
Homework #8 — Chapter 5 — Z-Transform in System Analysis

Problem 5.21
By shifting the original differenceequation��� �����	�
���� �
� ��� � �����
� �������
� �
� ����� � ���
� � �����
two stepsbackwardin time, we obtain its integral formulation as�������
���� ������� � ����������� �	���!�
� �
�"� � ����#$���
�"�%�	����#
The initial conditionsfor the integral formulationare obtainedas follows. For �&� � , we have��� � �
���� �����	��� �
�"� � ����� ' �
�"� � ���(�)�
� � ���*�� �����	���+�%��, -
For � �.� , we obtain the secondinitial condition�
���	���/�� ���0� � �
�����1�%�2�3�!� ' ���1�%�	���+�%������������ ���1� � �3���
, �4-
Problem 5.23
By shifting the integral formulation���1�4��� �5 ������� � ��� �� ���1��� �6����78� �9� � ��� �� 7:����� �	�;� 7:���4����<8� �4�=�>�
���%�����?�%�
�@�
�1� � �����
two stepsforward in time, we obtain the derivative formulation as���������	���/�5 �
� ��� � �
�/�� �
���4���!78����� � �
���� 78� ���A� �����	����#$�B��� � �
��#
The initial conditionsfor the derivativeformulationareobtainedas follows. For �&�C�%� , we have�����	�����5 ���"� � ���/�� ���1�%�	����<:�D� � �
���� <8���%�E���!� ' �
� �����+�F�5 ���1� � ���G�� �
�"�%�	�����H� � � �
For ���I� � , we have��� � ���/�5 ���������/�� ���"� � �3��<8� �����J�� <:�D� � ��� � ' �
� � �3� � ���5 ���������*�� ���1� � ��� � ���5 � ��� �5
Problem 5.24
The systempolesare K3LNM O ��� �	P2Q%R�SUT �WV2P4Q . The requiredpartial fraction expansionis�X8YBZ X4[ � X � LOX O � L\ X � LO � ] LX � L^ � S:_ L=`^ � ]ba LX � L^ � S3_ L=`^ �*] OX
with

] O � X � LOX O � L\ X � LO c dbe3f � � � ] L � X � LOXhgWX � L^ � S3_ L=`^!i c djehkHlm kon;p l0qm � Q � S 5 T �WV� �WV � S T �	V ���r�� � S:s - T �WV5 � Q
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The magnitudesandanglesfor the coefficient t	u andthe correspondingpole v3u%w+xzyb{U|}xB~E� yb�4{U| are� t u � w!�����2�U�4���>��t u w?yW�4�����2�4� � v u � w � �� �>��v u w��U�U|
� �$�
so that the systemimpulseresponse,�3���4��w���� ub�2�B�;�4�N� , is given by

