¾º>¤¦¼x¯	¿�¿�¿¾¯�» ¼ «^£�¤¦¥K§y®7�Y¯o»>Àf«I£\¤f§½¥�®Á¨¹¬ (10.53)

Note that the coefficients »<Â+Ã)ÄÅ¨Æ¬�Ã;Ç>Ã�È�ÃÊÉ�É�É�Ã4Ë��ÌÇ , are functions of £ ¤¦¥K§ , i.e.
of the complex frequency � , and therefore the characteristicequation is not
in the polynomial form as in the caseof continuous-time,time-invariantlinear
systemswithout time-delay.This impliesthatthetransferfunctionfor time-delay
linear systemsis not a rational function. Note that the rational functionscanbe
representedby a ratio of two polynomials.

An important featureof the characteristicequation(10.53) is that it hasin
general,infinitely manysolutions.Due to this fact the studyof time-delaylinear
systemsis muchmoremathematicallyinvolved thanthe studyof linear systems
without time-delay.

It is interestingto point out that the stability theory of time-delaysystems
comesto the conclusionthat asymptoticstability is guaranteedif andonly if all
roots of the characteristicequations(10.53) are strictly in the left half of the
complexplane,eventhoughthenumberof rootsmay in generalbe infinite (Mori
and Kokame,1989; Su et al., 1994). In practice,stability of time-delaylinear
time-invariantsystemscanbeexaminedby usingtheNyquist stability test(Kuo,
1991), as well as by employing Bode diagramsand finding the corresponding
phaseand gain stability margins.

Studyingthe controllability of time-delaylinear systemsis mathematically
very complex as demonstratedin the correspondingchapter in the book by
Klamka (1991) on systemcontrollability. Analysis, optimization, and appli-
cationsof time-delayedsystemsare presentedin Malek-Zavareiand Jamshidi
(1987). For controlproblemsassociatedwith thesesystemsthe readeris referred
to Marshall (1977).

Note that in somecaseslinear time-delaycontrol systemscan be related
to the sampleddatacontrol systems(Ackermann,1985), which are introduced
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in Chapter2, and to the discrete-timelinear control systemswhosestatespace
form is consideredin detail in Chapter3 andsomeof their propertiesarestudied
throughoutthis book. Approximationsof the time-delayelementÍ\Î¦Ï¦Ð for small
valuesof Ñ are consideredin Section9.7.

10.5 System Identification and Adaptive Control

Systemidentificationis an experimentaltechniqueusedto determinemathemat-
ical modelsof dynamicalsystems.Adaptivecontrol is appliedfor systemsthat
changetheir mathematicalmodelsor someparameterswith time. Sincesystem
identification is included in every adaptivecontrol scheme,in this sectionwe
presentsomeessentialresultsfor bothsystemidentificationandadaptivecontrol.

10.5.1SystemIdentification
Theidentificationprocedureis basedon datacollectedby applyingknowninputs
to a systemand measuringthe correspondingoutputs. Using this method, a
family of pairs Ò^Ó�ÒKÔ4ÕIÖ)×)ØÙÒIÔIÕ4Ö4Ö)×ÛÚ©ÜÞÝ<×àß�×�áf×;â�â�â is obtained,where Ô^Õ stand for
the time instantsat which the resultsare recorded(measured).In this section,
we will presentonly one identification technique,known as the least-square
estimationmethod, which is relevant to this book since it can be used to
identify thesystemtransferfunctionof time-invariantlinearsystems.Manyother
identification techniquesapplicableeither to deterministicor stochasticsystems
arepresentedin severalstandardbookson identification (seefor exampleLjung,
1987;SoderstromandStoica,1989). For simplicity, in this sectionwe studythe
transferfunction identification problemof single-inputsingle-outputsystemsin
the discrete-timedomain.

