
Homework #5 — Laplace Transform and Its Inverse — Chapter 4
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(c)* ���4�����:�������7�A�"�A���������:��� ��� �D� �s�������� �s���4���¡  ¢�£ �����
���J¤��¦¥§¨�© ª �����7�A�<�r«/�/¬��r­ ¨�© ª§®J¯ ���<�D�Q�<�>«S�Q¬<�� ¢�° ���<�D�Q�"�
���!±�� �%²�³§ ® ���<�D�Q�<�>«S�Q¬��:� ��Q´:µ��!� ³ � �4���´Eµ�� ��� ¨�© ªi¶ «Q· ¨Q¸ µ �´:µ�� ¨�© ª§® ¯ �<� ¶ «Q· ¨/¸ �Q¬<�� ��/´:µ��!� ³ � �4���´Eµ�� � � ¨�© ª�¶ «Q· ¨Q¸ � ��A´:µ��!� ³E¹ � � ¨�© ª�¶ «i· ¨Q¸ ���%ºU� ��/´�µK�!� ³s¹ ����� � ¨�© ª�¶ «Q· ¨Q¸ º»� �4���´Eµ�� � � ¨�© ª�¶ «i· ¨A¸
(d) ¢�£ ��¼������J¤�� ¢�£ �����"�
�#�t�!�(µ�� � ���"�?�:�z�4�I¤��6� ¢�£ ���:�t�:µ��%���+�?�:�G�!��¤�µ�� � ¢�£ �
�#�z�sµG�4�i�+�����3�4��¤��� ¢�£ �
�#�½�%���"�?�:�t����¤�µG� ¢�£ �"�
�#���!��¤�µK� � ¢�£ ���:�z�4�i�+���������I¤�µt� � ¢�£ �+���������I¤�4� �>« ¢�£ ���+������¤�µ��4� �>« ¢�£ �+������¤�µ�� � � � � « ¢�£ ���+������¤�µ�� � � � � « ¢�£ �"�
����¤����4� �>« �´ ³ µG�4� �>« �´ µ�� � � � � « �´ ³ µG� � � � � « �´
Problem 4.9
(a) ¢�£ � ¨ �
���J¤�� ¢�£ �"�
�#�½�%�q¾�¿ÁÀ��QÂp����¤�� ¢�£ �"�
�#�½���m¾Q¿?À��/Â(�
�#�½�:µK�!�i��¤� ¢�£ �"�
�#�t�!�q¾Q¿?À��AÂ(�u�#�t�!�i�1ÃJÄ4¾+�/Â+�+µt�"�
�#���%�1Ã�Ä�¾r�/Â(�
�:�t���Q�m¾i¿?À��AÂ+��¤���� ¢�£ �+�������%�p¾Q¿?À��QÂ(�������%�Q�J¤����� �>« ¢�£ �"�
���m¾i¿?À��AÂp����¤������ �>« Â´ ³ µGÂ ³
(b) ¢�£ ��³��u���I¤�� ¢ ° �"�
���i� � � � Ã�Ä4¾(�AÂ(���������Q� ± � ¢ ° �"�
���i� � � �%Å Ã�Ä4¾(�AÂp���pÃ�Ä4¾(�Q���4Â+�+µ�¾i¿|À��/Âp���m¾Q¿?À��/�4Â+�uÆ ±� ¢ ° �"�
���i� � � � Ã�Ä�¾r�/Âp��� ± � ´�µ���A´Çµt��� ³ µ�Â ³
(c)
Note that

¾Q¿?À��AÂ(���:�t�:µ��%�Q�E��¾Q¿?À��/Â(���#�t���Q�1ÃIÄ4¾(�AÂ+�rµGÃ�Ä�¾+�AÂ(�u�#�t���Q�m¾i¿|À��/Â+���È�U¾Q¿?Àj�AÂ(�
�#���%���
. Then¢�£ ���4������¤�� ¢ ° ����� ³ ��¾Q¿?À��AÂp���i�+���:�t��� ± � ¢�É �������:µK�!�Q�<� ³ ¶ �S� ¨ · ¨A¸ ¾Q¿?À��/Â(�
�#�½�:µK�!�i���"�?�:�t���%Ê� ¢ É ��� � ³ �
�:�G�!�Q� � ³ ¶ �S� ¨A¸ ¾i¿|À��/Â(�
�#���!�Q�i�+�����G�!� Ê � ¢ É � � ³ � � ³ ¶ �/� ¨A¸ ¾Q¿?À��/Â(�
�#�½���Q�i�+�������%� Ê�Ë���<� ³ �<�>« ¢ ° ���<� ³ �m¾Q¿?À��QÂp���Q�"�
��� ± ���<� ³ �<�>« ¢ ° �<� ³ ��¾Q¿?À��AÂp���i�+����� ±����� � ³ � �+« �4Â(�/´�µ��4�Ì �A´Eµ���� ³ µGÂ ³�Í ³ �3� � ³ � �>« Â�A´Eµt��� ³ µGÂ ³

