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‣ [Other contexts: networks, control over noisy channels, 
streaming codes, complexity-constrained coding….]
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‣ How can one use feedback to improve block coding 
performance in point-to-point channels? 

‣ If the channel has memory, we can predict the future. 

‣ If the channel is unknown, we can learn its law. 

‣ If the decoding time is not fixed, we can decode early or 
late opportunistically. 

‣ If there is an average cost (e.g., power) constraint, we can 
use resources opportunistically.  

‣ If the rate is low, we can increase the effective minimum 
distance of the code.

Is this it? 
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X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>
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W(·|·)
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U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

(U� 2 {0,1})
<latexit sha1_base64="h5zolfHNLRbO4BBGwwthkwahjPo=">AAACHnicdVDLSsNAFJ34rPWV6tLNYBEqSEiqYJcFNy4rmLbQhDCZTtqhk0mYmVRK6KcIrvRP3Ilb/RHXTtoK1seBYQ7n3Mu994Qpo1LZ9ruxsrq2vrFZ2ipv7+zu7ZuVg7ZMMoGJixOWiG6IJGGUE1dRxUg3FQTFISOdcHRV+J0xEZIm/FZNUuLHaMBpRDFSWgrMSs0NKPQoh15unzne9DQwq7ZVtwvA38SxZr9dBQu0AvPD6yc4iwlXmCEpe46dKj9HQlHMyLTsZZKkCI/QgPQ05Sgm0s9nq0/hiVb6MEqEflzBmfq9I0exlJM41JUxUkP50yvEv7xepqKGn1OeZopwPB8UZQyqBBY5wD4VBCs20QRhQfWuEA+RQFjptJanCDJeuiLHiOFpWQf1lQb8n7TrlnNu1W8uqs3GIrISOALHoAYccAma4Bq0gAswuAP34BE8GQ/Gs/FivM5LV4xFzyFYgvH2CVu3oXo=</latexit>
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X1, . . . , Xn
<latexit sha1_base64="y0a7I116JC4u1EloByLOHV6r4Zk=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBdsOtOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffViKTmLSwYEJ6IVKEUU5ammpGvFQSlISMdMLhVeF3RkQqKvitHqfET1Cf05hipI105wVurccioVXNC3hQqTp23SkAfxPXnv5OFczRDCofvUjgLCFcY4aU6rpOqv0cSU0xI5NyL1MkRXiI+qRrKEcJUX4+3XoCj40SwVhI87iGU/V7R44SpcZJaCoTpAfqp1eIf3ndTMcXfk55mmnC8WxQnDGoBSwigBGVBGs2NgRhSc2uEA+QRFiboBanSDJauCLHiOFJ2QT1lQb8n7Trtntq12/Oqo3LeWQlcAiOwAlwwTlogGvQBC2AgQT34BE8WQ/Ws/Vivc5Kl6x5zwFYgPX2CQu7oPo=</latexit>

(X� 2 X )
<latexit sha1_base64="jrsay43UeuVN+YhAgx/1BgU8k9g=">AAACInicdVDLSsNAFJ34rPUVFVduBotQNyGpgl0W3LisYNtAE8JkOmmHTiZhZlIoIR8juNI/cSeuBL/DtZO2gvVxYZjDOfdyzz1hyqhUtv1mrKyurW9sVraq2zu7e/vmwWFXJpnApIMTlgg3RJIwyklHUcWImwqC4pCRXji+LvXehAhJE36npinxYzTkNKIYKU0F5nHdDSj0KIdejNQII5a7xXlg1myrYZcFfwPHmv12DSyqHZgf3iDBWUy4wgxJ2XfsVPk5EopiRoqql0mSIjxGQ9LXkKOYSD+f2S/gmWYGMEqEflzBGft9IkexlNM41J2lR/lTK8m/tH6moqafU55minA8XxRlDKoEllnAARUEKzbVAGFBtVeIR0ggrHRiy1sEmSxdkeukcFHVQX2lAf8H3YblXFiN28taq7mIrAJOwCmoAwdcgRa4AW3QARjk4B48gifjwXg2XozXeeuKsZg5AktlvH8C2+Kj7g==</latexit>

