
10-3. Linear system.s CfJC3-p (JL~1.:7.s ) -:= ~c.., 3< S i~~..u ~ 
r~':> '3~~-3t(S" 0 ,.....\'''\~~.5 

We are giv~n a linear system with impulse response a certain function ~'5 q'?- ~J..r 
h(t). The Fourier transform H(jCIJ) ofh(t) is known as system functiont· 

H(iCIJ) = 1-..... h(t)e-i..t dt (10-28) 

We now apply to the input of our system a process x(t) (Fig. 10-4). 
As is well known, the resulting output yet) is given by 

y~t) = 1-..... x(t - Ot)h(a) dOt ::- 1-..... X(Ot)h(t -- (10-29)Ot) dOt 

t We used the nota.tion H(jw) to conform with the usual convention of reserving 
H(p) for the Laplace transform of h(t). For theoretical purposes [see (1O-40)J we 
shall not exclude the possibility that h(t) might be complex. 

In phvsical systems, the impulse response hCt) is real and it equals 
z~r negative t (causality). In this case, (10-29) takes the form 

. yet) = 10" x(t - Ot)h(Ot) dOt = I~'" x(Ot)h(t - Ot) dOt (10-30) 

However, in our analysis it will not be necessary to make this assumption. 
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Fig. 10.4 

The following discussion is a concrete verl:'ion of the results presented 
in Sec. 9-5 in terms of linear operators. ' 

'lean and autocorrelation. We now assume that the input x(t) is 
stationary. Reasoning as-.in (9-97), we conclude that 

E{y(t)} = 1-.... E{x(t - Ot)}h(a) da , 
Thus the expected value of yet} is constant and is given // 

(., = •• f-·. h(a) da = H(O)'.} (10-31) 

To determine the' autocorre]atiOl~ of the output yet), we shall first 
determine the cross-correlation between x(t) and yet). ,Multiplying both 
sides of 00-292 by x*(t - r), we hue 

y(t)x*(t - r) = 1-.... x(t - a)x*(t - r}h(a) dOt (10-32) 

But 
E{x(t - Ot}x*(t - r)} = R",,[(t - a)- (t - r)] = R",,(r - a) 

Hence, taking expected values of both sides of (10-32), we obtain 

~~CL) =E{y(t)x*~t - T) J = 1-..... R",,(r - a)h(Ot} dOt 

Tile aboyeJntegralis. obyjously independent of t, and it equals the convo­
lution of R"" T with Mr). Hence the-left-I,wi~rside ls-iiIso"in'dep"endent 
9J t, and' since it eq\l~ s th;"~;oss-corre~ of yet) and'l(t) we conclude 
that 

. 'R.,,.(r) = R",,(r) * her) (10-33) . 

MUltiplying the conjugates of both sides of (10-29) by yet + r,) we also 
have 

yet + r)y*(t) = I_flO.., yet + T}X*(t - a)h*(Ot) dOt 



... .. I. - ---~r· 4,_' 

Hence . . ' '" 17 '5JtfO 

R yy("'?' = J_. Ryx('" + a)h*(a)da. = Ry~("') *h*( -:.,.~J (10-34) 

The last equality resulted with a ".;, - ~.. .Reasoning as above,. we can 
similarly show that 

Hence 
(10-36)r~~t;I = i.!~;t>':·E~(:I) *h0J 

'"""--­

These relationships can be given a system interpretation: Applying 
Rn (.,.) to a system with impulse response h*( -.,.), we obtain as output 
Rxy(.,.) (Fig. 10-5). With Rxy(.,.) as input to the system h(.,.), the output 
is Ryy(.,.). 

s••(w) h*(-r) So (w )H*(jw) her) Si.(wIIH 

Ho(r) H'tjw) H.,(r) H (jw) RJJ ( 

Fig. 10-5 

Comments 

CD If x(t) is white noise, i.e., if R zz(.,.) = 8(.,.), and h(t) = 0 for t < 0 
(real causal system), then 

for.,. > 0 

In other words. yCt) is orthogonal to x(t +.,.) for.,. > O. 
2. Using white noise as input, one can measure experiJ;nentally the 

impulse response h(t) of a system by a time average. This is done as 
follows: Since Rxy(.,.) = h( -.,.), i~ suffices to me.asure the cross-correlation 
between the input x(t) and the reSUlting output yet) for various negative 
values of.,.. If Rxy(.,.) is ergodic (see Probe 9-20), then for sufficiently 
large T 

where x(t) is a sL."lgle function of the input .process, and yet) is the resulting 
response. The last integral can be evalu~ed . with a correlator (multi· 
plier and integrator). If x(O is not white noise, then h(.,.) can be found by 
solving th.e integra] equation' . 

Rxy(.,.) = J~. Rn(; - a)h( - a) da 

Its soJutjon is simple, using transforms: H*(jw) = Sxy(w)/Szz(w) [see 
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(10-37)].. However, computationally, it might be best to ~e other 
methods. t . 

Stationarity of the output. From the preceding discussion follows 
that if x(t) is wide-sense stationary, then the mean of y(t) is constant and 
its autocorrelation a function only of T. Hence y(t) is also wide-sense 
st.ationary. 

The same is true for strict-sense stationarity: From 

y(t + e) = J_.... x(t" + t - a)k(a) da 

we conclude that if: the processes x(t) and x(t + e) have the same statis­
tics, then "the same is true for y(t) and y(t + e). 

The above conclusions are not correct if the input to the system is 
applied at t = O. In this case, if k(t) is absolutely integrable (stable 
system), then y(t) is asymptotically stationary. 

Power Spectrum 

Sincet the Fourier transform of k*( -t) equals H*(jCAJ), we conclude 
from (10-35) and the convolu:iO~ ~em (page 159) tha~ 

Sz,(CAJ) = Szz(CAJ)H (jCAJ) S77(CAJ) = Sz,(CAJ)H(jCAJ) ~10-37) 
Combining, we obtain: 

Fundamental theoreDl. The power spectrum Syy(CAJ) of the output 
of a linear system with system function H (jCAJ) is given by 

[ S7Y(CAJ)' . "Sz:(~)I~(j~)I: } ~ /," (10-38) _. 

where Szz(CAJ) is the power spectrum of the input. -4:= iF {(~-~} -:=) (to-38) 

Corollary. The power spectrum of an arbitrary process x(t) real or 
complex is nonnegative: . 

(S(~"~ 0J (10-39) 
iIJ 

Proof (Indirect). Suppose that S(CAJ) is negative for CAJ = CAJO: 

S(CAJo) < 0 

We can then find a small enough interval (CAJJ,CAJ2) near CAJo such that 

t For numerical details, see W. W. Solodownikow and A. S. Uskow, "Statistische 
Analyse von RE'gelstrecken," VEn Verlag Technik, Berlin, 1963. 

t See "The Fourier Integral," p. 16. 
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