Homework #5 — Laplace Transform and Its Inverse — Chapter 4

Problem 4.7*
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CLfi(t)} = 5L{8(t — 3)} +4C{u(t — 2)} + 3£{e-5<t-3>u(t - 4)}
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=5e % ¢ 4?3_23 + 3£{e‘5(t_3_1+1)u(t - 4)} =5e7% + 4?3_23 +3e7° e= %
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(b)
L{fa2(t)} = ﬁ{ % [tloe_tu(t)] } + E{/e_5T sin (5T)dT}
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L{fs(t)} = L{(t+ Ve 'u(t — 1)} + L£{e " sin (2t)u(t)}
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L{fe(t)} = L{sin (¢)[u(t) — u(t — 1)]} = L{sin (t)u(t)} — L{sin (H)u(t — 1)} = = :_ 1
—L{sin (t — 1+ Lu(t — 1)} = ﬁ — L{cos(1)sin (¢t — L)u(t — 1) +sin (1) cos (¢t — L)u(t — 1)}
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Problem 4.8
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c{hm} = c{t - 3%ult — 3} = e L{u(t)} = e
(b)

£{f2(t)}:£{( )2 -5, } [2{ 2 e=5(t=14Dy ¢ 1)}
:E{[(t—l)z— (t—1) +1] ~5¢=5(t-1) (t—l)}*e SemeL{t2e=5tu(t)}
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ty =te "u(2t — 3) = < L t dt + dt
RO =t -5 = {71210 o) = [ree
1.5 0-
i 1 15 7
= c{te~tu(t)} — /te_te‘”dt = ;- ——e PPl /e‘(s“)tdt
/ (s+1) s+1 s+ 107
o1 - 15 15y 1 i (6—1.5(s+1) B 1) o1 i (2 _ e‘1'5(5+1)) L5 s
(s+1) s+1 (s+1) (s+1) s+1

(d)
L{fa(t)} = L{Btu(t — 1) + 10tu(t — 3)} = bL{(t — 1 + D)u(t — 1)} + 10L{(t — 3 + 3)u(t — 3)}
=5L{(t — Du(t — 1)} +5 L{u(t — 1)} + 10L{(t — 3)u(t — 3)} + 30L{u(t — 3)}
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Problem 4.9
@
L{fi(t)} = C{u(t — V)sin(7t)} = L{u(t — )sin (x(t — 1 + 1))}
= L{u(t — 1)sin (7(t — 1)) cos () + u(t — 1) cos (w(t — 1))sin (7)} = —L{u(t — L)sin(7(t — 1))}

s . T
= —e*L{u(t)sin(7t)} = —e o

(b)
L{f2(t)} = L{u(t)e>" cos (x(t — 2) } L{u(t)e™% [cos (xt) cos (—27) + sin (t) sin (27)] }
_ s+3
= L{u(t) COS(Tl't)} = 7(5+3)2+7r2
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Note thatsin (7(f — 1 4+ 1)) = sin (a(¢ — 1)) cos (7) + cos (a(¢ — 1)) sin (7) = —sin (7(¢ — 1)). Then
L{fs(1)} = {te‘2t sin (nt)u(t — 1)} = £{(t — 1+ D™=+ sin (a(t — 1+ D)u(t — 1)}
= £{—e 2t = eV sin (n(t — )u(t - 1)} — £{e 272 Vssin (m(t — 1))u(t — 1)}
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fa(t) =te~ 2 sin (t — 2)u(t — 2) = (t — 24 2)e~2=2+ D gin (¢ — 2)u(t — 2)

“Ht — 2)e” 22t — 2)sin (t — 2)u(t — 2) + 2e e~ =D sin (¢ — 2)u(t — 2)
e L{te* sin (Hu(t) e + 2e7*L{e > sin (t)u(t) e~
— ot 2(s +2) 26-25 4 92e~% 12 o= 28
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(@
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fi(o0) = ll_rj% {sfi(s)} = 311_13% { (s+ L)(s+2)(s + 3)} =0
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(d) 3 3
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Problem 4.13

(8 The final value theoremis not applicableto the function F(s)
half of the complex plane.

(b) Thefinal value theoremis not applicableto the function F(s) = W
origin (only a simple (distinct) pole at the origin is allowed).

(c) Thefinal value theoremis not applicableto the function Fs(s)
pole on the imaginary axis.

(d) The final value theoremis not applicablesince the function hasa pair of complex conjugatepoles on the
imaginary axis at —1 =+ j/2.

(e) The final value theoremcan be appliedsinceall polesarein the right half plane.

= ﬁ sinceit hasa pole in the right

sinceit hasa doublepole at the

(s4+2)

= GEDGIFY sinceit hasa complexconjugate
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The aboveresultsfor the coeficients k; canbe verified usingthe MATLAB statements
k=5; z=[]; p=[-1 2 83 -5 20 —20]; [numden]=zp2tf(z,p,k); residue(numden).



