
Sample Exam 3: Solutions
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For the third signal the Laplacetransformcan be obtaineddirectly from the table as�J�/�)[/�
	��D
J�'� ��\ 	��0� H ��NAT]U-�4=)	��A!8��	�� ( � \ �"GI�B���^ �"GI�B��� H �+_)` H
#2) a �4G��b� ��Gc��� �8CG H �4G.�@&�� � �G/��G.�@&�� � � �8CG H �4G.�@&�� � a � �FG)�8� a H �"G)�D�/�8Ca � �4G��b�ed �G � d HG.�@& � � G $ �GI�@&gfih ��$S��� �E�4j !8��	��.�'� � �
	��a H �4G��.�lk � HG �mk �D�G H � k HGI�'& �n$ &G � &G H � &G.�@&gfih $*&.�V	2�?�0�E� j !��3	��.�<� H �#	�����
	��.� h ��$P���/� �4jL!��#	��8� ^ $*&c�o	%$'&.�B�0�>1��4� �47 ` !8�3	.$+&��.� h ��$B���0�E�4j/!��#	��8� ^ $J�p�V	2�?�0�>1q�4� �47 ` !8��	9$+&��
#3) � � Q d W>�@=/r 5 H � d �+�/�D!2Q d $B�;W>�@=�r0� H 5 H 5 H � d $B�p���p�?�/�D!6Q d W8�<s�&Jtu=�r0� H � d $P����!6Q d $S�)W�'sv&-tu=�r0� H � d $P����!6Q d $B�)Ww�+=��)xytu=�r0� H !2Q d $B�;W f sv& =�z�4z�$B=�� H z�� H �?=��/x zz�$B= z{� H
Using the table of the | -transformcommonpairs we have�6Q d W>�<K�M�N*} d O �%~ !6Q d W f z H $Bz.KDM�N hL� H jz H $V��z.KDM�N h � H j �'& � z Hz H �@& � a �"z��
By the time multiplication propertywe obtaind �6Q d W f $Jz%� a �Xz��� z ��$Jz��� zI� z Hz H �'&9� ��$ ��z H�"z H �'&)� H
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¨ ¸ ª ©A¾ ¸ ª«
¨ ¸ « ©�¾ ¤ «ª �

¨ ¸J� ©A¾/¿JÀ � �w�
The initial value theoremis always applicable,hence�6� � �>�ÂÁ �ÄÃ²�Å¥Æ �

§�¨ ¢�©  J�ÂÁ �3Ã²�Å*Æ'Ç � ¨ ¢ ¤ � ©¨ ¢ ¤'ª © ¨ ¢ ¤ � © ¨ ¢ ¤ � ©EÈ � �
This can be verified from the expressionobtainedfor

�2�R����6� � �>�¶µª � ¸ ª� ¸ ª« ¤ «ª �
Thefinal valuetheoremis not applicablein this casesincethefunction

¨ ¢ ¸ ª © §�¨ ¢�© haspolesoutsidetheunit circle.

#5) É ¨"Ê © � « Ê ¸ ªÊ ¯ ¤BË Ê ¤ �Ì ¨�Í © �+Î · ® � É
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Í Ñ · �DÒ ¿ À ¨#Í ©
Another way ti find the step responseÜ Õ ÒXÖ�× ¨�Ê © � É ¨"Ê © ªÊ � ��®Ê ¤ ��¯;®Ê ¤B« ¤ ��¯D¯¨4Ê ¤�« © ¯ �n¸ ª�Ý �Ê ¤ ª�Ý �Ê ¤B« ¤ ª � Ý�«¨"Ê ¤B« © ¯ º ¼ ¸ ª� ¤ ª� Ñ · �DÒ ¤ ª �«

