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4.3 Lyapunov Stability of Linear Systems

In this sectionwe presenthe Lyapunovstability methodspecializedor thelinear
time invariant systemsstudiedin this book. The methodhas more theoretical
importancehanpracticalvalueandcanbeusedto deriveandproveotherstability
results. Its final statementor linear time invariantsystemss elegantand easily
testedusing MATLAB. However,it is computationallymore involved than the
othermethoddor examiningthe stability of linear systems.Its importancdiesin

its generalitysinceit canbe appliedto all nonlinearand linear systemswithout
taking into accountwhether or not these systemsare time invariant or time
varying. More aboutthe generalstudy of Lyapunov stability can be found in

severalbooks on nonlinearsystems(seefor exampleKhalil, 1992). Here, we

study the Lyapunov stability theory for time invariant continuousand discrete
linear systemsonly.

In 1892 the RussianmathematiciamlexanderMikhailovitch Lyapunovin-
troducedhis famousstability theoryfor nonlinearandlinearsystems. A complete
Englishtranslationof Lyapunov'sdoctoraldissertationwas publishedin the In-
ternational Journal of Control in March 1992. The stability definition given in
Section4.1, Definition 4.1, in fact corresponddo the Lyapunov stability def-
inition, so that “stable” usedin this book also means‘“stable in the senseof
Lyapunov”. Accordingto Lyapunov,onecancheckstability of a systemby find-
ing somefunction V' (x), calledthe Lyapunovfunction,which for time invariant
systemssatisfies

V(x)>0, V(©0)=0 (4.26a)
. dV. 0V dx

Thereis no generalprocedurefor finding the Lyapunovfunctionsfor nonlinear
systemsbut for linear time invariant systemsthe procedurecomesdown to the
problem of solving a linear algebraicequation,called the Lyapunov algebraic
equation.

In view of (4.26a)and(4.26b),a lineartime invariantsystemis stableif one
is ableto find a scalarfunction V' (x) suchthat whenthis function is associated
with the system,both conditionsgiven in (4.26) are satidied. If the condition
(4.26b) is a strict inequality, then the resultis asymptoticstability. It can be
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shownthat for a linear system(4.1) the Lyapunovfunction canbe chosento be
guadratic,that is

Vix)=x"Px, P=PT>0 (4.27)
which with the use of (4.1) leadsto
V(x)=xT(ATP + PA)x
i.e. the systemis asymptoticallystableif the following conditionis satisfied
ATP+PA <O
or, equivalently
ATP+PA=-Q, Q=QT>0 (4.28)

whereQ is anypositivedefinitematrix. Recallthatpositivedefinitematriceshave
all eigenvaluesn the closedright-handhalf of the complexplane(seeAppendix
C). The matrix algebraicequation(4.28) is known as the Lyapunov algebraic
eguation.More aboutthis importantequationandits role in systemstability and
controlcanbe foundin Gajic andQureshi(1995). Now we areableto formulate
the Lyapunovstability theoryfor linear continuoustime invariantsystems.

Theorem 4.7 Thelinear time invariant system(4.1) is asymptoticallystable
if andonly if for any Q = Q7 > 0 ther existsa uniqueP = PT > 0 such
that (4.28) is satidied.

Example 4.9: In this examplewe demonstratéhe necessargtepsrequired
in applying the Lyapunovstability test. Considerthe following continuoustime
invariant systemrepresentedy

0 1 0
A=10 0 1
-1 -2 -3

It is easyto checkby MATLAB functionei g thatthe eigenvalue®f this system
are\ = —2.3247, —0.3376 + j0.5623, and hencethis systemis asymptotically
stable.In orderto applythe Lyapunovmethod we first choosea positivedefinite
matrix Q. The standard‘initial guess™for Q is identity, i.e. Q = I,. With the
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help of the MATLAB function| yap (usedfor solving the algebraicLyapunov
eguation),we canexecutethe following statemenP=l yap( A" , Q andobtain
the solutionfor P as

2.3 2.1 0.5
P= |21 46 13
0.5 1.3 0.6

Note that we have used a transposefor the systemmatrix in the MATLAB
function | yap, i.e. (A' = AT), since that function solvesthe equationthat
representghe transposeof the algebraicLyapunovequation(4.28). Examining
the positive definitenesof the matrix P (all eigenvaluesof P mustbe in the
closedright half plane), we get that the eigenvaluesof this matrix are given
by 6.1827, 1.1149, 0.2024; henceP is positive definite and the Lyapunovtest
indicatesthat the systemunder consideratioris stable.

o

It canbe seenfrom this particularexamplethat the Lyapunovstability test
is not numericallyvery efficient sincewe havefirst to solvethe linear algebraic
Lyapunov equationand then to test the positive definitenessof the matrix P,
which requiresfinding its eigenvalues.Of course,we can find the eigenvalue
of the matrix A immediatelyand from that information determinethe system
stability. It is true that the Lyapunov stability testis not the right methodto
testthe stability of linear systemavhenthe systemmatrix is given by numerical
entries. However,it canbe usedasa usefulconcepin theosetical considerations
e.g. to prove someother stability results. This will be demonstratedn Section
4.4 wherewe will give a very simpleandelegantproof of the very well-known
Routh—Hurwitz stability criterion.