�:� �4��w��$� �4����� �¡�����U�4�U�£¢ � ���¤ ¥§¦j¨U© � ���U�4|�� ���£��yW�4�����U� �Nª � �4�
The systemstepresponseis obtainedby finding the inverse � of the functiony� �B�«�U� �� x!y w �B�«�U� y� x!y w t u� � u¬ �­~3® u;¯¬ � tb° u� � u¬ xB~3® uA¯¬ � t6±� x!y
The coefficients are given byt u w�x ���U�yUyW�4� �@~ �U� yW�yUyW�4� w+x)�
� ���U�
y§�@~E�
���U²U²
y ³ � t u � w��
� ��yW�E���/�ot u w´yW�U�
� � � �µt ± w �yUy
The requiredstep responseis¶4·¹¸»º½¼ � ����w�� �r�
� ��yW�E� ¢ � ���¤ ¥§¦j¨U© � ���4�U|�� �$�§�¾yW�4��� ��� �¿ª � �4�
� �yUy ª � �4�
Problem 5.25
(a) �@�;�U� w � ���� ± ��� � � � w � ����;� ��� � ± �>�8���4��w!� � u �2�B�;�4�N�y� �B�«�U� w � ����$�«� ��� � ± w t	u� � t ±� ��� � tNÀ�=� � � � ± w y� x y� ��� x y�A� ��� � ±�:���4�3w!� � uUÁ yÂx �� ��� x ��;� ��� � ±£Ã w��$� �4��x � x)� � ¥ ª ���4��� y� � � x)� � ¥ ª � �4�
(b) �B�«�U� w � ��y� ± � u¬ � x u¬ w � ����=� � � � ± �Ä�:� �4��w�� � u ���B�«�U�j�y� �B�;�4� w � ��y�8Å«� � u±4Æ Å«� x uÀ Æ w t	u� � t ±� � u± � tNÀ� x uÀ w?x |� � yU���� � u± � ������ x uÀ�8���4��w!� � uUÇ x%|%� y4��� �� � u± � ����� �� x uÀ%È w?x%|U�$���4����y4� �£É�x y��Ê ¥ ª � ����� �����U�HÉ y²3Ê ¥ ª � �4�
Problem 5.29
(a)
The responsesteadystateconstant valuedoesnot exist for the systemdefinedby � u �;�U� sinceit hasa pole on the
unit circle at x�y . However,notethat this systemhasthe oscillatorysteadystateresponse(seethe textbookpages
9–10 for the definition of the steadystateresponse)given by¶ u ·A¸»º½¼ � ����w É ��4� � x}y � ¥ � yW�yUy�Ê ª � ���
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(b)
Sinceall polesof Ë=ÌÎÍ�ÏWÐAÑ�ÒNÓAÔ0Õ×Ö�Ë«ÌUÐ areinsidethe unit circle, theconstantsteadystateresponsedueto Ø£Ù�Ú4Û�Ü�Ý2Þ8Ù Ú�Û
is simply given by Ý4ßBËàÏ	ÐzÜÄÝUá
Ï2â ÝBÜãÏ	äUá2å .
Problem 5.33æÂç4èzé�ê"ëbì¿ë�í=î$í=ì¿ëbèðï¿ëbí=é�ç$ñ�í=ë�ò Ì Ò ÑóË;Ì4Ð£Í@Ì ÒWô Ù�ä	Û�ÍõÌ ô Ù½ÏNÛ�ö�ÝUÌEÑóË;Ì4Ð£ÍõÝUÌ ô Ù�ä	Û
ö�å2Ñ÷Ë;Ì4Ð§Ü�Ì$ø�Ë;ÌUÐhÍ@Ì4Þ:Ù�ä	Ûù Ì Ò ö�Ý4ÌHöõúUû	ÑóË=ÌUÐ£Ü�Ì Ò ô Ù�ä	Û�ö Ì ô Ù½ÏjÛ�ö�Ý4Ì ô Ù ä�Û
ö�Ì ÌÌ�Í�Ï Í ÌUÞ8Ù ä	Û3Ü�Ì Ò ö ü4ÌHö�Ý4ÌHö Ì ÒÌ}Í�Ï Í Ì�Ü ÌEý�ö�þUÌ Ò Í þUÌÌÎÍÿÏÏÌ ÑóË«ÌUÐoÜ Ì Ò ö�þ4ÌÎÍ@þË;ÌÎÍ!ÏWÐjË;ÌHö�ÏWÐjË;ÌHö�úUÐ Ü � �ÌÎÍ!Ï ö � ÒÌ%ö¾Ï ö � ýÌHöõú � ÑóË;Ì4ÐoÜ ÏÏ	ä ÌË;Ì}Í�ÏWÐ ö Ï4Ïþ ÌËAÌHö¾ÏWÐ Í ÏbúÏWÝ ÌË=ÌHö­ú�Ðô Ù�Ú4Û3Ü���� ��� Ñ÷Ë;Ì4Ð
	%Ü ÏÏWä Þ8Ù Ú�Û�ö Ï4Ïþ ËNÍ}Ï	Ð��2Þ8Ù�Ú4Û�Í ÏbúÏWÝ Ë=ÍHú$Ð
�2Þ8Ù Ú�Ûß@Ë;ÌUÐ�Ü ÌÌ Ò ö�Ý4ÌHöõú � � Ù Ú4Û�Ü�� � � � ß@Ë;ÌUÐ�	%Ü�� � ��� Ïå ÌÌHö�Ï Í Ïå ÌÌHö�ú�� Ü Ïå Ë=Í�ÏWÐ � Þ8Ù Ú4Û�Í Ïå Ë=ÍHú�Ð � Þ8Ù Ú4Û
Problem 5.34
Applying the � transformto thedifferenceequation