Consideran ã th-ordertime-invariant,discrete-time,linear systemdescribed
by the correspondingdifferenceequationaspresentedin Section3.3.1, that isä Ò+åçæ�ã�Ö%æoè>é Î½ê ä ÒIå�æ¶ãjëFÝ7Ö%æ	ì�ì7ì;æ�è<í ä Ò+åîÖÜ¹ï é Î�ê;ð Ò+å�æ¶ãjëoÝ\Ö%æ�ï é Î�ñ;ð Ò+åçæ�ã�ë�ßòÖ%æ¹ì7ì�ì¾æ�ï í ð Ò4åîÖ (10.54)

It is assumedthat parametersó ÜWô#è>é Î¦ê è>é Î¦ñ ì7ì�ìuè<í½õ^× ö�ÜWô�ï)é Î¦ê ï)é Î¦ñ ì�ì7ì÷ïÊí½õ (10.55)
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are not known and ought to be determinedusing the least-squareidentification
technique.

Equation(10.54) can be rewritten asø�ù9úüû¶ýÙþ'ÿ��������	�;ø�ùIú�û¶ý
���7þ
��������������ø�ù+úîþû�� ������� ù+úçû�ý����\þ½û�� ���	��� ù4ú�û¶ý
���òþ%û������;û�� � � ù+ú½þ
(10.56)

and put in the vector formøfù4ú�ûoý�þ�ÿ�!<ù+úçû�ý����\þ "$#%'& (10.57)

where
#

and
%

aredefinedin (10.55),and !<ù+ú�û¶ý
���\þ is given by!<ù+úçû�ý����\þ'ÿ�()�¸ø�ùIúBû¶ý
���7þ �����*�¸øfùIú½þ � ù+úçû�ý����\þ ����� � ù+ú½þ,+
(10.58)

Assumethat for thegiveninput,we perform - measurementsandthat theactual
(measured)systemoutputsare known, that is

.�/ ù4ú10 - þ'ÿ32445 ø�67ù4úçû�ýÙþø 6 ù+úçû�ý�����þ787)7ø 6 ù4ú�ûoý
� - û9�\þ
:<;;= (10.59)

Theproblemnow is how to determine�<ý parametersin
#

and
%

suchthat the
actual systemoutputs

.
/ ù+ú10 - þ are as closeas possibleto the mathematically
computedsystemoutputsthat are representedby formula (10.57).

We can easily generate- equationsfrom (10.57)as

. ù+ú>0 - þ'ÿ 2445 ø�ù4ú�ûoý�þø�ù+úçû�ý����\þ787)7ø�ù+úçû�ý�� - û��7þ
:<;;= ÿ 244445

!>ù4úçû�ý
���\þ!>ù4úçû�ý
���­þ787)7!<ù+ú�û¶ý?� - û���þ!<ù+úçû�ý�� - þ
: ;;;;= " #% & ÿA@kù4ú10 - þ " #% &

(10.60)
Define the estimation(identification)error asB ùIú10 - þ'ÿ .
/ ùIú10 - þ
� . ù+ú10 - þ (10.61)
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The least-squareestimationmethod requiresthat the choice of the unknown
parametersC and D minimizesthe “square” of the estimationerror, that isEGFIHJLK MONQPSRT EGFIHJLK M�UWV�XZY\[1]�^Q_`VaY$[1]b^Q_dc (10.62)

Using expressionsfor the vector derivatives(seeAppendix C) and (10.60),we
can show thatEGFIHJLK MOe NZfhg i Niaj CD'k P�lagnm X Y$[>]b^�_`maY`[1]o^p_ j CDqksr m X Y\[>]b^Q_$tvu,Y$[1]b^Q_wP9l

(10.63)
which producestheleast-squareoptimalestimatesfor theunknownparametersas

j CD k P U m X Y\[1]b^p_xmaY$[1]o^p_ czy1{ m X Y$[1]b^O_|tvu,Y\[1]b^Q_ (10.64)

Note that the input signalhasto bechosensuchthat thematrix inversiondefined
in (10.64) exists.

Sometimesit is sufficient to estimate(identify) only someparametersin a
systemor in a problemunderconsiderationin orderto obtaina completeinsight
into its dynamicalbehavior. Very often the identification (estimation)process
is combinedwith known physicallaws which describesome,but not all, of the
systemvariablesand parameters.It is interestingto point out that MATLAB
containsa specialtoolbox for systemidentification.

