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3.39 Find the covariance matrix P(t) and its steady-state value P(oo) for the following continuous

systems: )
(& & = __01 _?2]x+[i]w(t)
o = [10]
® ¢ = .'01 fl]m+[‘;’]w(t) .
o - 3]

where w € N(0,1) and white.

SoLuTION TO EXERCISE 3.39 (a)
P = FP+PFT+GQGT
- |8 Srer[e ][]
= [ 1 \1}—1011—21712 ]
l—pn—2p12 1-2p12—4p22 |’
which has no steady-state solution for P = 0.
(b)
P = FP+PFT +GQGT
- |3 S]rer[w AR
—yielding :

25"

P = D)


http:tJ-GLl-c.Le

Find the state space models for longitudinal, vertical and lateral turbulence for the following
PSD of the “Dryden” turbulence model.

V(W) = o (‘:TL/') (1—@5)

¥(w) = Frequency in Rad/Sec
o RMS turbulence intensity
L Scale length in feet
V = Airplane velocity in feet/sec. (290ft/sec)

(a) Longitudinal turbulence
L = 600’

oy = .15 mean head wind or tail wind (knots)

(b) Vertical turbulence
L = 300’

oy = 1.5 knots

(c) Lateral turbulence
L = 600’

oy = .15 mean crosswind (knots)

SoLuTION TO EXERCISE 3.18 (a)

2L\? 1 2L\* __1
v = [U('ﬁ) 1+J'w%] [a(-’;;) 1"""%]
= H(jw)H(-jw),

where H(jw) is stable. For s = jw,

(1 + s%) z(z) = o (%) ’ w(s) , or
(t) = —%x(t) +0 (%) : w(t)
V = 290 ft/sec
L = 600 ft
c = 0.15
#(t) = —0.483z(t) + 0.083w(t)
2(t) = z(t)
(b)
&(t) = —0.967z(t) + 0.118w(t)
(c)

#(t) = —0.483z(t) + 0.083w(t)
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P12 =

(ST TR,

P2 =

for the.steady-state solution to P = 0.

3.40 Find the covariance matrix P and its steady-state value Py, for the following discrete system
0 1 1
Tkt = [__1 2]-’Bk+[l]wk

10

where wi € MV (0,1) and white.

SoLUTION TO EXERCISE 3.40 Because wi € N(0,1), @ =1 and the matrix product
r _ |11
caor - [11]
The matrix equation

Piy1 = 0BT +GQGT

has the specific form
[{Pk+1}11 {Pm}u] _[o 1][tRdy Pdu]fo —1] L[ 1}
{Peyrho {Peti}a =1 2 || {Pe}yo {Pe}oo |[1 2 11

14 {Pe}o, 1 = {Pchp +2{Pe}an
1= {Pcho +2{Pe}oy 14+ {Pe}y; —4{Pe}t 1o +4{Pe}a |’

This is a linear equation in the three unique elements of P, and it can be expressed in vector form

as
{Pk+l}11 0 0 1 {Pk}u 1
{Pk+1}12 = 0 -1 2 {Pk}lz +11]-
{Pis1}a2 1 -4 4 {Pe}ao 1
Because



the general solution can be written in closed form as

{Pk}u

{Pk}u =

{Pi}oo

Note that {Px};; — oo as k — oo.

o o 11*
0 -1 2
1 -4 4
0 0 1]
0 -1 2
1 -4 4|

53

{Po}n 1
{Pohp | +K| 1
| {Po}g, 1
[ 1 1
0|+k|1
1 1

That is, Py is unbounded.

3.41 Find the steady-state covariance for the state space model given in Example 3.4.

SoLuTioN TO EXERCISE 3.41 This exercise demonstrates how to transform the steady-state equa-
tion for the state covariance into a system of linear equations.

The dynamic equation for the state covariance is

FP(t) + Pt)FT + GQGT

E (p(t)p" (1))

0 1
—w2 __—2(wy,

a
[ b — 2alwn
E (w?(t)).

P(t) =
P(t) =
F =
G =
Q =
Its steady-state form is
P(co) = [ P11 P12
| P12 P22
0 = P()
FP(c0) + P(c0)FT + GQGT
_ Qa? + 2p12
| Qa(b—2awnl) —wlp11 + p22 — 2wnp12{

|

Qa (b — 2awn() —;uﬁpu + p22 — 2wnpi2( ]
Q (b - 2Qawn()* — 2w2p1a — dwap2( |’

This linear matrix equation is equivalent to the three scalar linear equations

2p12

w2pi1 + 2wnlpr2 — P22 =
2w2pi2 + dwnlpae =

_Qa2
Qa (b - 20.(4),;()
Q (b - 2awn()*.



54 CHAPTER 3. RANDOM PROCESSES AND STOCHASTIC SYSTEMS

This system of 3 linear equations in 3 unknowns has the solution

Q¥ +ad%?)
Pn = ——Zw—gz——
P2 = —Qa?/2
Q {azwﬁ +(b— 2aw,,()2]
D22 = .
4wn

~3.42 Show that the continuous-time steady-state algebraic equation
0 = FP(00) + P(c0)FT + GQGT

has no nonnegative solution for the scalar case with F = Q = G =1. . (See Equation 3.110.)

SoLuTiON TO EXERCISE 3.42 The algebraic equation for F=Q =G =1is

0 = P(oo)+ P(o0)+1
P(oo) = -1/2,

which is negative. That is, the only solution is negative, and there is no non-negative solution.

3.43 Show that the discrete time steady-state algebraic equation
Py = ®P 8T +Q

has no solution for the scalar case with ® = Q = 1. . (See Equation 3.112.)

SoLUTION TO EXERCISE 3.43 The algebraic equation for ® = Q =1 is
Py = Pyp+1,
which is equivalent to
0 = 1,

independent of Py. Clearly, then, there is not value of ® that can make 0 = 1.
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