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H =0, - [0.25 o'OOJ, and R = 0.05.
Q - 0.00 0.05 

The optimal feedback gain matrix F(k) is shown in Fig. 3-9(a) for N = 200. 
Looking backward from k = 199, we observe that at k :=:::: 130 the F(k) 
matrix has reached the steady-state value 

F(k) = [-0.5522 -5.9668], o:s::: k;S 130. (3.10-24) 

The optimal control history and the optimal trajectory for x(O) = [2 I]T 
are shown in Fig. 3-9(b). Notice that the optimal trajectory has essentially 
reached 0 at k = 100. Thus, we would expect that insignificant perfor­
mance degradation would be caused by simply using the steady-state 
value of F given in (3.10-24) rather than F(k) as specified in Fig. 3-9(a). 

3.11 THE HAMILTON-JACOBI-BELLMAN EQUATION 

In our initial exposure to dynamic programming, we approximated con­
tinuously operating systems by discrete systems. This approach leads to a 
recurrence relation that is ideally suited for digital computer solution. In 
this section we shall consider an alternative aImr<li!gtL~hi~L~~~~.!~n­
linear pqr@Lq!~~!L'!.!~q~ll!io!1=!h<;:.. H~mi!!Qn~)~~Q~!~~~llr~HI~~ (H-J-B) 
~q·l!~tfon._:The derivation that will be given in this section parallels the devcl= 
opment of the functional recurrence equation (3.7-18) in Section 3.7. 

The process described by the state equation 

x(t) = a(x(t), o(t), t) (3.11-1) 

is to be controlled to minimize the performance measure 

f" J = h(x(tf ), tf) + '0 g(xCr), oCr), r) dr, (3.11-2) 

where hand gare specified functions, to and tf are fixed, and r is a dummy 
variable of integration. Let us now use the imbedding principle to include this 
problem in a larger class of problems by considering the performance mea­
sure 

f" J(x(t), t, ,~~~U = h(x(tf)' tf) + I . g(x(r), o(r), r) dr, (3.11-3) 

wh~~t~~'!.~~.l!!1y,:~lue less than or equal to tf' and x(t) can be any admis­
sible state value. NotiGe that the performance measure will depend on the 

01DynamiC t'rogrammmg
Sec. 3.11 

numerical values for x(t) and I, and on the optimal control history in the 

interval [I, tfl. 
Let us now attempt to determine the controls that minimize (3.11-3) for 

all admissible X(I), and for all t < If. The minimum cost function is then 

J*(X(I), t) = min {f" g(x(r), o(r), r)dr + h(X(I,), tf)l . (3.11-4) 
U(T) I f 

,5..r$t/ 

By subdividing the interval, we obtain 

J*(x(t), t) = min {f'+A' gd. + f" gd. + h(X(tf)' tf )·} (3.11-5) 
a(T) I t+At 

t~'t~tl 

The principle of optimality requires that 

J*(x(t), t) = min {f
'+AI 

g d. + J*(x(t + At), I + At)
} 
, (3.11-6) 

.(T) I 

t'::;T'::;r + 6t 


where J*(x(t + AI), t + At) is the minimum cost of the process for the time 

interval t + At < • ::s;; tf with "initial" state x(t + At). 


Assuming that the secc!Q9partiaLderivativelLQ[ J*:... exist and ,are bounded, 

we -can expand-j*(~~=t At)! t,.+At) in a Taylor series about the, point 


(xU);-iTfo- ob'tain ' 
- _.-# 
{f'+M [aJ* ]J*(x(t), t) = min g d. + J*(x(t), t) + -a (x(t), t) At 

u«) I t 
t~T~t+.6.t . 

(3.11-7)+ [at: (x(t), or [X(t + At) - x(t)] 

+ terms of higher order}. 