10.5.2Adaptive Control
Adaptivecontrol schemesin closed-loopconfigurationsrepresentnonlinearcon-
trol systemsevenin thosecaseswhenthesystemsunderconsiderationarelinear.
Due to this fact, it is not easyto study adaptivecontrol systemsanalytically.
However,dueto their practicalimportance,adaptivecontrollersarewidely used
nowadaysin industrysincethey producesatisfactoryresultsdespitethe fact that
many theoreticalquestionsremain unsolved.

Two major configurationsin adaptivecontrol theory and practiceare self-
tuning regulatorsand model-referenceadaptiveschemes. Theseconfigurations
arerepresentedin Figures10.2and10.3. For self-tuningregulators,it is assumed
that the systemparametersare constant,but unknown. On the other hand, for
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the model-referenceadaptivescheme,it is assumedthat the systemparameters
changeover time.

System
}

Regulator

Calculations
of regulator
parameters

Parameter
~
estimation

y
u�uc

10.2: Self-tuning regulator

SystemRegulator
�
Model

Adjustment
mechanism

y�

yc

uuc

10.3: Model-reference adaptive control scheme

It canbeseenfrom Figure10.2thatfor self-tuningregulatorsthe“separation
principle” is used,i.e. the problemis divided into independentestimationand
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regulationtasks. In the regulationproblem, the estimatesare usedas the true
valuesof the unknown parameters.The commandsignal ��� must be chosen
such that unknown systemparameterscan be estimated. The stability of the
closed-loopsystemsandtheconvergenceof theproposedschemesfor self-tuning
regulatorsare very challengingand interestingresearchareas(Wellsteadand
Zarrop, 1991).

In the model-referenceadaptivescheme,a desiredresponseis specifiedby
usingthe correspondingmathematicalmodel(seeFigure10.3). The error signal
generatedas a differencebetweendesiredand actualoutputsis usedto adjust
systemparametersthat changeover time. It is assumedthat systemparameters
changemuch slower than systemstatevariables.

Theadjustedparametersareusedto designa controller,a feedbackregulator.
There are severalways to adjust parameters;one commonly used method is
known as the MIT rule (Astrom andWittermark,1989). As in the caseof self-
tuningregulators,model-referenceadaptiveschemesstill havemanytheoretically
unresolvedstability and convergencequestions,even though they do perform
very well in practice.

For detailedstudy of self-tuning regulators,model-referenceadaptivesys-
tems,andotheradaptivecontrolschemesandtechniquesapplicableto bothdeter-
ministic andstochasticsystems,the readeris referredto Astrom andWittenmark
(1989), Wellsteadand Zarrop (1991), Isermannet al. (1992), and Krstić et al.
(1995).

10.6 Nonlinear Control Systems

Nonlinearcontrol systemsare introducedin this book in Section1.6, wherewe
havepresenteda methodfor their linearization. Mathematicalmodelsof time-
invariant nonlinearcontrol systemsare given by����|�����9�?�|���|�o�o� � ���x�o�b� ���$�$�L�����>�� �|�o���9�w�����|�o�d� � ���o�x� (10.65)

where ���|�x� is a statevector, � �$�x� is an input vector, � ���x� is anoutputvector,and� and � are nonlinearmatrix functions. Thesecontrol systemsare in general
very difficult to study analytically. Most of the analytical resultscome from
the mathematicaltheory of classicnonlineardifferential equations,the theory
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of which hasbeendevelopingfor more than a hundredyears(Coddingtonand
Levinson,1955). In contrastto classicdifferentialequations,dueto thepresence
of the input vector in (10.65) one is faced with the even more challenging
so-calledcontrolled differential equations. The mathematicaland engineering
theoriesof controllednonlineardifferentialequationsarethemoderntrendof the
eightiesand nineties(Sontag,1990).

Many interestingphenomenanot encounteredin linear systemsappearin
nonlinearsystems,e.g. hysteresis,limit cycles,subharmonicoscillations,finite
escapetime, self-excitation,multiple isolatedequilibria, and chaos. For more
detailsaboutthesenonlinearphenomenaseeSiljak (1969)andKhalil (1992).

It is very hard to give a brief presentationof any result and/orany concept
of nonlinearcontrol theory sincealmostall of them take quite complexforms.
Familiarnotionssuchassystemstability andcontrollability for nonlinearsystems
haveto be describedby usingseveraldefinitions(Klamka,1991;Khalil, 1992).

