Homework #8 — Chapter 5 — Z-Transform in System Analysis

Problem 5.21
By shifting the original differenceequation

b2+ gulk + 140k =0, 4l =1, yl1]=2
two stepsbackwardin time, we obtainits integral formulation as
VI + ok — D ylk =2 =0, y-1]=7, y[-2] =
The initial conditionsfor the integral formulation are obtainedas follows. For k = 1, we have
Y+ g0+l =0 = 1= a1] - Lyl = 25
For £ = 0, we obtain the secondinitial condition

y[0] + %y[fl] +y[-21=0 = y[-2]=-yl0]- %yH] =025

Problem 5.23
By shifting the integral formulation

VR4 ok~ 14 gulk— 2= Sk b ofle -2 K=k ul2= 2, o[ 1]=0

two stepsforward in time, we obtain the derivative formulation as

20+ Sylk+ 1]+ ok = STk + 114 L7 yl0] =7, 1] =7

The initial conditionsfor the derivativeformulation are obtainedas follows. For &k = —2, we have
1 1 1 1 1
yiOl+ o=+ Zul-2) = w1+ Jul-2 =0 = o] = —zy[-1] - Sy[-2=0+1=1
3 2 2 3 2
For k¥ = —1, we have
1 1 1 1 1 1 2
11+ = —y[—1] = —u[—1]=1 1]=1-= — —yl-1]l=1—-=—-0==
i1+ o0+ Zyl-1] = ul0]+ ul-1] =1 = y{1]=1- Zyl0) - syl-1=1- - 0=
Problem 5.24

The systempolesarep, » = —1/6 + j+/17/6. The requiredpartial fraction expansionis
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The magnitudesand anglesfor the coeficient ¢; andthe correspondingolep; = —1/6 — j\/17/6 are

2
ler] = 0.7859, Ley =1295°,  |pi| = g Ap; = 256.4°
so that the systemimpulseresponsehp[k] = Z~1{H(z)}, is given by

k
hlk] = 6[k] + 2 x 0.7859(?) cos (k256.4° + 129.5°)u[k]

The systemstepresponsds obtainedby finding the inverse Z of the function

z 1 c c c
:H(z) = ! + L + 2
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The coeficients are given by
459 917
1= —T305 T 17755 =
1122 1122

The required step responseis

9
~0.40914j0.0331 = [e] =0.4104, Ley =1754° e = o7

k
2
Ysteplk] = 2 x 0.4104 (%) cos (k256.4° + 175.4°)ulk] + iu[k]
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Problem 5.25
@
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h[k]:z-l{ ziZ (Z:Q)Q}: []7(72)ku[k]+%k(72)ku[k]
(b)
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Problem 5.29
@

The responsesteadystateconstant value doesnot exist for the systemdefinedby H(z) sinceit hasa pole on the
unit circle at —1. However,notethat this systemhasthe oscillatory steadystateresponsgseethe textbookpages
9-10for the definition of the steadystateresponsepiven by

el = (1P 4+ 33 Jull



(b)
Sinceall polesof (z — 1)Ya44.,(2) areinsidethe unit circle, the constantsteadystateresponselueto f[k] = Hulk]
is simply given by 57 (1) = 5/1.5 = 10/3.

Problem 5.33

Complete system response : 2%Y(z) — 22y[0] — zy[1] + 52Y (2) — 5zy[0] + 3Y (2) = 2U(2) — zu|0]

2 3 2
(22—|—5z—|—4)Y(z):z2y[0]—|—zy[l]—1—5zy[0]+z Zlfzu[O]:z2+2z—|—5z—|— l lfz:z +621 62
— z— z—
1 22+ 62—6 c1 co c3 1 z 11 =z 14 =z
;Y(Z)_(zfl)(z-i-l)(z-{-él)_z—1+z+1+z+4:>Y(Z)_ﬁ(z—l)+F(z+l)_E(z-i-ﬁl)
1 11 14
k= Z7YY (2)} = —ulk] + —(—DFulk] — —(—4)"ulk
Ik = 271V ()} = goulk] 4 - )Mulk] - )]
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Problem 5.34

Applying the Z transformto thedifferenceequationy[k]+5y[k — 1]+4y[k — 2] = ulk — 1], y[-2] =1, y[-1] = 2,
we have

Y (2) 4+ 527V (2) +5y[—1] 4+ 4272V (2) + 427 y[ 1] + dy[-2] = 271U (2)

which implies

Y(Z)_ 75:9[71]74‘2_1:9[71]74:9[72] + Z_l z . 714,22782 n z z
N 145214422 (L+52-14+42-2) (2 — 1)~ 2245z4+4  (2245z+4)(z 1)
or
Lyyo —M247:48  13/6 244/15 /10
P R 1 R Ry B ey

The systemresponsen time is given by

(13 244 g1
ylk] = (F( 1) ﬁ( 4)" + E)U[k]
Despitethe fact thatthe systemin this problemis the integralformulationof the systemin Problem5.33,represented
by the derivative formulation, the responsesare different since the initial conditionsin Problem5.34 are not
obtainedby propagatingthe initial conditionsfrom Problem5.33 through the differenceequation. Instead,the
initial conditionsin Problem5.34 are arbitrarily assigned.

Problem 5.38
Taking the Z transformof the both equationswe have

Yi() = )+l + o Vo) + w1 ml1]=2, [ 1]= 1
Ya(2) = —5-¥i(2) — g1+ () Fz) =

which produces

1 72+ 1
3z 3 z+1




Replacingthe expressiorfor Y»(z) from the secondequationinto the first equationleads

z-1 Y an 2 1 3 _ 52(3224+ 2+ 3)
< z )Yl(z)_ﬂ(_&zyl(z)_g z+1>+§ = Yl(z)_(ﬂ—z-i-%)(z-l-l)

Using the obtainedexpressiorfor Y;(z) in the secondequationimplies the expressiorfor Y>(z) as

2(-52" 437 3)

Ya(z) = (z2fz+é)(z+l)

The correspondingpartial fractionsand the time domainresultsare given by

1 3/13 1.9559 0.6866 IRV} IERVE]
~Yi(z) = - T88T= -+ -2 02113=-— 22
) = Tt e ooy V=gt 02B=5-
= k] = (13—3(1)’c + 1.9559(0.7887)" — 0.6866(0.2113)k>u[k]
1 12/13  0.8266 1.0831
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= yok] = (%(1)’“ — 0.8266(0.7887)" + 1.0831(0.2113)"’) ulk]