Í Ñ · �DÒ ¿ À ¨�Í ©Ü ² Õ ¨"Ê © � É ¨"Ê © §�¨4Ê © � « Ê ¸ ª¨4Ê ¤�« © ¯ ¨"Ê ¤'ª © � ªÊ ¤+« ¤ �¨"Ê ¤B« © ¯ ¸ ªÊ ¤@ª º Ð Ñ · �DÒ ¤ � Í Ñ · �DÒ ¸ Ñ · Ò Ó À ¨#Í ©Ê ¯ Ü ²�Þ ¨"Ê © ¸ Ê Ô ²DÞ Ð � · Ó ¸ Ô�ß ®4à²DÞ Ð � · Ó ¤BË Ð Ê Ü ²DÞ ¨"Ê © ¸ Ô ²DÞ Ð � · Ó)Ó ¤ � Ü ²DÞ ¨"Ê © � � � Ô ²�Þ Ð � · Ó � ª � Ô�ß ®�à²DÞ Ð � · Ó � �Ð Ê ¯ ¤+Ë Ê ¤ � Ó Ü ²�Þ ¨"Ê © � Ê ¤+Ë � Ü ²DÞ ¨4Ê © �
Ê ¤BË¨4Ê ¤+« © ¯ � ªÊ ¤+« ¤ «¨�Ê ¤+« © ¯� Ô ²DÞ ¨#Í © ��Î · ® � Ü ²DÞ

¨"Ê ©  ��áÐ Ñ · Ò ¤B«�Ñ · �DÒXÓ À ¨�Í ©
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#6) The systemtransfer function is âoã"ä�å.æ äpç@èä�éIêìëí ä�êmëí
The impulse responseis obtainedfromî2ïRð�ñ æ@ò�ó ë�ô âoã4ä�å;õ�ö èä âoã4ä�å%ænêø÷ä ç è)ù/ú�ûäüê ëé ç è�ý�ú�ûäJç ëþî2ïRð�ñ æ@ò ó ëLÿ ê ÷ ç è�ùû ä� ä-ê ëé�� ç è)ýû ä� äpç ëþ ��� ænê ÷�� ïRð�ñ ç�� è)ùû
	 èý���
 ç è�ýû�	 ê è

� ��
���� ï ðwñ
The zero-inputresponseis given byò�������� ïRð�ñ ê è÷ ����� ï ð ê'è ñ ê è÷ ����� ï ð êPý ñ æ�� �

!#" ���Aã"ä�å%ê è÷ 	 èä " ����ã�ä�å8ç$� ï êüè ñ � ê è÷ 	 èä�é " ����ã4ä�å8ç èä ����� ï êüè ñ ç%����� ï êJý ñ � æ&�
" ��� ã4ä�å 	 èIê è÷ ä ê è÷ ä'� æ è÷ � ��� ï ê*è ñ ç è÷ ä � ��� ï ê*è ñ ç è÷ � ��� ï ê�ý ñ

" ����ã4ä�å.ænê è
�

ä é� ä�éIê ëí ä�ê ëí � æ@ê èû ä� äüê ëé � ê ýè�û ä� äpç ëþ �)( � ê èû*	 èý'� 
 ê ýè)û+	 ê è
� � 
 � � ï ð�ñ æ������ ïRð�ñ

The zero-stateresponseis!#" �-,)ã4ä�å.æ@âoã4ä�å/.­ã"ä�å%æ äpç�è� ä�éIê ëí ä�ê ëí �
äã4äpç@è�å æ ää�éIê ëí ä�ê ëíèä " �-,)ã4ä�å%æ ð ëä-ê ëé ç ð éä�ç ëþ æ ÷ ú�ûä�ê ëé ê ÷ ú�ûäpç ëþ� �-, ïRð�ñ æ'ò�ó ë ÿ ÷û ä� ä�êìëé�� êì÷û ä� äJç ëþ ��� æ#�c÷û0	 èý��+
 ê ÷û*	 ê è

� ��
���� ïRð�ñ
The steadystateresponsedue to 1 ïRð�ñ æmû � ï ð�ñ

can be obtainedusing the known formula� ,/, æ<û�âoã�è)å%æ<û32Sè�ý-æ ÷ �
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Sample Exam 4: Solutions

#1a) 46587�9;:=<?>;@BA�C�D 9FE$<HG�7I D 9FJ$<HG�7 @�4LK�9;: < 7'M&NPORQTS 46587�9;:U<H>;@ ORQTS 4VKH9;: < 76M
WYX[Z�\ 5]9�>�^+@ W A O Q�S 4 K 9�: < 7'M�_ @ W A O Q 5 S`Qbac�deac > 4 K 9;: < 7�Mf_ @ O a c W A O Q 5 S`Qgac > 4 K 9;: < 7'M�_@ O ac O Qih ac W�j O QTS 465k9�>ml+@ CnFo C O ac O Qih ac