(d)
��¼��
���Ç�G��� � ³ � ¾i¿?À��
�#�����Q�"�
�#�z���:�������3�sµG�4�Q� � ³ ¶ �S� ³ · ³ ¸ ¾Q¿?À������3�4�Q�"�
�#���4��6� � ¼ �
�#�����Q� � ³ ¶ �/� ³ ¸ ���:�z�4�q¾Q¿?À��
�#���4�Q�"�
�#�z���+µG�4� � ¼ � � ¶ �/� ³ ¸ ¾Q¿?À��
�#�����Q�"�
�:�z���Î � � ¼ ¢ ° ��� � ³ � ¾i¿|À������Q�"�
��� ± � � ³ « µG�4� � ¼ ¢ ° � � ³ � ¾Q¿?À������Q�"�
��� ± � � ³ «��� � ¼ �q�A´Eµ��4�¹ �A´Eµ��4� ³ µ���º ³ � � ³ « µt��� � ¼ ��/´:µG�4� ³ µ�� � � ³ «

2



Problem 4.11
(a) Ï�ÐmÑ/Ò�Ó#Ô�Õ×Ö?ØÚÙÛiÜdÝ�Þ�ß�à Ð!á ß!âIã ÕäÖ?Ø?ÙÛiÜdÝ�å ß ÑQæ ß�ç:è æ ßEè�é Ôá ß:è�ê!â á ßEè æ â á ßEè�é�âDë Õ æÏ�Ð�áQì â ÕÈÖ?Ø?ÙÛQÜ�í"Þ!ß!à Ð�á ß�â%ã Õ�Ö?Ø?ÙÛQÜdí(å ß ÑQæ ß�ç:è æ ß�è�é Ôá ß�èKê!â á ß�è æ â á ßEèté�â7ë Õ6Ò
(b) Ï ç Ñ/Ò4Ó(Ô�Õ×Ö?Ø?ÙÛiÜdÝtî ß á ß:è�ïCâß á ßEè�ê�â á ßEè æ â+ð Õ�Ò1ñòÏ ç á/ì â Õ�Ö?Ø?ÙÛQÜdí(î ß á ß�è�ï4âß á ßÇè6ê�â á ß�è æ âDð Õ æ
(c) Ï�óDÑ/Ò4Ó(Ô�Õ×Ö?Ø?ÙÛiÜdÝtî ß�çá ß:è�ê!â á ß ç è æ ß:è æ â+ð Õ�Ò1ñòÏ�ó4á/ì â Õ�Ö?Ø?ÙÛQÜdí î ß!çá ßEè�ê%â á ß ç è æ ß�è æ âDð Õ6Ò
(d) Ï<ô Ñ Ò4Ó Ô ÕõÖ|Ø?ÙÛQÜdÝ î ß óß ç ètö�ß:è�ê Ò ð Õ�ì�ñ÷Ï�ô4á/ì â Õ�Ö?Ø?ÙÛQÜdí(î ß óß ç è�ö4ßEè�ê Ò ð Õ�Ò
Problem 4.13
(a) The final value theoremis not applicableto the function à Ð á ß�â Õ Û/øù Û Ó ÐAú ù Û�û ç ú since it hasa pole in the right
half of the complex plane.
(b) The final valuetheoremis not applicableto the function à ç á ß�â Õ ÐÛ ø ù Û Ó ÐQú ù Û Ó ç ú sinceit hasa doublepole at the
origin (only a simple (distinct) pole at the origin is allowed).
(c) The final valuetheoremis not applicableto the function à ó á ß�â Õ ù Û Ó ç úù Û Ó Ð/ú ù Û ø Ó ç ú sinceit hasa complexconjugate
pole on the imaginary axis.
(d) The final value theoremis not applicablesince the function has a pair of complex conjugatepoles on the
imaginary axis at ü êMý½þCÿ æ .
(e) The final value theoremcan be appliedsinceall polesare in the right half plane.

