Solutions to HW#4 — CHAPTER 3 — Problems on the Fourier Transform

Problem 3.8
(a) By the modulation property we have

unp(t) cos (wot) — %[Uh(j(w +wo)) + Un(j(w —wo))], Up(jw)= L + m6(w)
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which implies
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(b) From the modulationproperty we have
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The modulation property also implies
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(c) Using the frequencyshift property, it follows that
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(d) By the time multiplication property (alsothe frequencydifferentiationproperty), we have
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(e) The functionis Fouriertransformablgin termsof regularfunctions),hencethe resultcanbe obtainedby direct
integration as follows
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Since

cos (2mt)[un(t + 1) — un(t — 1)] = cos (2mt)ph(t), pl(t) — TSinc(;;)

we obtain the following result by using the modulationpropertyand r = 2

l7'sinc (w+2m)7 + l7'sinc (w=2m7 = sinc | 2 27 +sine| 2= 2m
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Problem 3.10
We know that p?(t) « 7sinc(wr/27). By duality we have
N ir A . ir 2r
X (jt) = Tsinc (E) = 2mpt(—w) < sinc (E) = —pr (w)
Hence,we havethe following Fourier pair for the time scaledsinc signal
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sinc(at) — Ep’; (w), a= 0 & sine(t) — p? (aw) = pt (ﬂ)



Using the definition of the rectangularpulse, we have
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so that the final result can be written as
: h __ . h
sinc(t) < pyr(w) = py(f)

Problem 3.11

(a) Thisis a periodicsignalrepresentedh its exponentiaFourierserieform. Accordingto (3.48),thecorresponding
Fourier transformpair is given by

n=o0o n=o0o

zy(t) = Z %em“’ﬂt Z —6 (w — nwy)

(b) Note that

e~ t>25
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Hencethis function is Fourier transformablein terms of regularfunction and we can use the definition integral
of the Fourier transform
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(c) Sincesgn(t) « 2/jw thenby the duality property
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(d) The result establishedn Problem3.10 states

sine(t) « ph (w)

The combinedtime scalingand shifting property derivedin Problem3.7(a) implies
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Problem 3.12
Using the definition of the Fourier transformwe obtain
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(@) It follows from the direct integrationas abovecan that F{z:(¢)} = F{e~°l"l} = 2a/(w?+a?). By the
modulation property, we have
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Similarly, F{z5(t)} = F{te=2I/} follows from the time multiplication property
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(b) Using the duality property of the Fourier transform,we obtain
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Problem 3.13

The resultsestablishedn Problem3.7 can be usedfor the first threetermsof the signal z;(¢). The fourth term
in z,(¢) requiresa new combinedproperty: time shifting and modulation. This combinedpropertycanbe derived
as follows
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Note thatin the derivationsa changeof variablest — ¢, = ¢ hasbeenused. The Fourier transformof the signal
z1(t) is given by

T{x(fnf —4)+tx(t - 1)+ digft) + z(t — 1) cos (4t)} = ée‘j(%)"X <%>
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Problem 3.18
@
d.’[)l(t)

=p1(t+0.5) — 0.5py(t — 1) = e/ TF{py(t)} — 0.5 F{py(t)}

= ej%sinc(;—w) — e_j‘”sinc(g) = X(jw)
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Using the integral property, we have

Flzi(t)} = ]%X(jw) + 7X(0)b(w) = ]% [ej%sinc(;;) - e‘jwsinc(;)] + 706(w)
= ]% [ej%sinc(;r) — e 7¥sinc (%)]

Note that this result could have been obtained by using the result from Example 3.13 that statesA,(t) —
Zsine® (42), which for 2A,(t) implies 2A,(t) « 2sinc”(&).
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Problem 3.20
C)

dx;t(t) — 2p1(t + 05) _ 2p1(t — 05) — Q[Cj% — e_j%]f{pl(t)}

2[cos ( ) + jsin ({;) — cos( ) + jsin (%)]}"{pl(t)} =4jsin (;)smc( t

271') = X(jw)

Using the integral property, we have

F{zi1(t)} = j%X(jw) + 7X(0)b(w) = j%ﬁlj sin (;)smc( ) + 70é(w) = %sin (%) sinc(%)

= Jein ()sine(57) = 250" (37)
_.’,,.)SIH 9 sinc o = 4S8Inc o

Note that this result could have beenobtainedby using the result from Example 3.13 which statesA.(¢) «—
Zsinc® (£2), which for 2A,(t) implies 2A,(t) « 2sinc® ().

(b)

Flaa()} = Flpa(t + 1) — p2(t — 1)} = &/ Flpa(t)} — e “F{pa(1)}
2(ejw — e‘jw)sinc(;) = 44sin (w)sinc(;) = 4jwsinc? (;)

Problem 3.23
(a) Using the Euler formula, we have

cos (W) _i3, el 4 eI —j3w e~ | g—jdw
é = —F€ e —
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Sincel/(jw + 2) « up(t)e~ 2!, thenby thetime shift propertywe obtainthe following functionin thetime domain
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Similarly, we have
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(b) We know from Problem3.10 that p?(w) « (7/2m)sinc(t7/27), which for 7 = 2 produceshe following pair
ph(w) « (1/m)sinc(t/ 7). Using the Euler formula and applying the time shifting property,we obtain

t—1

PR (w) cos (w) = %pg(w)(ejw +e7Y) = QL [sinc(§> + sinc (—)
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Using the time scaling property, it follows from the relationshipp’ (t) — rsinc(wr/27) that the following pair
existsz(t) = p(2t) « (1/2)rsinc((w/2)7/27) = X(jw). By usingthe duality property,we have

