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. 3.39 Find the covariance matrix P(t) and its steady-state value P((0) for the following continuous 
systems: 

(a) x = [~1 ~21 x + [ ~ 1w(t) 

P(O) = [~ ~ 1 

(b) 	 ..x - [-;;1 ~1 1x+ U 1 wIt) 

P(O) - [~ ~ 1 

where w EN(O, 1) and white. 


SOLUTION TO EXERCISE 3.39 (a) 

P 	_ FP+PFT +GQGT 

-	[~1 ~21 P+ p [~ =;j + [; ; 1 
_ [ 1 1 - PII - 2P12 1 

1 - PH - 2P12 1"- 2PI2 - 4P22 ' 

which has no steady-state solution for P=o. 

(b) 

P 	 _ FP+PFT +GQCT 

= [-;;1 ~1 1P+ P [ -;;1 o ] + [25 5]
-1 5 1 

-yielding 
25' 

Pll = 2" 

http:tJ-GLl-c.Le


(3.lj1 Find the state space models for longitudinal, vertical and lateral turbulence for the following 
PSI) of the "Dryden" turbulence model. 

.. 
w(w) - Frequency in Rad/Sec 

(1 - RMS turbulence intensity 

£ - Scale length in feet 
V - Airplane velocity in feet/sec. (290ft/sec) 

(a) 	Longitudinal turbulence 
£ = 600' 

(1u = .15 mean head wind or tail wind (knots) 

(b) 	Vertical turbulence 
£ = 300' 

(1w = 1.5 knots 

(c) Lateral turbulence 
£ = 600' 

(1'1) = .15 mean crosswind (knots) 

SOLUTION TO EXERCISE 3.18 (a) 

¢(w)  H!~)! l+~w~l H!~)! l-~w~l 
- H(jw)H(-jw), 

where H(jw) is stable. For s = jw, 

(l+S~)X(X) _ (1 (!~) ~ w(s) , or 

x(t) - -~x(t) + (1 (2£) ~ wet)
£ 7T'V 

V - 290 ft/sec 

£ - 600 ft 

(1 - 0.15 

x(t) - -0.483x(t) + O.083w(t) 

z(t) - x(t) 

(b) 

~(t) - -O.967x(t) +0.118w(t) 

(c) 

x(t) - -0.483x(t) +O.083w(t) 
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5 
P12 = 

2 
1 

P22 - 
2 


for the>steady-state solution to P = o. 


3.40 Find the covariance matrix Pk and its steady-state value Poo for the following discrete system 

Xk+l - [~1 ;1Xk + [ : 1Wk 

Po= [~~l 
where Wk E N(O, 1) and white. 

SOLUTION TO EXERCISE 3.40 Because Wk E N(O, 1), Q = 1 and the matrix product 

The matrix equation 

has the specific form 

[i~:::i:: i~:::i:: 1 = [~1 ;1[l~:l:: l;:l~ 1[~ ~1 1+ [: ; 1 
1 + {Pkh2 1 - {Pkh2 + 2 {Pd22 1[

- 1 - {Pkh2 + 2 {Pkh2 1 + {Pk} 11 - 4 {Pkh2 + 4 {Pkh2 . 

This is a linear equation in the three unique elements of P, and it can be expressed in vector form 
as 

Because 

0 0 
[ o ·-1 

1 -4 
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the general solution can be written in closed form as 

OOl]k[{PO}l1] [1]= [ 0 -1 2 {POh2 + k 1 
1 -4 4 {PO}22 1 

= [~ ;! ~ nn+k [ t]. 
Note that {Pk}ij -jo 00 as k -jo 00. That is, Poo is unbounded. 

3.41 Find the steady-state covariance for the state space model given in Example 3.4. 

SOLUTION TO EXERCISE 3.41 This exercise demonstrates how to transform the steady-state equa
tion for the state covariance into a system of linear equations. 

The dynamic equation for the state covariance is 	 .. 

?(t) = FP(t) + P(t)FT +GQGT 

P(t) = E (p(t)pT(t)) 

F 	 = [ -~~-2~Wn 1 
G  [b-2~W.l 

Q = E(w2(t)). 

Its steady-state form is 

P(oo) = [Pll P12]
P12 P22 

o 	= ?(oo) 

= FP(oo) + p(oo)FT + CQCT 


= [ Qa2 + 2P12 Qa (b - 2aw,.() - W;Pll +P22 - 2W,.P12( ] 
Qa (b - 2aw,.() - W;Pll +P22 - 2W,.P12( Q (b - 2Qaw,.()2 - 2w;P12 - 4w,.P22( . 

This linear matrix equation is equivalent to the three scalar linear equations 

2P12 = _Qa2 

W~Pll + 2~n(P12 - P22 - Qa (b - 2awn() 

2W~P12 + 4wn(P22 - Q (b - 2awn()2 . 
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This system of 3 linear equations in 3 unknowns has the solution 

Q (fJ2 + a2w~) 
PH -

4w~( 

P12 = -Qa2/2 

Q [a2w~ + (b  2awn ()2] 
P22 = 

4wn ( 

3.42 Show that the continuous-time steady-state algebraic equation 

0= FP(oo) + P(oo)FT +CQCT 

has no nonnegative solution for the scalar case with F = Q = C = 1. . (See Equation 3.110.) 

SOLUTION TO EXERCISE 3.42 The algebraic equation for F = Q = C = 1 is 

o - P{oo) + P(oo) + 1 .. 

P(oo) - -1/2, 

which is negative. That is, the only solution is negative, and there is no non-negative solution. 

3.43 Show that the discrete time steady-state algebraic equation 

- TPoo = cI>PoocI> + Q 

has no solution for the scalar case with cI> =Q = 1. . (See Equation 3.112.) 

SOLUTION TO EXERCISE 3.43 The algebraic equation for cI> = Q = 1 is 

Poo = ?eX) + 1, 

which is equivalent to 

o = 1, 

independent of Poo . Clearly, then, there is not value of cI> that can make 0 = 1. 