Problem 4.14
(a) � û Ð î öá ß�èKê!â á ßÇè æ â á ß:èGé4â á ß�è�ö4â á ßEè�ê Ò â á ß�è æ Ò â7ðÕ � û Ð î � ÐßEè�ê è � çß:è æ è � óßEèGé è � ôßEè�ö è ���ß:è�ê Ò è ���ß�è æ Ò ðÕ Ñ � Ð � û�� è � ç � û ç � è � ó � û ó � è � ô � û � � è � � � û Ð í	� è � � � û ç í	� Ô 
 á � â� Ð�Õ öê
� æ �Uï�� � �3ê � Õ öê!é ��� ñ � ç Õ öá ü ê�â��zê
�Ué�� � �Bê � Õ ü öïCé æ� ó}Õ öá ü æ â�� á ü ê�â�� æ � � �3ê � Õ öï ��� ñ � ô Õ öá ü ïmâ�� á ü é4â�� á ü æ â�� ö��~ê!ö Õ ü êé � Ò� � Õ öá ü � â�� á ü � â�� á ü � â�� á ü ö�â��zê Ò Õ êö Ò ï Ò� � Õ öá ü ê � â�� á ü ê � â�� á ü ê � â�� á ü ê!ö4â�� á ü ê Ò â Õ ü êê � ï4ï æ Ò
The aboveresultsfor the coefficients

���
can be verified using the MATLAB statements

k=5; z=[]; p=[-1 —2 —3 —5 —10 —20]; [num,den]=zp2tf(z,p,k); residue(num,den).
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(b) ����� � � "!�#%$�&(') "!�#+*�&-,/. �0�1� �32 �4�!�#5$ # 2 �"6 "!�#%$�& 6 # 2 �87 "!9#5$�& 7 # 2 �8: "!�#/$;& : # 2 � ' "!�#%$�&(' # 2�<!=#>* ,.@? 2 �4�BA �C6	D # 2 �(6	EBA �F6	D # 2 �G7 E 6$�H A �C6(D # 2 �G: E 7I H A �F6	D # 2 � ' E :*�H A �C6(D # 2 < A �-:4DKJML  E &
where2 < . � "!�#%$�& 'ON P	Q �-: .SR �I $UT 2 � ' . �!�#V* N P(Q �F6 . �$UT 2 �": .XWW !OY �!U#V*=Z N P	Q �F6 .[R � (!U#V*\& 6 N P(Q �C6 .[R �*2 �G7 . � "] R I &^H`_badcPGe �C6 Y W 6W ! 6 ? �!=#>* J Z N P(Q �C6 . � "!�#V*�& 7 N P	Q �F6 . �f2 �(6 . � "] R $�&^H _bagcP	e �F6 Y W 7W ! 7 ? �!=#>* J Z N P(Q �C6 .hR � "!9#%*�& : N P	Q �F6 .SR ��ji2 �B� . � "] R � &^H`_bagcP(e �C6 Y W :W ! : ? �!U#V* J Z N P	Q �F6 . � "!�#+*�& 'ON P	Q �F6 . �I $
Comment: MATLAB 6.1 failed to find the coefficients

2�k
in this case(den=[1 14 80 240 400 352 128];

num=1; residue(num,den)).