NotethatTheoremd.7 canbegeneralizedo includethe casewhenthe matrix
Q is positive semiddinite, Q = CTC > 0. Recall that positive semidefinite
matrices have eigenvaluesin the openright half of the complex plane (see
AppendixC). Anotherform of Theorem4.7 canbe formulatedasfollows (Chen,
1984).

Theorem 4.8 Thetime invariant linear system(4.1) is asymptoticallystable
if andonlyif the pair (A, C) is observablé andthealgebraicLyapunowequation
(4.28) has a unigue positivedefinite solution

4 For a definition of observability,seeSection5.2.
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The observabilityof the pair (A, C) canbe relaxedto its detectability? This
is naturalsincethe detectabilityimplies the observabilityof the modeswhich are
not asymptoticallystable.

Example 4.10: Considerthe samesystemmatrix A asin Example4.9 with

the matrix Q obtainedfrom
0 0 00
010 0 1]=1(0 0 0
0 0 1

1
Notethatthepair (A, C) is observableincerank{O( A, C)} = 3. Thealgebraic
Lyapunov equation

Q =Cc’c=

ATP, + PLA=Q
has the positive definite solution

0.1 02 0
02 07 01] >0

0 01 0.2

P, =

which canbe confirmedby finding the eigenvalue®f P, sothatthe considered
linear systemis asymptoticallystable.

o

Theoremscorrespondindo Theorems4.7 and 4.8 can be statedfor stability
of discrete-timesystems. For a linear discrete-timesystem(4.2) the Lyapunov
function hasa quadraticform, which, accordingto the Lyapunovstability theory,
must satisfy (Ogata, 1987)

V(k) = xT(k)Px(k) > 0

(4.29)
AV(E)=V(k+1)-V(k) <0

Since
V(k+1)=V(k) =x"(k+ 1)Px(k + 1) — x" (k)Px(k)

= xT(k)(ATPA — P)x(k) < 0

5 For a definition of detectability,seeSection5.5, Definition 5.2.
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thestability requirementmposedin (4.29)leads(similarly to the continuous-time
argument)to the discrete-timealgebraicLyapunovequation

ATPA-P=-Q (4.30)

which for asymptoticstability, accordingto the Lyapunovstability theory (dual
resultto Theorem4.7), must have a unique positive definite solution for some
positive definite matrix Q. Thus, we havethe following theorem.

Theorem 4.9 Thelinear timeinvariantdiscretesysten(4.2)is asymptotically
stableif and only if for any Q = Q7 > 0 ther existsa uniqueP = PT > 0
suchthat (4.30) is satisfied.

The relaxedform of this theorem,valid for a positive semidefinitematrix
Q, requiresthe observabilityof the pair (A,+/Q). Note that by the very well-
knowntheoremfrom linearalgebraevery symmetricpositive semiddinite matrix
canbe written in the form Q = CT C with matrix C beingknown asthe square
root of Q, i.e. C = /Q.

A theoremcorrespondingo Theorem4.8 is given asfollows.

Theorem 4.10 Thetime invariant linear discrete system(4.2) is asymptoti-
cally stableif and only if the pair (A, C) is observableQ = Q” > 0, andthe
algebraicLyapunovequation(4.30) hasa uniquepositivedefinitesolution

Example 4.11: Considerthe following discrete-timelinear systemrepre-
sentedby

0.1 02 -0.1
A=102 04 0
0o =01 07

The eigenvaluesof this matrix obtainedby using MATLAB function ei g are
0.0058, 0.4810, 0.7132, which indicatesthatthis systemis asymptoticallystable
in the discrete-timedomain. If we wantto checkthe stability of this systemby
using the Lyapunovtheory, we have to choosea positive definite matrix Q,
say Q = I, andto solvethe discrete-timealgebraicLyapunovequation(4.30).
Using the MATLAB functiondl yap andthe statemenP=dl yap(A , Q , we
get the following solution for P

1.0692 0.1437 -0.0511
P = | 0.1437 1.3180 —-0.2424| >0
—0.0511 —0.2424 1.9958