One of the most interesting results of nonlinear theory is the so-called
stability conceptin the senseof Lyapunov. This conceptdealswith the stability
of systemequilibrium points. The equilibrium points of nonlinearsystemsare
definedby �?�����$�
� �$����� �Z�$�o�x�p¡ �
�����x�

(10.66)

Roughly speaking,an equilibrium point is stablein the senseof Lyapunov if
a small perturbationin the systeminitial condition doesnot causethe system
trajectoryto leavea boundedneighborhoodof thesystemequilibriumpoint. The
Lyapunovstability canbeformulatedfor time invariantnonlinearsystems(10.65)
as follows (SlotineandLi, 1991; Khalil, 1992; Vidyasagar,1993).

Theorem 10.1 Theequilibrium point

�£¢a�¥¤
of a time invariant nonlinear

systemis stablein the senseof Lyapunovif there existsa continuouslydifferen-
tiable scalar function ¦ �����

suchthat along the systemtrajectoriesthe following
is satisfied ¦ ������§�¤¨� ¦ �$¤©���9¤

ª¦ �������¬« ¦« � �®­ ¦­ � « �« ��¯ ¤ (10.67)

Thus, the problemof examiningsystemstability in the senseof Lyapunov
requiresfinding a scalarfunction known asthe Lyapunovfunction ¦ �$���

. Again,
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this is a very hardtaskin general,andoneis ableto find the Lyapunovfunction°²±$³Z´
for only a few real physicalnonlinearcontrol systems.

In this bookwe havepresentedin Section1.6 theprocedurefor linearization
of nonlinearcontrol systems.Anotherclassicmethod,known as the describing
functionmethod,hasprovedvery popularfor analyzingnonlinearcontrolsystems
(Slotine and Li, 1991; Khalil, 1992; Vidyasagar,1993).

10.7 Comments

In additionto theclassesof control systemsextensivelystudiedin this book,and
thoseintroducedin Chapter10, manyothertheoreticalandpracticalcontrolareas
have emerged during the last thirty years. For example,decentralizedcontrol
(Siljak, 1991), learningsystems(Narendra,1986),algebraicmethodsfor multi-
variablecontrol systems(Callier and Desoer,1982; Maciejowski,1989), robust
control (Morari and Zafiriou, 1989; ChiangandSafonov,1992; Grimble, 1994;
Greenand Limebeer,1995), control of robots(Vukobratovíc and Stokíc, 1982;
Spongand Vidyasagar,1989; Sponget al., 1993), differential games(Isaacs,
1965;BasarandOlsder,1982;BasarandBernhard,1991),neuralnetworkcon-
trol (GuptaandRao,1994),variablestructurecontrol (Itkis, 1976;Utkin, 1992),
hierarchicalandmultilevel systems(Mesarovíc et al., 1970),control of systems
with slow and fast modes(singularperturbations)(Kokotović andKhalil, 1986;
Kokotović et al., 1986; Gajić and Shen,1993), predictivecontrol (Soeterboek,
1992),distributedparametercontrol, large-scalesystems(Siljak, 1978;Gajić and
Shen, 1993), fuzzy control systems(Kandel and Langholz, 1994; Yen et al.,
1995), discreteevent systems(Ho, 1991; Ho and Cao, 1991), intelligent vehi-
clesandhighwaycontrol systems,intelligent control systems(GuptaandSinha,
1995;deSilva,1995),control in manufacturing(ZhouandDiCesare,1993),con-
trol of flexible structures,power systemscontrol (Andersonand Fouad,1984),
control of aircraft (McLean, 1991), linear algebraand numericalanalysiscon-
trol algorithms(Laub, 1985; Bittanti et al., 1991; Petkovet al., 1991; Bingulac
andVanlandingham,1993; Patelet al., 1994),andcomputer-controlledsystems
(Astrom and Wittenmark, 1990).

Finally, it shouldbe emphasizedthat control theoryandits applicationsare
studiedwithin all engineeringdisciplines,andaswell as in appliedmathematics
(Kalman et al., 1969; Sontag,1990) and computerscience.
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