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TABLE 5.3 DISCRETE LINEARIZED KAtMAN FILTER EQUATIONS 

Nonlinear nominal trajectory model: 

,X~OM = /(x~~r,k -1) 

Linearized perturbed t~ec:tory model: 

6x ~ X_XNOM 

O/(x,k -1) I6x", ~ ax &1:"'-1 + W", 

:z:=z~~~ 
W", '" N(O, Q",) 

Nonlinear measurement model: 
%", = h(x", , k) + v", 
v", rv N(O, R",) 

Linearized approximation equations 
Linear perturbation prediction: 

~ [1] ~ 

6x",(-) = 4.)"'_16x"'-1(+) 

4.)[1] ~ O/(x, k - 1) I 
"'-1 ax 

z=zr~t« 
Conditioning the predicted perturbation on the measurement: 

&"'(+) = &"'(-) + K", [~M) - HLl]&",(-)] 

Hll] ~ Oh(x, k) I #bZi.t.. 
'" ax z=.,rOM 

Computing the a priori covariance matrix: 

P",H = 4.)~~1p,.-1(+)4.)~~; +Q"'-l 

Computing the Kalman gain: 

K", = p",(-)HLl]T [HLl] P",HHLl]T + R",]-1 
Computing the a posteriori covariance matrix: 

P",(+) = {I-K",HLl]}p",(-) 

~Xk(+) 
~ Kk Xk( +) 
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Figure 5.1 Estimator linearized about a NnominalH state. 
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TABLE 5.4 DISCRETE EXTENDED KAlMAN FILTER EQUATIONS' 

Nonlinear dynamic model: 

. Xle = !(XIe-l, Ie - 1) + WIe-l 


Wle '" N(O, QIe) 

NonUnear measurement· model: . 


Zle = h(XIe,Ie) + Vie 


Vie '" N(O, RIe) 

Nonlinear implementation equations 


Computing the predicted state estimate: 


:i:IeH = !(:i:i~I,1e -1) 

Computing the predicted measurement: 


Zle = h(:i:IeH, Ie) 

Linear approximation equations 


.....(1) .... 1J!(x, Ie - 1) I 
"*"Ie-l "'" IJx ...H-==·11-1 

Conditioning the predicted estimate on the measurement: 


:i:1e(+) = :i:1e(-) + Kle (Zle - ZIe) 


H Il) IJh(x, Ie) I ' 
Ie ~ IJx 

:z:=~..(:::}________. 

COmputfug tIlea'PrioricOvariance matrix: 

PIeH = C)~!lPIe_l(+)C)Ll!; +QIe-l 

Computing the Kalman ginn: 

[(Ie = 1\HHLl)T [HL1) PIeHHLl)T +RIe]-1 

Computing the a posteriori covariance matrix: 

1\(+) = {1.- KIeHLl)} ~(-) 
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TABLE 5.5 CONTINUOUS EXTENDED KALMAN FILTER EQUATIONS 

.Nonlinear dynamic model: 

Z(t) = f(x(t), t) + G(t)w(t) 
w(t) N(O, Q(t»I"oJ 

Nonlinear measurement model: 

z(t) = h(x(t),t) +v(t) 

lI(t) N(O,R(t»I"oJ 

Implementation equations 

Differential equation of the state estimate: 


_ i(t) = f(x(t), t) + K(t) [z(t) - z(t)] 
. Predicted measurement: 

z(t) = h(x(t),t) 
Unear approximation equations: 

F[l)(t) ~ af(x(t), t) I 
ax 

...-:t(t) 

H!l)(t) ~ ah(x(t), t) I 
ax 

...=:t(1) 

Kalman gain equations: 

p(t) = F!l)(t)p(t) +p(t)F!lJT(t) +G(t)Q(t)GT(t) - K(t)R(t)KT(t) 

K(t) = p(t)H!lJT (x, t)R-1(t) 
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y
.~~-- t{-e&ii,;(i.JqS 
Observation 

" 
K 

A = [8f/8z]#., A 

Y 
C= [8g/8x]#., 

for the nonlinear process defined by 

i:=f(x,u) +011 


v=g(x,u) + 10 . 


p Covariance ...__
c'w-' Calculation 

P = AP + PA' - PC'W-1CW + OVG' 

FIpre6.19 Sc:hcmaticofextended Kalman filter, showing cou­
pUng between atate estimation and covariance computation. 

A 

X 

191 



~-, 

\ t5 ..s) 

E,16) A-P'Pt-\ CAT{OH C\F f{6H~t f{E-AJ,;L A~\~(NC7 

C€-~1..r.2 s( '3) j);;u_u~G\"'?r ,p~~m~ ~5+-UV\/\9..:-~~ 

-::t=?o0U.- ~ lr.?_, ..l{- 3 h c:S-<-fe-...:f-{C2.. 



'Chapter 5 

Nonlinear Applications 

@A scalar stochastic sequence X1c is given by 

X1c - -.1 X1c-l + cos X1c-l + W1c-l 
2ZIc - XIc + Vic 

Ewlc = 0 - Evlc 

CovW1c - 6.(k2 - k1) 

covv(t) - 0.56.(k2 - kl) 

Xo , Exo=O 

Po - 1 
X:OM 1-

Determine the linearized and extended Kalman estimator equations. 

