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computational requirements, stopping criteria, and modifications for fixed 
end point problems. Table 6~4 summarize~ these and other characteristics 
of the three iterative methods. 

It should be emphasized that the numerical techniques we have discussed 

Tab" 6·4 A C'11"."... 111 lION O~ Till! 1'~"'l·tIIllH. O~ ","",,1( ITII""lIv.t Mlmllm" "I)" 

11'1' \lIN.. NIINIIN~"M .1 Wei !'tUNI "''''N'I''I!\' VAl 111\ ""OIII.~."'N 

Jmportance of 
initial guess 

Storage 
requIrements 

Convergen<:e 

Fl!atutl'! Stl!e~sl descellt Varlatioll ofextremals QlIilSilllI,arizatioll 
----, 

Jnilia1auess u(t), I E [/0. tf} P(lo) [or X(I f») X(/). pe,). I E [to. If) 

Ih~llIle tu 41."- 0 ~tf) ~(X(lf» ) State and costal($ 
satisfy 'jfu- equations 

i 

~ 
Computations Intearation of 211 dif. Integration of Integration or IIr 

required ferenda I equations, 2n(n + 1) first- '\ '"~::.~,L~rst. 
calculation of order differential "order differential 

~llIilljllnM, illvllrMhm GqIIlIIId/III, inv.rldull4.If'fOO. ~I~II "/11. 
of an fiX II matrix. of an II X'II matrix. 

Modifications Penalty function or Adjust P(to) based on Solve for c from equa­
see (B-S]for fixed end calculated values of tion ror X(lf) 

point X(lf)' 
problems 

may not always converge, and even ifconvergence occurs it may be; only to a 
local minimum. By trying several different initial guesses, we can be reason~ 
ably sure oflocating any other local minima that may exist, or, if the numerical 
procedure converges to the same control and trajectory for a variety of initial 
JlHC'IIM(,II. we hllv(' "Hille' 1I1i~lIrllll4.:t' thnt II lliohul minimullI hn~ net'II deter­
mined. 

The difficulty of solving nonlinear two-point boundary~value problems 
has made iterative numerical techniques the subject of continuing research. 
When Ol\e' is confronted with n pmblcm ()f Ihili type, it is useful to be fumilillr 
with runny diflerent te4.:hniques, perhaps trying several methods on a given 
problem, or a hybrid scheme may be useful. For example, the steepest de-­

S:~O : 'S 1') 
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scent method may be used as a starting procedure and quasilinearization to 
close in on the solutiQJl. 

8.8 GRADIENT PROJECTION 

In this section we shall discuss an ,alternative approach to optimization 
introduced by J. B. Rosen [R~4, 5, 6] which does not involve the solution of 
nonlinear two-point bOllndnry-vllluc prohlems. ~nst'n'l'i rnrlhnd,. ~.'lll1rd 
g!'UtI 1~lIt pn!l~,:t iOlla i!Ul!I.JJ~!,u.tj V£.llu..!.!!£ri(;~!!..Qr.Q£t;gl!t;£J9!.1l ndi.ll.\U!,!l~x..t.n~~ 
mum of a function o(~'yS:!!LYN~J,£,. th§lJ!!!!.~quJ.r~JQ ,s.Mi.s...(Y, Yflr..i9q,~ 
constraining relations. lLtb~J9nction to be ~tr£mized (91IIed the,ob/ectiv!L 
lultclion) an4 the£~!!\j.[lJ!!r~.Enear.runctionsofthe variables, the o..P.timi~a~ 
tion problem is referred to as a linear programm!!!Sl!roblem; when n~n.!!~~r 
termate pres~Q!.i!l t~~J;().n~.trru.lliQg r~!.liQ.~lS !?..rj!'U.b~~Qj~.tiy~function, the 
p'!Q~Jem.l~.~[t;!I.r~4 tg a~.a noniine.f!!.RroB!(J.l]tm(ng prQb}e1'!1. 

We shall first discuss gradient projection as it applies to nonlinear pro~ 
granun'ing problems that have linear constraints, but nonlinear objective 
functions. Then we shall show how the gradient projection algorithm can be 
used to solve optimnl conlrol f'll'Ohlcmli. 

Mlnlmlzlltlon of Function. by the O'lldlent 
PrOjection Method 

.I£11.pl. 6.6-1. To begin, let Ull consider a simple example. Let f be u 
function of two variables YI and y" and f(Yh Yl) denote the value of 
f at the point (Yh Y2)' The problem is to find the point (yr. yV where f 
has its minimum value. The variables Yl 
the linear inequality constraints 

and Yl are required to satisfy 

YI ~O 

Yl~O 

(6.6-1 a) 

(6.6-1 b) 

2YI - SYl + 10 ~ 0 (6.6·1c) 
-4YI .- 7Yl + 22.5 :;::: 0 (6.6-ld) 

I'" , ~.,. A I ~fl..'.' () (rdl kl 

The set of points that satisfy all of these constraints is denoted by Rand 
called the admissible region. t For tros example, R is the interior and the 
\loundary of the region whose boundary is determined hy the lint~s luhcllt.'{1 

t In the nonlCnclature (If nOlllincur programmina the term /,asibl, is used rather thun 
tUImIssible. 
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