Anotherway to find the Laplacetransformof
Z \ 5p9�>

is to usethe Laplacetransformdefinition integralWVXqZ \ 5]9�>�^+@ W A O Q�S 4 K 9�: < 7'M�_=r W A O QTS 4 K 9s: < 7�Mf_ @utvwyx O QTS 4 K 9;: < 7�M O Q'hzS/{ 9
@ tv ac O Qi|ph/d \/} S/{ 9�@~: C5 nFo C >�O Q'|]h/d \/} Sq� S]� tS����-��� @ C5 ngo C >�O Qi|ph/d \/} ac

WVXqZ�� 5�9�>�^Y@ WVXq�-�m� 58��9�>y� 465k9�>;:=4'5p9s:���>���^+@ WVXq����� 5`��9�>�4'5p9�>�^e: WLXm����� 5z��9�>�4'5p9s:=��>�^@ nn � o � � : WVXq����� 5/��5p9s:��m> o ���'>�4'5p9s:���>�^@ nn � o � � : WLX � ����� 58��5p9�:���>�> ����� 5z���'>�: �/��� 5`��5p9s:��m>�> ����� 5/���'>8��465]9;:���>�^@ nn � o � � : WVX � ����� 58��5p9�:���>�>�: I ��465]9;:��m>y^Y@ nn � o � � : O Q � h WVXq����� 5`��9�>�4'5p9�>�^nn � o � � : O Q � h nn � o � � @ n�� C : O Q � h��n � o � �
Another way to solve the sameproblemis to use the modulationpropertyWVX � 465]9�>�:=4'5p9�:���>��z^L@ Cn : Cn O Q � h @ C : O Q � hn @��f5 n >� 465]9�>�:�465]9;:��m>�� ����� 5z��9�>�� C� X �35 nFo�� �'> o �35 n : � ��>�^L@ C� K C : O Q � |kh�dH q¡ }n�o�� � o C : O Q � |kh�QH q¡ }n : � � M