SOLUTION TO EXERCISE 5.1 (a) Linearized Kalman Filter: 

8<p[l) (XfOM) - 8x A-11:z:=:z::~fd 
- [-0.1 - sin XIc-l11:z:=::z::~fd=-0.I-sin 1=-0.9415 

H[I) (XfOM ) - . ! [x~1I:z:=:OM=2:z::0M=2 
Xlc( +) - c5XIc(+) + 1 (5.92) 

c5XIc( +) - -0.9415 c5XIc-l(+) t klc[ZIc -1 + 1.883 c5XIc-l(+)] . (5:93) 

Pic (-) - 0.8864 Pic (+) + 1 ;;. (5.94) 

PA;(+) - [1 - 2k1c] Ptc(-)r (5.95) 

klc - 2PIc(-) / [4 Pic (-) + 0.51 (5.96) 

(b) Extended, Kalman Filter: 

<pll)
Ic-l 
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CHAPTER 5. NONLINEAR APPLICATIONS 

- -0.1 - SinXIe_l 

HIll I- -hie{jIe (jx z=z/r 
- 2xIe 

XIe(+) - -O.lXIe_I(+) +COSXIe_l(+) +kle(ZIe - (XIe)2] (5.97) 

PIe( -) - (0.1 + SinXIe_l (_»2 PIc-1 (+) + 1 (5.98) 

kle - 2X1c(-) PIc(-) I [4(XIe(-1»2 PIc(-) +0.5] (5.99) 

PIc(+) - [1 - 2xle(- )klc] Pic (-) (5.100) 

(5.101) 

\TIJA scalar- stochastic process x(t) is gi~en by 

x(t) - -0.5x2(t) +wet) 
z(t) - x3(t) +vet) 

E (w(t» - E (v(t» =0 
Cov.Wt - 6(tl - t2) , cov.v(t) = O.56(tt"- t2) 

Xo , Exo =0 

Po - 1 .x:OM =1 

Determine the linearized and extended Kalman estimator equations. 

SOLUTION TO EXERCISE 5.2 (a) Linearized Kalman Filter: 

F[l) - -f(x(t),(j t)I 
(jx z(t)=zNOM 


- _XNOM = -1 


H[l) 
 - (j ~t) h(x(t), t)1
x Z(t)=NOM 


3(XNOM)2 " 3
-
Pet) - FIIl(t) pet) + pet) FIIlT(t) + G(t) Q(t) GT(t) - k(t) R(t) kT(t) 

Pet) - -1 * pet) -1 * pet) + 1- 0.5t~? ... 
- -2P(t) + 1 - 0.5k-2(t) (5.102) 

k(t) - 6"P(t) (5.103) 

6x(t) - -6x(t) + k(t)[Z(t) + 3 6x(t)] (5.104) 

x(t) - 6x(t) +1 (5.105) 

(b) Extended Kalman Filter: 

FIIl(t) - 88 I(x, t)1
x z=z(t) 
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- -x(t) 
8HIII(t) - 8x hex, t)lz=z(t) 

- 3(X(t»2 

x(t) - -0.5(X)2 +k(t) [Z(t) - (X(t»3] (5.106) 

Pet) - -x(t) pet) -x(t) pet) +1 - 0.S{k(t»2 

- -2 x(t) pet) +1 - G.sP(t) (5.107) 

k(t) - 3 (X(t»2 P(t) I O.S (5.108) 

- 6 (X(t»2 pet) (S.109) 

. [5.§) Given the plant and measurement models for a scalar dynamic system: 

. :t{t) - ax(t) + wet) 

z(t) - x(t) +vet) 

wet) '" N(O, 1) 

vet) ..... N(O, 2) 

E(x{O» - 1 

E (w{t)v(t») - 0 
'tP{O) - 2, 

with unknown constant parameter a, derive an estimator for a, giVen z{t). 

SOLUTION TO EXERCISE 5.5 The nonlinear model is 

:t(t) - a x(t) +wet) ,..,. N(O, 1) (1) 


Z(t) - x(t) + vet) ,..,. N(O, 2) 


:t{t) - a x(t) + wet) 


aCt) - O. .. 

The assochited augmented system modle is: 

t'(t) =. [ :~g ]= [ a~(t) ] + [ fJJ~t) ] 

... ... ,... .... ' . 

fez· .1.) W"(t) 

z(t) - [1 0] [ : ] +v{t} ~. N(O, 2) 

Q• E • .T - [ E w(t)wT(t) 0]_ [1 0]
- ww - 0 0 - 0 0 . 

Therefore, 

..u'(t) -N (0, [~ ~]) 
and the extended Kalman filter model is 

FIII(t) _ 8/(x·, t) I = [a(t) 00 ] 
8x· Z"=z.(t) 0 

HIII(t) _ 8h(x:, t) I = [1 0] 
8x Z":Z"(t) 


