8.7.1 Experiment 1—The Inverted Pendulum

Part 1. The linearizedequationsof the inverted pendulum,obtainedby assuming
thatthe pendulummassis concentratedt its centerof gravity [15, 16] are given by

(7 +mL?)0(t) — mgLO(t) + mLd(t) = 0
(8.148)

(M + m)d(t) + mLO(t) = f(t)

whered(t) is theangleof the pendulumfrom the vertical position,d(¢) is the positionof
the cart, f(¢) is theforce appliedto the cart, M is the massof the cart, m is the massof
the pendulum,g is the gravitationalconstantand ./ is the momentof inertia aboutthe
centerof mass.Assumingthat normalizedvaluesaregivenby J =1, L =1, g = 9.81,
M =1, andm = 0.1, derive the statespaceform

x(t) = Ax(t) + Bf(t)

where
. -
x(t) =[0(t) 0(t) d(t) dt)]
and A*** and B**! are the correspondingmatrices.
Part 2. Using MATLAB, determinethe following:

(8 The eigenvalueseigenvectorsand characteristiqgpolynomial of matrix A.

(b) The statetransition matrix at the time instantt = 1.

(c) Theunitimpulseresponsdtaked(t) andd(t) asthe outputvariables)for 0 < ¢ <1
with At = 0.1. Plot the systemoutputresponse.

(d) The unit stepresponsefor 0 < ¢t < 1 and At = 0.1. Draw the systemoutput
response.

() The unit rampresponsdor 0 < ¢ < 1 and At = 0.1. Draw the systemoutput
response.Comparethe responsaliagramsobtainedin (c), (d), and (e).

(f) The system state response resulting from the initial condition
x(0)=[-1 1 1 1]" and the input f(¢) = sin(¢) for 0 < ¢ < 5 and
At = 0.1.

(9) Theinverseof the statetransition matrix (e‘”)_1 fort = 5.

(h) Thestatex(t) attimet = 5 assuminghatx(10) = [10 0 5 2]" andf(t) =0,
using the result from (g).

(i) Find the systemtransferfunction.

Part 3. Discretizethe continuous-timesystemdefinedin (8.148) with 7" = 0.02,
and find the discrete-timespacemodel

x[k + 1] = Aax[k] + Baf[k]



Assumingthat the output equationof the discretesystemis given by

=[5 0 ) o]x = caxit

find the systemoutput responsefor 0 < k£ < 50 due to initial conditionsx;, =

-1 1 —1 1]" andunit stepinput (notethat f[k] shouldbe generatecasa column
vector of 51 elementsequalto 1).

Part 4. Considerthe continuous-timesystemgiven by

d?y(t) dy(t)
dt? +01 dt

£(t) (8.149)

(a) Discretizethis systemwith 7" = 1 usingthe Euler approximation.

(b) Find the systemstate and output responsesf the obtaineddiscrete system for
k=1,2,3,..20, when f(¢) = sin(0.17t) andy(0) = y(0) = 0.

(c) Find discretetransferfunction, characteristicequation,eigenvaluesand eigenvec-
tors.

Part 5. Discretizethe statespaceform of (8.149)obtainedusingMATLAB function
c2d with T = 1. Find the discretesystemstate and output responsedor the initial
condition and the input function definedin Part4(b). Comparethe resultsobtainedin
Parts4 and 5. Commenton the resultsobtained.



