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TABLE 5.3 DISCRETE LINEARIZED KALMAN FILTER EQUATIONS

~ Nonlinear nominal trajectory model:
LzRoM = f(@Y k- 1)

" Linearized perturbed trajectory model:

6z % £ — gNoM
azk ~ Q‘f_(i’_k___.—ll 6zk_1 +wk
oz

F o e
we ~ N(0,Qx)
Nonlinear measurement model:
2 = h(zk, k) + vk
ve ~ N(0,Rx)
Linearized approximation equations
Linear perturbation prediction:
5?121;(") = 02116}),_1(4')
8f(z,k—1)
az g=gNOM
k-1

Conditioning the predicted perturbation on the measurement:

5.74:;,(4-) = 6;;,(-) + K& [Zk - hk(xEOM) - H,[cu&’;:k(—)]
————

1
<I>£_]_1 ~

gl ~ @R g
, Oz z=zNOM
—lk

Computing the a priori covariance matrix:
P = o P (M7 + Qi
Computing the Kalman gain:
R = POHM [H,l:‘ P.HMT + Rk] -
Computing the a posteriori covariance matrix:
P = {I - K',,H,‘,”} P

_Xk _’q_gz/:("’) . i.k(:f-)

: g_} F MN—e
——————————————————— :j-;
M) [Pdes] SO | Delay [ |
k ) J

Figure 5.1 Estimator linearized about a “nominal” state.



‘ P = ! P07

(57) DISCPETE £9EHDED  LALtAAr FILTER

TABLE 5.4 DISCRETE EXTENDED KALMAN FILTER EQUATIONS

Nonlinear dynamic model:
. . Tk = f(Th-1,k — 1) + we—1
B | we ~ N(0,Qu)
Nonlinear measurement model:
T Zp = h(zk, k) + U
v ~ N(0, Ri)
I ' Nonlinear implementation equations
Computing the predicted state estimate:
() = f(‘igt)pk - 1)
Computing the predicted measurement:
2 = h(Zx(-), k)
Linear approximation equations
‘I’Lllx ~ Of(x,k—1)
e oz _—)
Conditioning the predicted estimate on the measurement:
T T Zx(+) = £xC) + Ky (zk — 2k)

HY ~ Oh(z, k)

. | ... 1 € TS —
Computing the a priori covariance matrix:

21+ Q-1
Computing the Kalman gain:

Ri = ROHNT [H,[,”Pk(-)H,L”T + Rk] -
Computing the a posteriori covariance matrix:
o P = {1- K} PO
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TABLE5.5 CONTINUOUS EXTENDED KALMAN FILTER EQUATIONS

Nonlinear dynamic model:
&(t) = f(z(t),t) + G(t)w(t)
. w(t) ~ N(0,Q(t)
Nonlinear measurement model: -
z(t) = h(z(t),t) +v(t)
v(t) ~ N (O, R(t))
Implementation equations
Differential equation of the state estimate:
) &(t) = F(2(2),t) + R(2) [2(t) — ()]
. Predicted measurement:
2(t) = h(&(t),t)
Linear approximation equations:

F[l](t) s af(‘;f:):ﬁ

z=E(t)

H[l] (t) ~ ah(z(t)v t)

oz

z=2&(t)
Kalman gain equations:

B(t) = FU())P(t) + PFUT () + G1QWGT(t) - RORBKT(t)
K(t) = P(t)HM (z,t)R™(t)

PR

o :3"'5?‘ ‘\m ?"‘C é OQ LB"M Sec. 6.4 Extended Kalman Filter
.. M wauneest  Contref
Systen Dsugm "

191

>

Prentccs Rolt) 1993 e+ O——>

Y

A=[0f/02)oms

~>

C= [ag/az]a;zﬁ ) 8 -

for the nonlinear process defined by

2= f(x,u) + Gv
y=g(z,u)+w

Covariance

P
C'w [

Calculation

P = AP + PA' — PC'W-ICW + GVG'

Figure6.19 Schematicof extended Kalman filter, showing cou-
pling between state estimation and covariance computation.
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‘Chapter 5

Nonlinear Applications

[ 5.1)A scalar stochastic sequence zj is given by

Tk

2k

Ewp =0
COVUW
covu(t)
Zo

By

zzOM

-1 Ty +008 Tp—1 + Wiy
:Ei + vg

Evy,

A(ky — ki)

= 0.5A(k2— k1)

Exzg=0
1
1

Determine the linearized and extended Kalman estimator equations.