� C : O Q � |]h�dH q¡ } � 5 n : � �'> o � C : O Q � |kh�QH q¡ } � 5 nFo¢� �£>�H5 n � o � � >@ � C : O Q � h � 5 n : � �'> o � C : O Q � h � 5 nFo¢� �£>�H5 n � o � � > @ n : n O Q � hn � o � �
WLXmZ � 5p9�>�^L@ W j � 9 � o C � 465]9;: C > l @ W j � 9 � o �[9s:���9 o C � 465]9;: C > l@ W+¤*¥ 5]9;: C > � o ��9/¦m4'5p9s: C >-§�@ W+¤ 5]9�: C > � 4'5k9�: C >y§ o WLX ��9�465]9;: C >�^
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¨&©�ªi«�¬*­�®�¯�°'±p®�²q³e´%¬eµm¶H±p®s·&¸�´&¸�²/°6±]®;·&¸q²�¹¨ ¶�© ªi«º�» ´%¬Lµq¶¼±]®;·&¸q²/°6±]®;·$¸�²�¹g´%¬Vµq¶�°6±]®;·½¸-²y¹L¨ ¶�© ªi«ºy» ´ ¶�© ª'«º ¯ ´ ¶�© ª'«º
Another way to solve this problem¬Vµq°'±p®s·&¸�²�¹L¨ ¸º © ª'«m¾ ® ¯ °'±p®�·$¸q²b¿P±/·*¸q² ¯*À ¯À º ¯VÁ © ªi«ºÃÂ ¨�© ªi« Á ¸º ´ ¶º ¯ ´ ¶º » Â¬Vµ[Ä » ±]®�²�¹L¨&¬ ­ ® ¯ °6±k®�·$¸q² ³ ´�¬Lµq°6±]®�·Å¸q²�¹Y¨�© ªi« Á ¶ º ´ ¶º ¯ ´ ¶º » Â ¨ ¶�© ª'«º Á ¸�´ ¸º ´ ¸º ¯ Â
#1b1) Æ�Ç ± º ²F¨ © ªi¯�«º ± º ´&¸�²�± º ´�¶�²�± º ´ÅÈm²y± º ´%ÉH²�± º ´�Ê�² ¨ Æ;Ë ± º ²/© ªi¯�«
The time domaincomponentcorrespondingto the pole at the origin is given byÌ Ç °6±]®;·�¶m² ¾ Ì Ç ¨BÍkÎ�Ï«/Ð Ë µ º Æ Ë ± º ²y¹L¨ ¸¸+Ñ�¶3ÑÒÈ3ÑÓÉÔÑ)Ê ¨ ¸¸q¶mÕ
#1b2) Æ ¯ ± º ²�¨ © ª » «º ± º ¯ ´
¸q² ¨ Æ » ± º ²�© ª » « ¾ Æ » ± º ²�¨ Ì Çº ´ Ì ¯º ´�Ö ´ Ì ×¯º ·)ÖÌ Ç ¨ ¸º ¯ ´&¸;Ø «zÙ Ë ¨Ú¸ ¾ Ì ¯ ¨ ¸º ± º ·¢ÖR²�Ø «�Ù�ª?Û ¨ ¸±�·FÖ?²�±/·L¶[ÖR² ¨~· ¸¶ ¨ Ø Ì ¯ Ø Ü Ì ¯ ¨ ¸¶'Ü�ÝÆ » ± º ²�¨ ¸º ´ ·*¸qÞ�¶º ´�Ö ´ ·*¸qÞ�¶º ·¢Ö ¿#°'±p®�²'´$¶ Ø Ì ¯ Ø © Ë£ß�à�á ±]®s´ Ü Ì ¯ ²/°6±]®�²¨&°6±]®�²£´ ß�à�á ±]®£´ Ý ²/°6±]®�²;¨~±�¸�´ ß�à�á ±�®�²�²/°6±]®�²;¨�Ä » ±p®�² â Ä ¯ ±p®�²�¨Ú±�¸�´ ß�à�á ±p®s·�È�²/²/°6±]®;·�È�²
Another way to solve this problemÆ » ± º ²�¨ ¸º ± º ¯ ´�¸q² ¨äã º ´æå º ´Åçº ¯ ´&¸ ¨èã º ¯ ´ ã ´ å º ¯ ´Åç º± º ¯ ´�¸q² â ã ¨Ã¸b¨~· å ¾ ç�¨�ÕÆ » ± º ²g¨ ¸º · ºº ¯ ´�¸ ¿é°'±p®�²�· ß�à�á ±p®�²�°'±k®�²êâ Ä ¯ ±p®�²�¨�±-¸F· ß�à�á ±]®;·�È�²�°'±p®s·�È�²/²
#2a) Ä Çmë Ì?ì ¨�È�í-î ¯ ± Ì ´%¶�²/° ë Ì?ì ¨�ï3Ñ)È�í Ì ° ë Ì�ì ´
¸qð3Ñ)È�ím° ë Ì?ì ¿éï Èmñ±zñV·�È�² ¯ ´�¸qð ññò·�È ¨ ¸qð�ñ ¯ ·�¶�ó�ñ±8ñV·�È�² ¯
Another way to find the ô -transformfor Ä Ç ë Ì�ìÄ Ç ë Ì�ì ¨�È�í�î ¯ ± Ì ´%¶�²�° ë Ì�ì ¨�Ä ë Ì ´%¶ ì ° ë Ì�ì ¾ Ä ë Ì�ì ° ë Ì�ì ¨�È�í Ì ° ë Ì�ì ¿ È�ñ±/ñV·=È�² ¯ ¨ Æ ±zñ�²

ô µ�Ä Ç ë Ì�ì ¹�¨�ñ ¯ Æ ±zñ�²�·�ñ ¯ Ä ë Õ ì ·�ñ�Ä ë ¸ ì ¨ È�ñ »±8ñ+·=È�² ¯ ·�Õe´ÅÈ�ñ+¨ ¸qð�ñ ¯ ·=¶�ó�ñ±zñV·�Èm² ¯
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õmö�÷ ø�ùiú�û�ü�ý�þkø�ÿ �����£÷ ø�����ùiú�û�ü�ýòþ
	8ø�����
�����ÿ ������÷ ø�����ùú��qû�ü�ý þ 	8ø������ ÿ � � û�ü�ý þ ÿ � � ��ý���� þ 	zø������ ÿ � � ý���� þ ÿ � ��� �£÷ ø�����ùiú���ý���� þ 	8ø������ ÿ � � ÷ ø�����ù
� �! #"%$�&(''ý��)�Uþ�ø�ÿ � ����÷ ø�ù�*�ú+�, #"%$  ;ý����(-�. ö0/ ö � �  �û�ü�ý - . ö / 
�� ú+� � ö 
��

õ�1H÷ ø�ù'ú325476 øÔú8��9�;: 6 øÔú ��<= 6 ü�>�?7@BA�C;��ý�@ D &�E[õ�1H÷ ø�ùGF,H 4 $�I � : öKJ
#2b) L 	G ���ú 9#	M ,
 � �	M ;
��B� ö 	� N�����(O   D � L 	M P�;ú ø $ 
 ø ö N�Q� 
 ø 1 $ ,
R� 
 ø 1 ö	S ;
��B� öø $ ú 9T	M ;
 � �	� N���B�U	� ;
��B� öWV X�Y%Z ú��[� = 6 ø?öeú 9T	M ;
 � � T	� ;
���� ö\V X�Y $ ú �B9:øP1 ö ú 9T	M N
 � � T	M [����� V X�Y "%$ ú 9� 6 ø�1 $ ú^]]  �_ 9#	G ,
 � � T	� N�����a` V X�Y "%$ ú � 9:L 	S ���ú���� = 
 	K�B9Pb�:��K  N��� 
 	 � 9�bc:d��  ,
R� 
 	e9Pb � �� 	� ;
���� ö � �[� =�f ÷ ø�ù#
hg �B9: 
 � 9: 	��[����i;� 9� øj	����B��i�kl��÷ ø�ù
The final valuetheoremis not applicablein this casesincethe function

	M N����� L 	M P�
hasa doublepole on the unit

circle at
 �úm���

. The initial value theoremis alwaysapplicable,henceõ�÷ = ùiúon��qpX�r�s E L 	G ��tFLúun���pX�r�s 2 9#	M ;
 � �	S ,
R�B� ö 	M N�����av ú =
#3a) w 	Mx���ú �x ö 
y9Px�
z:{ 	}|~��úR� "�$ E w 	�xB�UFLú�� "%$ _ �	Sx�
��B�K	Sx�
�:d��` ú�� "%$ _ �Bb 4	Mx�
���� � ��b 4x�
z:�` ú �4 -M�c"a� � �c"��K� / ��	}|~���� ����� 	�|~��ú �� Z { 	M�0� ] �3ú �4 �� Z - � "�� � � "a��� / ] ��ú g �: � �4 � "a� 
 �� � � "��K� k ��	}|~�
Another way ti find the step response� � �G��� 	Mx���ú w 	Mx�� �x ú ø $x 
 ø öx�
�� 
 øP1x�
�: ú ��b�:x 
 ��b0� �x�
R� 
 ����b 4x�
z: � g �: � �� � � "a� � �4 � "a�K� k ��	}|~�� X � 	Mx���ú w 	Mx�� L 	Mx���ú �	Sx�
R�B�U	Mx�
y:�� O 9 x ú 9�b�:x � 9�b 4x�
R� 
 9Pb0� �x�
�: � g 9: � 94 � "�� 
 9� � � "��~� k ��	�|~��ú�9 ��� �G�}� 	�|~�x ö � X�� 	Mx��\�yx � XK� - =#" / � �T� $S�XK� - =T" / 
y9 - x � XK� 	Mx��\� � XK� - =T" /�/ 
z: � XK� 	Mx��Fú = 6 � X~� - =T" / ú � 6 �P� $��XK� - =T" / ú =-Mx ö 
�9�x�
z: / � XK� 	SxB��ú � x�
�� = D � XK� 	ex���ú � x�
R� =	Mx�
����K	Mx�
�:T� ú � b 4x�
�� � � b 4x�
�:

D � X~� 	�|~��ú�� "%$ E � XK� 	Mx��KF�ú g �4 � "a� � �4 � "��K� k ��	}|~�
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The steadystate responseis���������q �¡¢G£�¤z¥ �7¦}§~¨K©,�ª�� )¡¢«£�¤z¥ ��¬���¦}§~¨�­���¬K®�¦�§~¨U©!�m¯° ��±²¦M³�¨�´ ¯ �m¯°
The systemcanreachits steadystatevaluesinceboth polesare in the left half complexplane.