At";),) ~ '. ( J.R. S""~~~Q~ JQ!".§ffil!i! ,,41 
CJ--V\ 'J '-Y" If> D t-

J*(x(t), t) = min {g(x(t), o(t), t) At + J*(x(t), t) 
U(/) gu OS 1 c> l' r~ ,0 

(3.11-8) <:>(/) e+ JNx(t), t) At + J!T(X(t), t)[a(x(t), o(t), t)] At 

+ o(At)},t 

where o(At) denotes the terms containing [At]2 and higher orders of At that 

arise from the approximation of the integral and the truncation of the Taylor 

series expansion. Next, removing the terms involving J*(x(t), t) and J~(x(t), t) 


t J* ~ a!* = [a!* i)J* ... i)J*JT and J* ~ i)J*. 
% - ax aXl aX2 ax. I - at 
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from the minimization [since they do not depend on U(/)], we obtain 

o = J:(X(/), I) III + min {g(X(/), 0(/), t) III 
u(t) 

+ J:T(X(/), t)[a(x(t), 0(/), I)] Ilt + o(Il/)}. (3.11-9) 

Dividing by !It and taking the limit as !It -> 0 givest 

O=JNX(/), t)+min {g(X(/), U(/), 1)-t(J:'X(/), t)[a(x(t), u(t), tm· I (3.11-10) 
u(t) " ­

f! 
~'::l . : 1 

To find the boundary valu~ 'for this partial differential equation, set t = tf; 
from Eq. (3.11-4) it is apparent that 

(3.11-11)J*(X(tf), tf) = h(X(lf)' If)· 

We define the Hamiltonian .;tt> as 

.;tt>(X(/), U(/), J:, I) " g(X(/), u(t), t) + J:T(X(/), t)[a(x(t), o(t), t)] (3 .11-12) 

and 

.;tt>(X(t), u*(x(t), J:, I), J:, I) = min .;tt>(x(t), o(t), J:, t), (3.11-13) 
u(r) 

since the minimizing control will depend on x, J:, and I. Using these defini­
tions, we have obtained the Hamilton-Jacobi equation 

(3.l1-1Oa)0= JNX(/), I) + .;tt>(X(/), O*(X(/), J:, t), J:' t). 

This equation is the continuous-time analog of Bellman's recurrence 
equation (3.7-18); therefore, we shall refer to (3.11-10a) as the "Hamilton­
Jacobi-Bellman equation." 

Example 3.11-1. A first-order system is described by the differential 
equation 

x(t) = x(t) + u(t); (3 .11-14) 

t lim IO(M) I 
Ar-O At = O. 

89Dynamic Programming Sec. 3.11 

it is desired to find the control law that minimizes the performance measure 

J = ~X2(T) + s: !u2(t) dt . (3.11-15) 

The final time T.is specified, and the admissible state and control values 
are not constrained by any boundaries. 

Substituting g = ~U2(/) and a = X(/) + U(/) into Eq. (3.11-12), we find 
that the Hamiltonian is (omitting the arguments of J~) 

£'(X(/), U(/), J~, I) = ~U2(/) + J~[X(/) + u(t)], (3.11-16) 

and since the control is unconstrained, a necessary condition that the 
optimal control must satisfy is 

a£' = ~U(/) + J~(X(/), I) = o. (3.11-17)au 2 

Observe that 

a2
£, = ~ > 0; (3.11-18)au2 2 

thus, the control that satisfies Eq. (3.11-17) does minimize £'. From 
(3.11-17) 

u*(t) = -2J~(x(t), I), (3.11-19) 

which when substituted in the Hamilton-lacobi-Bellman equation gives 

0= J: + H-2J~]2 + [J!]X(/) - 2[J~]2 

= J: - [J~]2 + [J~]x(t). (3.11-20) 

The boundary value is, from (3.11-15), 

J*(x(T), T) = ~x2(T). (3.11-21 ) 

One way to solve the Hamilton-lacobi-Bellman equation is to guess 
a form for the solution and see if it can be made to satisfy the differential 
equation and the boundary conditions. Let us assume a solution of the 
form 

J*(X(/), I) = ! K(t)X2(/), (3 .11-22) 

where K(/) represents an unknown scalar function of I that is to be deter­
mined. Notice that 

J~(X(/), I) = K(/)x(t), (3.11-23) 

@
I r 
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