Decoder

Encoder

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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‣ Given:  

- input alphabet:      (finite) 

- output alphabet:     (finite) 

- channel matrix:               (indep. over time)

X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

(U� 2 {0,1})
<latexit sha1_base64="h5zolfHNLRbO4BBGwwthkwahjPo=">AAACHnicdVDLSsNAFJ34rPWV6tLNYBEqSEiqYJcFNy4rmLbQhDCZTtqhk0mYmVRK6KcIrvRP3Ilb/RHXTtoK1seBYQ7n3Mu994Qpo1LZ9ruxsrq2vrFZ2ipv7+zu7ZuVg7ZMMoGJixOWiG6IJGGUE1dRxUg3FQTFISOdcHRV+J0xEZIm/FZNUuLHaMBpRDFSWgrMSs0NKPQoh15unzne9DQwq7ZVtwvA38SxZr9dBQu0AvPD6yc4iwlXmCEpe46dKj9HQlHMyLTsZZKkCI/QgPQ05Sgm0s9nq0/hiVb6MEqEflzBmfq9I0exlJM41JUxUkP50yvEv7xepqKGn1OeZopwPB8UZQyqBBY5wD4VBCs20QRhQfWuEA+RQFjptJanCDJeuiLHiOFpWQf1lQb8n7TrlnNu1W8uqs3GIrISOALHoAYccAma4Bq0gAswuAP34BE8GQ/Gs/FivM5LV4xFzyFYgvH2CVu3oXo=</latexit>

X1, . . . , Xn
<latexit sha1_base64="y0a7I116JC4u1EloByLOHV6r4Zk=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBdsOtOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffViKTmLSwYEJ6IVKEUU5ammpGvFQSlISMdMLhVeF3RkQqKvitHqfET1Cf05hipI105wVurccioVXNC3hQqTp23SkAfxPXnv5OFczRDCofvUjgLCFcY4aU6rpOqv0cSU0xI5NyL1MkRXiI+qRrKEcJUX4+3XoCj40SwVhI87iGU/V7R44SpcZJaCoTpAfqp1eIf3ndTMcXfk55mmnC8WxQnDGoBSwigBGVBGs2NgRhSc2uEA+QRFiboBanSDJauCLHiOFJ2QT1lQb8n7Trtntq12/Oqo3LeWQlcAiOwAlwwTlogGvQBC2AgQT34BE8WQ/Ws/Vivc5Kl6x5zwFYgPX2CQu7oPo=</latexit>

(X� 2 X )
<latexit sha1_base64="jrsay43UeuVN+YhAgx/1BgU8k9g=">AAACInicdVDLSsNAFJ34rPUVFVduBotQNyGpgl0W3LisYNtAE8JkOmmHTiZhZlIoIR8juNI/cSeuBL/DtZO2gvVxYZjDOfdyzz1hyqhUtv1mrKyurW9sVraq2zu7e/vmwWFXJpnApIMTlgg3RJIwyklHUcWImwqC4pCRXji+LvXehAhJE36npinxYzTkNKIYKU0F5nHdDSj0KIdejNQII5a7xXlg1myrYZcFfwPHmv12DSyqHZgf3iDBWUy4wgxJ2XfsVPk5EopiRoqql0mSIjxGQ9LXkKOYSD+f2S/gmWYGMEqEflzBGft9IkexlNM41J2lR/lTK8m/tH6moqafU55minA8XxRlDKoEllnAARUEKzbVAGFBtVeIR0ggrHRiy1sEmSxdkeukcFHVQX2lAf8H3YblXFiN28taq7mIrAJOwCmoAwdcgRa4AW3QARjk4B48gifjwXg2XozXeeuKsZg5AktlvH8C2+Kj7g==</latexit>