#3b) ±µ¦M¶P¨�� ¶;­�·¶�¸�­z¶,­º¹»¼%½¿¾cÀ ��Á(Â ¹ ¥ ±²¦M¶�¨U©dÃ ·¶ ±µ¦S¶�¨�� ° ¶ÅÄ °¶;­Æ¹¸ Ä ·Ç ¶;­h¹¸�È ¸¼�½ ¾dÀ ��ÁÉÂ ¹�Ê ° Ä ° ¶¶N­º¹¸ Ä ¶Ç ¶;­º¹¸PÈ ¸WË ��Ì ½¿¾PÀ ­ÎÍ Ä °�Ï Ä ·Ð�Ñ,Ò ­ Ð ¾ Ï Ä ·Ð�ÑNÓÕÔ ½ ¾PÀ
ÁÅÖ���¬K® ½¿¾PÀ ­y��¬K® ½ ¾ Ä · À ­ ·° ��¬K® ½ ¾ Ä Ð À ��³a×ØÚÙ ¬K® ¦S¶�¨�­ ·¶ Ù ¬K® ¦S¶�¨�­y� ½ Ä · À ­ ·° Ï ·¶�¸ Ù ¬~® ¦M¶P¨%­ ·¶ � ¬K® ½ Ä · À ­y� ¬K® ½ Ä Ð À Ñ ��³Ù ¬K® ¦S¶�¨ Ï ·�­ ·¶ ­ ·° ¶ Ñ � Ä � ¬K® ½ Ä · À Ä ·¶ � ¬K® ½ Ä · À Ä � ¬K® ½ Ä Ð À � ÄÜÛÐ Ä ·° ¶Ù ¬~® ¦M¶P¨�� Ä ·Ð ¦ Û ¶;­�·�¨ ¶Ç ¶ ¸ ­z¶,­ ¹» È·¶ Ù ¬K®�¦S¶�¨�� Ä ³0Ý ¯ Û ¶;­�·Ç ¶ ¸ ­�¶;­ ¹» È � ¾ ¹¶,­ ¹¸ ­ ¾ ¸Ç ¶;­ ¹¸ È ¸ � Ä ÛPÞ Ð¶;­ ¹¸ ­ · Þ °Ç ¶;­ ¹¸ È ¸��¬~® ½¿¾PÀ ��Á Â ¹ Ê Ä ÛÐ ¶Ç ¶;­ ¹¸ È ­ ·° ¶Ç ¶;­ ¹¸ È ¸ ´ Ç Ä ¹¸ ÈÇ Ä ¹¸ È Ë � Ä ÛÐ Ï Ä ·Ð�Ñ Ò�Ô ½ ¾PÀ Ä ·Ð ¾ Ï Ä ·Ð�Ñ Ò�Ô ½¿¾PÀ

ØÚÙ ¬U�ß¦M¶�¨���±µ¦M¶P¨Kà�¦G¶�¨�� ¶;­�·Ç ¶ ¸ ­z¶,­º¹» È ¶Ç ¶;­h¹» È·¶ Ù ¬�� ¦M¶P¨�� ¾ ¹¶;­º¹» ­ ¾ ¸ ¹¶;­á¹¸ ­ ¾ ¸K¸Ç ¶;­ ¹¸cÈ ¸ � · Ð¶;­h¹» Ä · Ð¶;­h¹¸ Ä ÐÇ ¶,­ ¹¸PÈ ¸� ¬�� ½ ¾PÀ ��Á Â ¹ Ê · Ð¶;­Æ¹» Ä · Ð ¶¶;­h¹¸ Ä Ð ¶Ç ¶;­ ¹¸cÈ ¸ ´ Ç Ä ¹¸�ÈÇ Ä ¹¸ È Ë �8· Ð Ï Ä ·°�Ñ Ò�Ô ½¿¾PÀ Ä · Ð Ï Ä ·Ð�Ñ Ò�Ô ½ ¾dÀ ­ ° ¾ Ï Ä ·Ð�Ñ Ò�Ô ½¿¾PÀ
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