(c)����� � ! R � l!9# � & 7  G!=#/$;& : ,/. �0�1� �32 �4�!�# � # 2 �(6 "!�# � & 6 # 2 �G7 G!U# � & 7 # 2 :m�!�#%$ # 2 :n6 "!�#%$�& 6 # 2 :B7 l!9#5$�& 7 # 2 :4: "!�#%$�& : ,. ? 2 �B� A ��D # 2 �(6 EBA ��D # 2 �"7 E 6$oH A �-D # 2 :j� A �F6	D # 2 :p6 EBA �C6(D # 2 :47 E 6$oH A �F6	D # 2 :4: E 7I H A �C6(DKJ L  E &2 �"7 . ! R � l!9#5$�& : N P	Q ��� .SR $ T 2 �(6 .qWW ! � ! R � "!9#5$�& : , N P(Q �1� . i R I ! (!U#/$�& ' N P	Q ��� .hr2 �4� . �$ W 6W ! 6 � ! R � "!�#%$�& : , N P(Q ��� .sR i "!U#/$�& < N P(Q �1� .[R i2 :4: . ! R � G!U# � & 7 N P(Q �F6 . I T 2 :B7 .qWW ! � ! R � (!U# � & 7 , N P	Q �F6 . $ G!=# � & : N P(Q �C6 . $2 :n6 . �$ W 6W ! 6 � ! R � G!=# � & 7 , N P	Q �F6 .SR * G!=# � & ' N P(Q �C6 . * T 2 :j� . �I H W 7W ! 7 � ! R � "!�# � & 7 , N P	Q �F6 . $�t;u I "!U# � & < N P(Q �C6 . $�tI
Comment: MATLAB 6.1 failed to find the coefficients

2�k
in this casealso.

Problem 4.16
(a) In the first exampleof this problemwe havefirst to perform the long division since v .xwy. $

, hencethe
partial fraction expansionprocedurecan not be applieddirectly! 6{z}| ! 6 R ! R $;~ . � # !�#%$! 6 R ! R $�� ����� Y ! 6 "!�# � &p "! R $�& Z . �0�1� Y � # !=#V$! 6 R ! R $ Z. �0�1� Y � # R � u I!U# � # *\u I! R $�Z .��  E & R ? �I A �-D R * I A 6	D J L  E & . �0�1�n�m� �  G!m&^� .�� �  E &
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(b) �;�j�K�B�O�������n�;�O�j�"�j�^����������� �� � �G�U� � �4�G�=�V����� �������;�{� �4�� ��� � �� � � ����U� � � �;����/�U���� ��� �¡ �¢¤£ ¥�¦� �§¢¤£¨¦� � � ��=� � �© 0¢¤£ � ¦�U�/�ª� �@«  ­¬® ���� �}�V¯ �C°   �® ¯ � � °K±M² �³�B�^´ � � � �� � �(�U� � ��µ ¶(· � � �   �®��� � �� � �G�=�V��� µ ¶	· ��� � � ´ � � � � ��G�=� � �4�G�=�V��� µ ¶	·C¸ �¹�� ´ � �4� �qºº � � ��"��� � �n�G�U�/����� µ ¶(·C¸ �  ª¬®
(c) � � �»�B�U�/�����j�m� � �"�j�4�
������� � �=�V��"��� � �4�"� � �%����� �/����� � � ��U�>¼�½ � � �o¾��   ¼)½ � � ����=� � ���� � �(�U�/����G� � �%��� µ ¶(· �1� �¹�¬ ´ � � � �U�/��"��� � �;¿G�   ¼ ½ �)À µ ¶	· �\Á4Â � �   ¼ ½ ���%�¿   ¼ ½ ��� � À-¿   �j¼ ½ �;À� �   ¼ ½ �  ®   ��¼ ½ �ÄÃ   ® �%��¼ ½ �  ® �%��¼ ½ � �   ® �>¼�Å ½ �� ® �   �Æ �>¼ ½ �¬ ��Ç��Ä¼\È�É µ � � µ � �� ´UÊ � � � �m¢;Ë¤£ ® ¥;Ì����� � � ��=�Í¼ ½ � � � ¾��   ¼ ½ � � � ��9� � � �ÏÎÐ� µ � � µ ¯;Ñ�°�Ò4Ó�Ô}�8Õ��Ö�/Ê � � �C� � � ¯;��°G× ² �»�B��ÙØKÒ4Ó�Ô�Ú   ½ �j��� �m¢�Ë¤£ ® ¥�Ì	Û � �¬ ¯;��°KÜ ² �³�B�^´ªÝ � ��Þß�+¼;Õà�   ¼ ½ �
É3Þà� ¢ ´	Õá�   ½ �
(d) � ��� �;� � �"�j�^����� ����� �=� ¬�l�9�5���4�G� � �/���U�/�;�-� ��� �1��� � ���� � �>¼ � � ¾ ���� ��  ¼ � � ����%�=�� ¿ � µ � � µ ¯ Ñ¤â8° Ò4Ó�Ô}�8Õ � �Ö�%Ê � � �C� � � ¯ � � °GÀ ² �»�B�n´¹Þ � �  {� ´ãÕ � �  {� ´xÝ � ��Þ � �>¼�Õ � �  {��  ¼