SoLuTION TO EXERCISE 5.1 (a) Linearized Kalman Filter:

0

<I>[1](X'§OM) = & fk—1|z=z§91M

= [-0.1 = sin@e-1]l;=z¥0M=—0.1-sin1=-0.9415

.HII](XEOM) = 5%

2
[Zie)| z=NOM_p NOM_o

Z(+) = 3a:k(+)+1

5a:k(+)
Pi(-)
Pi(+)

~0.9415 bze_y(+) + KelZi — 1+ 1.883 bzk_y(+)]
0.8864 Pe(+)+1 |
(1 —2I_Ck] Pi(=)r

ke = 2Pc(=)/[4 Pe(=)+0.5]

(b) Extended Kalman Filter:

0
q)Llll = a_z‘fk

T=Fk-1

71

(5.92)

. (5.93)

(5.94)
(5.95)
(5.96)

®)
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—0.1 —sinZg-y

0
-é—z-hk T=Z)

= 2%

Zr(+)
Pi(-)

ki
P(+) =

I

—0.1Zk1(+) + cos Erx—1(+) + kk[Zk — (ﬁk)z]
(0.1 +sin fi:k..‘l(-))z Py (+) +1

28k(~) Pe(=) / [4(E(=1))* Pi(-) +0.5]
(1 - 22k(-)k] Pe(-)

5.2 JA scalar stochastic process z(t) is given by

z(t)
z(t)
E (w(?))

covauwey =

To
P

= —0.5z%(t) + w(t)

23(t) +v(t)

E(v(t)) =0

6(ty —t2) , cov.u(t) = 0.56(t;— ta)
, Erog=0

=1 .zfM=1

Determine the linearized and extended Kalman estimator equations.

SOLUTION TO EXERCISE 5.2 (a) Linearized Kalman Filter:

A= 2 e, 1

z(t)=2zNOM

= -m;‘w = -1
gl = mh(z(t), t) oo

- 3(zN0M)2_;_3
P(t) = FUl@) P(t)+ P(t) FT(t) + G(t) Q(t) GT(t) - k(t) R(t) KT (t)
P(t) = -1xP(t)-1*P(t)+1-0.5(k)>

= —2P(t) +1 - 0.5k™2(¢) :
k(t) = 6P(t)
ba(t) = —bzt) +k(t)[Z(t) + 3 bz(t)]

i) = bz(t)+1

(b) Extended Kalman Filter:

FUe) = 2z 0

o——— -

z=%(t)

(5.97)
(5.98)
(5.99)
(5.100)
(5.101)

(5.102)
(5.103)
(5.104)

(5.105)

@



= —&(t)
B0 = 2 ha, Dhms
. = 3(&(t)? :
L E(t) = -0.5(2)+k(t) (2(8) - (&)
P(t) = -i(t) P(t) —Z(t) P(t) +1 — 0.5(k(t))® -
= —22(t) P(t) +1 - 0.5k%(t)
k(t) = 3(&(t))? P(t) / 0.5

6 (2(t))* P(t)

‘ 5.5) Given the plant and measurement models for a scalar dynamic system:

#(t) = az(t) + w(t)
z2(t) = z(t) +v(t)
w(t) ~ N(0,1)
v(t) ~ N(0,2)
E(z(0)) = 1
E(w(t)v(t)) = 0 '
P(0) = 2, :

with unknown constant parameter a, derive an estimator for a, given z(t).

SoLUTION TO EXERCISE 5.5 The nonlinear model is

z(t) = az(t)+w(t)~ N(0,1) (1)
Z@t) = z(t) +v(t) ~ N(0,2)

z(t) = az(t)+w(t)

at) = 0.

The associated augmented system modle is:

- _ &) | _ ]| az(?) w(t)

w0 = [B]=[2 ][]
\ — N
f(z*1) ) w*(t)

i1 O][z]wz—tS:N(o,z)

z(t)

Qo = Ew-ww:[Ew(t)wT(t) 0]=[(1) g}

0 0

wo-sfoft 1)

and the extended Kalman filter model is
_ [ a(t) o J
ze=3e(2) 0 0

=11 0

T =z*(t)

" Therefore,

Pl = 2E0

8h(z*,t)
ox*

Hlll(t)

73

(5.106)

(5.107)
(5.108)
(5.109)