X(jt) = %Tsinc(i—;) o 2mph(2(—w)) = 27mpl(2w)

Applying the Euler formula and using the precedingresult, we obtain
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(c) We know that1/(jw + 5) < e~5u,(t). In the frequencydomain,the multiplication by jw indicatesthe time
derivativeandthe multiplication by e~/3* indicatesthe time shift by threetime units. Hence the resultis givenby
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(d) This problemdemonstrateshe time domain convolution. Namely

1 12 1 ;
jlw—2)  2j(w—2) QSgn(t)e (0)
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Sincethe productof two functionsin the frequencydomaincorrespondso the time domainconvolution,we have

and

1 . wT
o)) TSIDC(T) — z1(t) * 25(2)
The secondpart of this problemcanbe solvedsimilarly. From the table of commonpairs, we havethe following
two pairs

L sen(t) o 2

—at
t 0
Tt a>0 =y ”

By the time multiplication property, it follows
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By the time convolution property, we have

1 1 1
e —sgn(t)* {te up(t)}, a>0
IR gn(t) * { n(t)}

Problem 3.24
From FIGURE 3.25 we have X(w) = 2ps(w) — pa(w). We know from Problem 3.10 that p,(w) <
(1/2m)sinc(tr/27). Hence

2py(w) (w) 2 4 sinc| t 4 2 sinc| t 2 4sinc 2 1sinc ¢
W) — polw) e 9— 2y 2 2y = 2y 2 s
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Problem 3.25
(a) Using the Euler formula, we have
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Sincee~up(t) «— 1/(1 + jw), thenby thetime shifting property thefollowing signalis obtainedn thetime domain
L o3 L o
3¢ uh(t—3)+§e up(t —17)

We know from Problem3.10 that p? (w) « (7/27)sinc(¢7/27). For 7 = 6 we obtainp?(w) « (3/7)sinc(3t/x).
The sine function can be expressedn termsof exponentialfunctions by using the Euler formula. The inverse
Fourier transformproducesthe correspondingime shifted functions, that is

phpsin ) = phe) S o oL fine(AED) —ine (A0

JT T T

(b) From the table of commonpairs we know that2/(1 + w2) — e~ It (seealsoProblem3.12). Using the time
shifting property we obtain

1 , ; 1
o) — j 5w —jbw S f o —]t+5] —|t-5]
1+w2c0s(5.u) 27(1+w2)(6 +e )<—>4(e +e )
Knowing that p? (w) « (7/2)sinc(tr/2x), for 7 = 3 we havethe following pair p&(w) < (3/27)sinc(3t/2).
The cosinefunction should be first expressedn termsof exponentialfunctionsby using the Euler formula. The

applicationof the inverseFourier transformproduceshe time shifted functions,that is
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Problem 3.34

The systemtransferfunction andthe systemimpulseresponsere obtainedfrom the systemdifferentialequationas
dy(t . 1 _ ) -
% +y(t)==z(t) = H(jw)= T+ o =  h(t) = FH{H(w)} = e tup(t)

The systemzero-stataesponsedueto the input z(#) = sin (t) « j7[6(w + wg) — 6(w — wy)] is obtainedfrom

1 1 1
Y(iw) = X(iw)H(iw) = i7lé(. we) — 8(w — ¢ 1 51 wn) — 3
(jw) = X(jw)H (jw) = j7[6(w +wo) — 6(w "’0)]1+jw L w— (w +wo) I
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For wg = 1, we have

y(t) = FH{Y (jw)} = f‘l{jwl _1].16(w +1) = jmg +1j16(°’ — 1)}
=F10.25(— 1 + j)276(w + 1) — 0.25(1 + j)276(w — 1)}
=0.25(—14j)e™?" — 0.25(1 + j)e’* = —0.5cos (t) + 0.5sin (¢)
In the abovederivationswe have usedthe resulte¥/“o! s 276(w + wpy).

Problem 3.39
The linear dynamicsystemin Example3.19is definedby y(? (¢) + 2y(")(t) + 3y(t) = =(t). Its transferfunction
is given by

1 1 1 %
Mo L L of - (25) } = 1)
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Note that sin (o) = cos(a — 7/2), hencethe input signal is given by z(t) = bHcos(2t + 7/6 —7/2) =
5 cos (2t — m/3). Using formula (3.83) the systemsteadystateresponsés given by

Uss(t) = |H(2)]5 cos (2t — g+ ,{H(Q)) = 5\/(3 = 2; T cos (2t — g —tan~! (%))

J T
= — 2t — — —tan~! (—4)) = 1.2127 2t 4 15.96°
it cos ( 5 — tan ( )) x cos (2t + )

Problem 3.41
Using formula (3.83) the systemsteadystateresponséds obtainedas

jwl

wee(t) = [H(GL)Rcos (¢+ 3+ LH()) =2 (1 +jw)’|

cos (t + g + L (jw) — 24(1 + jw))

2w T 7 2w T T T
- t+—+-—2tan ' (w)) = ——=cos(t+ -4 = — 2tan™' (1)) = t+
TR cos( +3 -|-2 an (.u)) o7 cos( + 7 + 5 an” ( )) cos( +3)