ô Ù�Ú4Û;ö Ý ô Ù�Ú Í�ÏNÛ;ö�ú ô Ù�Ú�Í ü6Û:Ü!Þ8Ù Ú�Í�ÏNÛ�� ô Ù1Í%ü	Û�Ü´Ï�� ô Ù1Í}ÏjÛ�Ü�ü ,
we have ÑóË=ÌUÐ3ö�ÝUÌ � � Ñ�Ë;ÌUÐ8ö Ý ô Ù"Í�ÏNÛ�ö�ú$Ì � Ò Ñ&Ë«ÌUÐ3ö�ú�Ì � � ô Ù"Í�ÏNÛ�ö�ú ô Ù�Í%ü�Û�Ü�Ì � � ø�Ë;Ì4Ð
which impliesÑóË=Ì4Ð§Ü Í%Ý ô Ù"Í�ÏNÛ�Íõú�Ì � � ô Ù"Í�ÏNÛ�ÍBú ô Ù�Í%ü�ÛÏoö�ÝUÌ � � ö­ú�Ì � Ò ö Ì � �ËbÏoö�ÝUÌ � � öõú$Ì � Ò Ð ÌË;ÌÎÍ!ÏWÐ Ü Í}Ï6ú�Ì Ò Í��4ÌÌ Ò ö�Ý4ÌHöõú ö ÌË«Ì Ò ö�Ý4ÌHöõú�Ð ÌË;Ì}Í�ÏWÐ
or ÏÌ ÑóË;Ì4ÐoÜ Í�Ïbú$Ì Ò ö��UÌHö��Ë«ÌHö�ÏWÐNË«ÌHö�ú�ÐNË«ÌÎÍ!ÏWÐ Ü Ï	åUá4þÌHö�Ï Í ü2úUú$á�Ï	ÝÌ%ö­ú ö ÏWá�Ï	äÌÎÍ�Ï
The systemresponsein time is given byô Ù�Ú4Û�Ü�� Ï	åþ Ë=Í�ÏWÐ � Í üEúUúÏ	Ý Ë¿Í ú$Ð � ö ÏÏWä � Þ8Ù�Ú4Û
Despitethefact thatthesystemin thisproblemis theintegralformulationof thesystemin Problem5.33,represented
by the derivative formulation, the responsesare different since the initial conditions in Problem 5.34 are not
obtainedby propagatingthe initial conditionsfrom Problem5.33 through the differenceequation. Instead,the
initial conditionsin Problem5.34 are arbitrarily assigned.

Problem 5.38
Taking the � transformof the both equationswe haveÑ � Ë;ÌUÐ�Ü ÏÌ Ñ � Ë;Ì4Ð3ö ô � Ù�Í�ÏjÛ
ö ÏüUÌ Ñ Ò Ë«ÌUÐ8ö Ïü ô Ò Ù�Í�Ï6Û!� ô � Ù1Í�ÏNÛ�Ü�ü"� ô Ò Ù�Í�ÏjÛ�Ü?Í�ÏÑ Ò Ë«ÌUÐoÜ+Í ÏåUÌ Ñ � Ë;Ì4Ð£Í Ïå ô � ÙDÍ�ÏNÛ
ö ÏÌ$# Ë»ÌUÐ%� # Ë»Ì4ÐoÜ ÌÌHö�Ï
which produces � Ì}Í�ÏÌ � Ñ � Ë;ÌUÐ�Ü Ïü4Ì Ñ Ò Ë=ÌUÐ3ö åüÑ Ò ËAÌ4Ð£Ü?Í ÏåUÌ Ñ � Ë;Ì4Ð£Í üå ö ÏÌHö�Ï
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Replacingthe expressionfor & '�(!)�* from the secondequationinto the first equationleads+ )-,�.)0/ &$12(3)�*54 .6 ) + , .7 ) &$1%(!)�*$, 67�8 .) 8 .9/ 8 76 : &$1�(!);*54 1' )=< 7 ) ' 8?>@ ) 8 1ACB< ) ' ,�) 8 1@ B (3) 8 .2*
Using the obtainedexpressionfor & 1 (!);* in the secondequationimplies the expressionfor & ' (!)�* as

& 'D(3)�*54 ) < , 'A ) ' 8 1' )-,FE@ B< ) ' ,G) 8 1@ B (!) 8 .2*
The correspondingpartial fractionsand the time domainresultsare given by

.) & 1 (�);*H4 7�I . 7) 8 . 8 .�JLKDM�M;K)N,�O"JLPDQ;Q�P , O"JLR�Q;R�R)N,�O9J 6 .�. 7TS O"JLP;Q�Q�PU4 .6 8?V 7R S O"J 6 .�. 7 4 .6W, V 7R:YX 1[ZL\�]=4 + 7. 7 (
,^.2*`_ 8 .;J K;M�M;KC(aO"JLP�Q;Q�PD*�_b,�O"JLR�Q;R�Rc(dO9J 6 .�. 7 *�_ /fe Z \g].) & ' (3)�*54h, . 6 I . 7) 8 . , O"JLQ 6 R�R)N,�O9J P;Q�Q;P 8 .�JLO;Q 7 .)i,�O9J 6 .�. 7:jX ' Z \;] 4 + , . 6. 7 (`,N.%*�_b,�O"JLQ 6 R�RC(aO"JLP;Q�Q�PD*`_ 8 .;J O;Q 7 .D(kO"J 6 .�. 7 *�_ /ie Z \;]
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