
HW#10 — Solutions to Problems from Chapter 8

Problem 8.3
The systemtransferfunction can be written in the form��������� 	 ��
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Using formulas(8.20) and(8.26),we obtain the statespacematricesdirectly from the systemtransferfunction as
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Problem 8.5
(a) ; �<�����=�<��>�*?$@�BADC��FEG��H �I�� �KJ *LH � �*+�M�NJPO AQC � �� " 
R� H � �*+�M�NJ
Using the Laplaceinversewe obtainST�VUW���YX AQC[Z �� " 
\� H � �*+�M� J^] � H9_a`�b �cUW� bBdfe �VUW�* b�dge �VUW� _B`�b �VUW� J
(b) The systemstateresponseis obtainedas followsh����#���=�<�i>�*?$@�BADC 6kj �l���Q
Y�<�i>/*m$@�BADCWno�p����� �� " 
\� H � �*+�M� J H � � J j �l���Q
 �� " 
\� H � �*+�M� J H � � J� H Cqsr�t Cqqsr�t C J �� 
 H Cq�r�t Cqq�r�t C J � H Cu q r t Cwv Cq 
 Cq r t CCq�rst C 
 qq�rst C J � H Cq * qqsr�t C 
 Cqsr�t CCq�rpt C 
 qq�r�t C J@x Hzy C �VUW�y " �VUW� J � H ��* _B`�b �VUW�{
 b�dge �cUW�bsd|e �cUW�Q
 _B`�b �VUW� J~} �cUW�
The systemoutput responseis equalto � �zUW��� 7 n��VUW��� y " �VUW��� _B`�b �zUW�{
 b�dge �VUW� . In the casethat only the output
responseis requiredandwhen

no�zUW�
is not available,the systemoutput responseis evaluatedas follows���w�����\���w��� j �<���Q
 7 ; �w���sno�<����� 7 �w�i>/*m$@�BADC 6kj �p�#�{
 7 �w�i>�*?$@�BADCWno�p����=� � �K� ��#"�
\� H � �*����{J H � �KJ j �<���Q
Y� � �K� ��#"�
\� H � �*����{J H � �KJ� ���� " 
Y�#� �� 
 �� " 
�� � �� " 
Y� 
 �� " 
�� x � �zUW��� _a`�b �cUW�Q
 bsdge �VUW�

Problem 8.6
Using the Laplacetransformwe obtain�i��� ��X ADC[� �p��>/*?$��BAQC����\X AQC Z H q�t "u q�t C�v r Cu qst Cwv rADCu q�t C�v r qu qst Cwv r J^]��X ADC Z H Cu q�t Cpv r 
 Cq�t C Cu qst C<v rADCu qst C<v r AQCu qst C�v r 
 Cq�t C J^] ��H �W��
�UW� � A � U � A �*�U � A � �W��*�UW� � A � J
This result can be obtainedusing the Laplacetransformas follows� ��� �\X AQC � �<�i>/*?$@� ADC#� ��X AQC�� H ��
�� �*-� ��
�� J AQC�� ��X ADC,Z H Cqst � ��u q�t Cpv u q�t � v Cq�t C J^] � H � A � � ��"D� � A � * � A � �z� � A � J
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Problem 8.7
Using the � transformwe have�@�9� �k�Q���Q�!�p����  �@¡ �Q��¢ � �k�Q��£/��¤ �  +¥¦ �T  ¦!§©¨Dª �D�[« � �¬�Q�� ��!�p�9  ¦G§©¨ ¡ ¤ �9  ¦G§©¨ ¥¦ � ª^®� � �Q� @¤ ¥ �¯ �±°a² ³¦ ¯¯ �±°i² ³ ª^® � ¤z´!µ ¶�· � ¦G§©¨ ¡ � �Q�B¸ µ ¶�·¦ � ¦¹§ ¨ ¡ � ¸ µ©¶�· ª
(b) Using the � transformwe have�@�9� �¬�Q���Q�!�p���/  �@¡ �D�[¢ � �k�Q��£/� ¤ � ¦ 5º»� ª �D�[« � �¬�Q�  ���¼ ¤ � ¦º � ª^®� �k�D�,�¤ ¥ ¦¼¯ ¥ ª^® � ¤I´!µ©¶�· ¦º ´!µ©¶  �¥ ·½´!µ©¶�· ªQ¾ ¶�¿ ¦
Problem 8.11
The systemtransition matrix is given by� � � � �Q��� �P�<����  �@¡ �Q��¢ � ¤ ¥�À �  Á¥¦ À � ª ¸ µ ¶�·
The systemresponsedue to initial conditionsisÂ µ ¶�· �R� � Â µ ¦ · � ¤ ¥MÀ �  \¥¦ À � ª ¤ ¥¥ ª � ¤ À �À � ª
Problem 8.15
The statespaceform of this system,obtainedusing the changeof variables Ã � µ ¶�· �ÅÄ µ©¶�· ¾ Ã ¼ µ ¶�· �ÆÄ µ©¶9Ç ¥ · , is
given by ¤ Ã � µ ¶ÈÇ ¥ ·Ã ¼ µ ¶ÈÇ ¥ · ª � ¤ ¦ ¥ +¥ ¦ ª ¤ Ã � µ ¶�·Ã ¼ µ ¶�· ª Ç ¤ ¦ ¥ ª �� +¥ ¡ � ¸ µ ¶�· ¾ ¤ Ã � µ ¦ ·Ã ¼ µ ¦ · ª � ¤ Ä µ ¦ ·Ä µ ¥ · ª � ¤ ¥¦ ªÄ µ©¶�· � µ ¥ ¦ · ¤ Ã �#µ©¶�·Ã ¼ µ©¶�· ª � Ã �#µ©¶�·
The systemresponsein the frequencydomain isÉ �<� ¡��ËÊ ������  �@¡ �D� � Â µ ¦ ·PÇ Ê ������  �@¡ �Q��ÌÎÍ �l� ¡�� µ ¥ ¦ · ¤ �  +¥¥ � ª �D� ��¤ ¥¦Nª Ç\µ ¥ ¦ · ¤ �  �¥¥ � ª �D� ¤ ¦ ¥ ª �� Ç ¥µ ¥ ¦ · ���¼ Ç ¥ ¤ � ¥ +¥I� ª ¤ ¥¦Dª ÇYµ ¥ ¦ · ¥��¼ Ç ¥ ¤ � ¥ +¥M� ª ¤ ¦ ¥ ª �� Ç ¥ � � ¼��¼ Ç ¥ Ç ��p��¼ Ç ¥ ¡ �<� Ç ¥ ¡ � �NÏ<� ¼ Ç � Ç ¥BÐ�<��¼ Ç ¥ ¡ �<� Ç ¥ ¡
The time domainresponseis obtainedby taking the inverse � transformÉ �<� ¡�� ��Ñ ¶ �� Ç ¥ Ç ¶ ¼� ÇÓÒ Ç ¶GÔ¼�T  Ò±Õ ¾ ¶ � � ¥º ¾ ¶ ¼ � ¥Ö Ç�Ò ¥Ö �Å× ºÖRØ�Ù ��ÚÛ ¡É �p� ¡�Ü�Ä µ©¶�· ��Ý ¥º �s +¥ ¡ � Ç × ººÆÞ�ß�à5á ¶�â º   â Ö�ã�ä ¸ µ ¶�·
Plugging ¶ � ¦ ¾ ¥ ¾ º ¾ §g§g§ we find that this output responsetakesthe values ¥ ¾ ¦ ¾ ¦ ¾  +¥ that repeatperiodically.
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Problem 8.17
(a) å�æ�ç^èYé/êDë#ì�íÎîpï�ðBñ-è\éTêQë�òoî<ï�ó�ô�õ�ð êQë#ö è\éTêQë�÷ùøGïió/ôûú/ü ýôÿþ ô������ êDë�� èYé-êDë[÷ ú ï ô ýþ»ï	�
��� êQë��è\é êQë�� ýï�	����ï���þ ú ï���� ýôÿþ ï ��� è�é êQë�� ú ������ ��� ë�� � ���  � ë

� ��� ë�� � ���  �ê 
� ��� ë�� � ���  � �� ��� ë�� � ���  � ���è\éTêQë � ú ��� ë ô ë���  ë��� ë ô ë��� ô ��� ë � ���  ô ë��� ë � ���  ��� è ú þ�å êKç ô?å ê  ç å êKç ômå ê  çô-þ�å ê~ç �?þ�å ê  ç ô-å êKç �?þ�å ê  ç � è��Tî! Wðoè ú#" ëBë î$ Wð " ë  î% Wð"  ë î$ Wð " & î% Wð �

(b) ' î<ï�ð�è)(kî�ï�óÿô�õ@ð êQë+* �
,%è ú ýMüü ý � ú ���-�� ��� ë�� � ���  � ë� ��� ë�� � ���  �ê � ��� ë�� � ���  � �� ��� ë�� � ���  � � ú üô ý � è ú ô ë� ��� ë�� � ���  �ô �� ��� ë�� � ���  � �
Note that

î<ïió/ô�õ�ð êQë
is calculatedin Part (a).

(c). î% Wð�è=íkî% Wð . î ü ð�� ç
/ 0 íÎî$ �ô21Gð *43 î�1Gð�561Îè ú " ëWë î% Wð " ë  î% Wð"  ë î% Wð " & î% Wð � ú ô ýü � � ç

/ 0 ú " ëBë î$ ^ô�1Gð " ë  î% �ô71Gð"  ë î$ ^ô�1Gð " & î% �ô71Gð � ú üô ý � 581è ú ô " ëBë î% Wðô "  ë î% Wð � � ç/ 0 ú ô " ë  î$ ^ô�1Gðô " & î$ ^ô�1Gð � 561kè ú ô-þ�å ê~ç �?å ê  çþ�å êKç ô?þ�å ê  ç � � ç/ 0 ú ô-å ê � çpê:9;� ��å ê  � çwê<9+�å ê � çwê<9;� ômþ�å ê  � çpê�9+� � 561è ú ô-þ�å ê~ç ��å ê  çþ�å ê~ç ô�þ�å ê  ç � �Æú ô�ë ��å êKç ô ë å ê  çô-å êKç ��å ê  ç � è�ú ô ë ô�å ê~ç �Lë å ê  çå êKç ô?å ê  ç � è\ó . î# Wðoè=( . î! Wð�è?>�î% Wð
Problem 8.21
(a) The discrete-timesystemtransitionmatrix in the complexdomainis obtainedas follows�TîA@�ð�è=î�@,ó�ô?õ�ð êQë @9è @îA@�� ý ðBîA@���þ�ð ú @B�
� ýô-þ @ � è ú �CC � ë ô CC �  CC � ë ô CC � ô �CC � ë � �CC �  ô CC � ë � �CC �  �
Using the inverse D –transformwe have�FE G8H±è ú þ!î�ô ý ð�ITô?îsô-þ�ð�I î�ô ý ð�ITô?îsô-þ�ð�Iô-þ!î�ô ý ð I ��þ!îsôÿþ�ð I î�ô ý ð I ô?îsô-þ�ð I �
(b) The systemtransferfunction is found using the formulaJ îA@�ð�è=(kîK@,ó�ô�õ�ð êDëL* èME ü ý H�ú @ ô ýþN@B�O��� êDë úsýý � è @Tômþî�@B� ý ðaî�@B��þ�ð
(c) The systemoutput responsein the complexdomain is given byP î�@�ð�è=(Q�TîA@�ð . î ü ð�� J î�@�ð�Rkî#@�ð�èSE ü ý H ú �CC � ë ô CC �  CC � ë ô CC � ô �CC � ë � �CC �  ô CC � ë � �CC �  � ú ô ýü � � @TôÓþî�@T� ý ðBî�@B��þ�ð @î�@Tô ý ð è þ�@@B� ý ô þ�@@B��þ � î�@�ô�þ�ð�@î�@B� ý ðBîA@��?þ�ðBîA@9ô ý ð  è @�UA��@ � ô2VW@  �
V�@TôYX�ZîA@B� ý ðBîA@B��þ�ðBîA@Tô ý ð è ø þW�ý þ � @@T� ý � ø	[�\

] �
@@��?þ ô ø	[\ � @@9ô ý ô ø ý\ � @î�@Tô ý ð 

Applying the inverse D –transformwe obtain^ E_GWH{è D
êDë#ì P î�@�ðBñ-è � þ��ý þ î�ô ý ð�IB� [W\

]
î�ô-þ�ð�ITô [ \ î ý ð�ITô ý\ G � 3 E G8H
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