Y1, . . . , Yn
<latexit sha1_base64="c8vqUGan7oRdv60gSLlxnCK9pfw=">AAACGXicdVDLSgMxFM3UV62vqks3wSK4KMNMFXQlBTcuK9jW0o5DJpNpQzPJkGQKZeh/CK70T9yJW1f+iGszbQXr40DI4Zx7ufeeIGFUacd5twpLyyura8X10sbm1vZOeXevpUQqMWliwYS8DZAijHLS1FQzcptIguKAkXYwvMz99ohIRQW/0eOEeDHqcxpRjLSR7jq+W+2xUGhV7fjcL1ccu+bkgL+Ja09/pwLmaPjlj14ocBoTrjFDSnVdJ9FehqSmmJFJqZcqkiA8RH3SNZSjmCgvm249gUdGCWEkpHlcw6n6vSNDsVLjODCVMdID9dPLxb+8bqqjcy+jPEk14Xg2KEoZ1ALmEcCQSoI1GxuCsKRmV4gHSCKsTVCLUyQZLVyRYcTwpGSC+koD/k9aNds9sWvXp5X6xTyyIjgAh+AYuOAM1MEVaIAmwECCe/AInqwH69l6sV5npQVr3rMPFmC9fQIPGqD8</latexit>

(Y� 2 Y)
<latexit sha1_base64="PYtttyodfLHJpF4IkxIHRzUx7MI=">AAACInicdVDLSsNAFJ34rPUVFVduBotQNyGpgl0W3LisYF80IUymk3boZBJmJoUS8jGCK/0Td+JK8DtcO2krWB8Xhjmccy/33BMkjEpl22/Gyura+sZmaau8vbO7t28eHLZlnApMWjhmsegGSBJGOWkpqhjpJoKgKGCkE4yvC70zIULSmN+paUK8CA05DSlGSlO+eVzt+RS6lEM3QmqEEct6+blvVmyrZhcFfwPHmv12BSyq6Zsf7iDGaUS4wgxJ2XfsRHkZEopiRvKym0qSIDxGQ9LXkKOISC+b2c/hmWYGMIyFflzBGft9IkORlNMo0J2FR/lTK8i/tH6qwrqXUZ6kinA8XxSmDKoYFlnAARUEKzbVAGFBtVeIR0ggrHRiy1sEmSxdkemkcF7WQX2lAf8H7ZrlXFi128tKo76IrAROwCmoAgdcgQa4AU3QAhhk4B48gifjwXg2XozXeeuKsZg5AktlvH8C30ej8A==</latexit>

Decoder

Encoder

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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‣ Given:  

- input alphabet:      (finite) 

- output alphabet:     (finite) 

- channel matrix:               (indep. over time)

X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

Û1, . . . , Ûk
<latexit sha1_base64="r+CMZemwgTy5GwadRm56ZaviFAA=">AAACJ3icdVDLSsNAFJ34rPUVdaebwSK4KCWpgq6k4MZlBdMW2lAm00k7dPJg5qZQQsCvEVzpn7gTXfoTrp30AdbHgWEO59zLvfd4seAKLOvdWFpeWV1bL2wUN7e2d3bNvf2GihJJmUMjEcmWRxQTPGQOcBCsFUtGAk+wpje8zv3miEnFo/AOxjFzA9IPuc8pAS11zcPOgEDqZF273BG9CFR5Lgy7ZsmqVK0c+DexK5PfKqEZ6l3zs9OLaBKwEKggSrVtKwY3JRI4FSwrdhLFYkKHpM/amoYkYMpNJzdk+EQrPexHUr8Q8ET93pGSQKlx4OnKgMBA/fRy8S+vnYB/6aY8jBNgIZ0O8hOBIcJ5ILjHJaMgxpoQKrneFdMBkYSCjm1ximSjhStSSgTNijqoeRr4f9KoVuyzSvX2vFS7mkVWQEfoGJ0iG12gGrpBdeQgiu7RA3pCz8aj8WK8Gm/T0iVj1nOAFmB8fAEWMqa8</latexit>