(b)

£_1{+}:£_1{ k11 n k12 4 ki3 4 k14 4 k1s - ke }
(s+2)°(s +4) s+2 (s42) (s +2) (s +2) (s +2) s+4
= (’Cu@_% + kigte™ + k’13t2—2|€_2t + k14g€_2t + k’lsii,e_% + k66_4t>u(t)
where
1 1 1 1 d 1 1 1
6 — mb:—z} = *3—2, kis = «9-1-—4|3:_2 = 5; kig = E{s—i——él}h:_Z = *m|s:—2 = *Z
k13=# lim {d—2<L>}|-——2 #| —2:l
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(5— 1) s—=2|ds*\s+4 - (s+4)° "~ 32

Comment: MATLAB 6.1 failed to find the coeficientsk; in this case(den=[ 1 14 80 240 400 352 128];

nun=l; residue(num den)).
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-1 s ! 11 n 12 n 13 n 41 n 42 n 43 n 44
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t? 2 3
= (klle_t + kiote™ + k13§€_t + kare™ % 4 kaote™? + k43§€_2t + k44ye_2t> u(t)

s—1 d s—1
ki3 = 74|5:_1 = *2, kig= — ——
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b 1 d? s—1 | o 6 | _ ¢
11 — 2 d82 (5+2)4 s=—1 — (5—'—2)6 s=—1 —
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Comment: MATLAB 6.1 failed to find the coeficients k; in this casealso.

:41 k41 =

Problem 4.16

}|s:—2 = (37

20/3 20

N 1)6 |s:—2 - ?

(a) In the first exampleof this problemwe havefirst to perform the long division sincen = m = 2, hencethe

partial fraction expansionprocedurecan not be applied directly

v i?;} =0~ (et - e Julo = -
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HFi(s)} = A1)
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= “_f « 2T J_f: +isvz 1 j£:a+jb:>|k1|:—, Lky = 109.47°
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s+7V2  s—jv2 s+1
1
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(d)

-1 et s+3 P ky ki ks
R e T Bl e eo R e Rt
= (2lk1[e® cos (Bit + £Lky) + kse P Yu(t), oy =-1, pr=-1, p=ar+jbh=-1-j

s+ 3 1 s+ 3 1 .
k’l = |5=—1—j = *Z-l_ 1]

ks= —— | ,==
3= Er it Y (5+2)(s+1—7)

= —Txtan—l (-3) = @&108.4?9

fa(t) = (@e“t cos (—t + 108.43°) + %e_2t> u(t)
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LR ()Y = 1 s+e”™ | _ .y s 1) e
ChBE=L {(s+1)2} ¢ {(s+1)2}+£ {(s—|—1)2}

s k11 k1o d
—_ + ; — 7 s=—1 — ]- s=—1 — ]-
(s + 1)2 s+1 (s+ 1)2 1 ds{s}l ! | !
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Note that the term ¢~5¢ only indicatesa time delay of five units.

kiz = s|s=—1 = —1,
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2*6_55 2 76—55
—1 a1 _ -1 -1
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(c) This function is similar to the function in part (d) whoseLaplaceinverseis derivedin detail below. here,we
use MATLAB to find the Laplaceinverseof the requiredfunction, which produces

f3(t) = G + %(t —3) - ie‘z<t—3)> u(t — 3)

(d)
falt) = L7 Fa(s)} = z—l{ﬁe—s} N
E'l{ﬁ} = 5—1{8 f_lﬂ + . ijQ + %3} = f(t) and E‘l{ﬁe‘s} = f(t=1) = fa(t)
b= 552114'5:0 - i b= ﬁh:—n = % ,é +]411 =a+tjb=h
E_l{sjilﬁ T3 fiﬁﬁ + kss} (211 [e%* cos (B + £k1) + ks|u(?), k1| = g, Lky = 115.57°
ft) = ?cos(fﬂ +115.57°) + i u(t), pL=—j2=a+jB

Note thate~* indicatesa time delay of one unit. This term mustnot be includedin the procedurefor finding the
coeficients k; and k3. Hence

V5

fa(t) = L™HFy(s)} = |:—c0s( 2(t—1)+115.57°)+i u(t —1)




(e) Applying the MATLAB function r esi due to Fs(s) = (s+2)/(s*(s*> +2)), we obtain the coeficients
k= {-0.25 + j0.3536,0.5, 1} at the polesp = {:I:\/Ej, 0, 0}. The correspondingesultis given by
(1) = {0.5 142 x 0.4330 cos (\/§t + 125.3°)]u(t)
= f5(t) = [0.5+(t = 2) + 2 x 0.4330 cos (V2(t — 2) +125.3°) |u(t — 2)

Problem 4.22
The first part of this problemin donein Problem?2.38, wherewe have shownthat
Dn
Dt»

{e*tu(t)} = a™e™ u(t) + o™ 18(t) + a2 (t) + - - 4+ a8 =D (1) + 62V (1)

In this problemwe haveinsteadof « the exponentequalto —a so tahtthe correspondinglerivativeis
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{em*u(t)} = (—a) e *"u(t) + (—oz)n_lé(t) + (—a)”_25(1)(t) + o ()P D () 4+ 60D (1)

Taking the Laplacetransformof the last expressionwe obtain
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(o) =+ ()" () s (—a)s s

<(7a)n b s (e () () st s s 4 asn—l) _

n
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