��� � �U� ¬� � �/���U�/� µ ¶(· � � �¹�� ´ � � � ��� ¬�G�=�/�;�4�(�U� ��  ¼\� µ ¶(· �1�B��Á �   �® � ¬® ¼� ½ �j¢® ÊåäBæ)çC���1�   ¬ �O� ½ �m¢® Ê �j¢ Å £ ® ¬ Ì� � �»�B�U�¹è ½ �j¢� ¯;��°oÒ4Ó�Ô1�   ��� �j¢ Å £ ® ¬ Ì ���é�� ¯)� � °Kê ² �»�B�
(e) ����� � �=�V��"�9� � �4�G�=� ¬ �4�G�=� ¦ ��� ������� �ë� ���� � � � ��U� ¬ � � ���� ¦ � � ¿ � � ¯)�-°C� � � ¯)� � °C� � � ¯)��ì(° À ² �»�B�
where� � � ���%��"��� ¬ �^�"�U� ¦ ��µ ¶(· ��� �ã�Å ´ � �=� ���%��"��� � �4�(�U� ¦ ��µ ¶(· � � �@�® ´ � � � ���/��"�U� � �p�"��� ¬ �-µ ¶(· �Cì �  ª¬Å
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Problem 4.20
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Note that the term
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only indicatesa time delay of five units.
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(c) This function is similar to the function in part (d) whoseLaplaceinverseis derivedin detail below. here,we
useMATLAB to find the Laplaceinverseof the requiredfunction, which produces� % ò 
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Note that
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indicatesa time delayof oneunit. This term mustnot be includedin the procedurefor finding the
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(e) Applying the MATLAB function residue to `�a!bdc@e^fgb
c)h#i�e�jlkdc@m;kdc@m)h�i!n,n , we obtain the coefficientso fqp&rtsFuVi�vxw4y!s;u z�v&z�{U|LsFuVvF|L}!~ at the poles ��f��&w�� i�y�|�s;|�sF� . The correspondingresult is given by� b1��e)f���s;u v�h4�lh#i���sFu �Uz�z&s�������� � i"�lh�},i&vFuVz@�������lb���e� � a!b���e�f � sFuVvxh#b���r�i&e�h i���sFu �Bz&z�s)�¡��� � � i¢b���r�i�e�h3}@i�v;u z&� ��� ��b��)r£i�e
Problem 4.22
The first part of this problemin donein Problem2.38, wherewe haveshownthat¤�¥¤ � ¥ �U¦,§!¨���b���e,�©f�ª ¥ ¦,§&¨
��b���e«h�ª ¥U¬®­¡¯ b���e«h�ª ¥;¬ m ¯�°1­
± b1��e�h3²@²,²�h#ª ¯�°³¥F¬ m ± b1��e�h ¯�°´¥;¬«­d± b1��e
In this problemwe haveinsteadof ª the exponentequalto rtª so taht the correspondingderivativeis¤�¥¤ � ¥ � ¦ ¬ §&¨��lb���e � fµb¶rtª�e ¥ ¦ ¬ §�¨��lb���e�h·b¶r�ª�e ¥F¬«­ ¯ b���e«h¸b�rtª�e ¥;¬ m ¯�°1­�± b���e�h5²@²@²�h#b�rtª�e ¯�°¹¥F¬ m ± b���e�h ¯�°¹¥F¬«­
± b���e
Taking the Laplacetransformof the last expression,we obtainb�rtª�e ¥ }c�h�ª h·b�rtª�e ¥F¬®­ h3b¶rtª�e ¥F¬ m c-h·²,²@²�h·b�rtª�e�c ¥F¬ m h�c ¥F¬®­}c-h�ª ��b¶rtª�e ¥ h3b¶rtª�e ¥F¬®­ cxr�b�rtª�e ¥ h·b�rtª�e ¥;¬ m c m r#b�rtª�e ¥;¬«­ c�h3²@²,²@r�ª�c ¥F¬«­ h#c ¥ h�ª�c ¥;¬«­ �ºf c ¥c)h#ª
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