(Û� 2 {0,1})
<latexit sha1_base64="e1MmHov3djgz+4gYFVrGlbgMjh8=">AAACJHicdVDLSsNAFJ3UV62vqAsXbgaLUEFKUgW7LLhxWcG0hSaEyXTSDp1MwsykUEK+RnClf+JOXLjxM1w7aStYHweGOZxzL/feEySMSmVZb0ZpZXVtfaO8Wdna3tndM/cPOjJOBSYOjlksegGShFFOHEUVI71EEBQFjHSD8XXhdydESBrzOzVNiBehIachxUhpyTePau4IqczJfQpdyqGbWee2m5/5ZtWqN6wC8Dex67PfqoIF2r754Q5inEaEK8yQlH3bSpSXIaEoZiSvuKkkCcJjNCR9TTmKiPSy2QE5PNXKAIax0I8rOFO/d2QoknIaBboyQmokf3qF+JfXT1XY9DLKk1QRjueDwpRBFcMiDTiggmDFppogLKjeFeIREggrndnyFEEmS1dkGDGcV3RQX2nA/0mnUbcv6o3by2qruYisDI7BCagBG1yBFrgBbeAADHJwDx7Bk/FgPBsvxuu8tGQseg7BEoz3T6u8pEc=</latexit>

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

(U� 2 {0,1})
<latexit sha1_base64="h5zolfHNLRbO4BBGwwthkwahjPo=">AAACHnicdVDLSsNAFJ34rPWV6tLNYBEqSEiqYJcFNy4rmLbQhDCZTtqhk0mYmVRK6KcIrvRP3Ilb/RHXTtoK1seBYQ7n3Mu994Qpo1LZ9ruxsrq2vrFZ2ipv7+zu7ZuVg7ZMMoGJixOWiG6IJGGUE1dRxUg3FQTFISOdcHRV+J0xEZIm/FZNUuLHaMBpRDFSWgrMSs0NKPQoh15unzne9DQwq7ZVtwvA38SxZr9dBQu0AvPD6yc4iwlXmCEpe46dKj9HQlHMyLTsZZKkCI/QgPQ05Sgm0s9nq0/hiVb6MEqEflzBmfq9I0exlJM41JUxUkP50yvEv7xepqKGn1OeZopwPB8UZQyqBBY5wD4VBCs20QRhQfWuEA+RQFjptJanCDJeuiLHiOFpWQf1lQb8n7TrlnNu1W8uqs3GIrISOALHoAYccAma4Bq0gAswuAP34BE8GQ/Gs/FivM5LV4xFzyFYgvH2CVu3oXo=</latexit>

X1, . . . , Xn
<latexit sha1_base64="y0a7I116JC4u1EloByLOHV6r4Zk=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBdsOtOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffViKTmLSwYEJ6IVKEUU5ammpGvFQSlISMdMLhVeF3RkQqKvitHqfET1Cf05hipI105wVurccioVXNC3hQqTp23SkAfxPXnv5OFczRDCofvUjgLCFcY4aU6rpOqv0cSU0xI5NyL1MkRXiI+qRrKEcJUX4+3XoCj40SwVhI87iGU/V7R44SpcZJaCoTpAfqp1eIf3ndTMcXfk55mmnC8WxQnDGoBSwigBGVBGs2NgRhSc2uEA+QRFiboBanSDJauCLHiOFJ2QT1lQb8n7Trtntq12/Oqo3LeWQlcAiOwAlwwTlogGvQBC2AgQT34BE8WQ/Ws/Vivc5Kl6x5zwFYgPX2CQu7oPo=</latexit>

(X� 2 X )
<latexit sha1_base64="jrsay43UeuVN+YhAgx/1BgU8k9g=">AAACInicdVDLSsNAFJ34rPUVFVduBotQNyGpgl0W3LisYNtAE8JkOmmHTiZhZlIoIR8juNI/cSeuBL/DtZO2gvVxYZjDOfdyzz1hyqhUtv1mrKyurW9sVraq2zu7e/vmwWFXJpnApIMTlgg3RJIwyklHUcWImwqC4pCRXji+LvXehAhJE36npinxYzTkNKIYKU0F5nHdDSj0KIdejNQII5a7xXlg1myrYZcFfwPHmv12DSyqHZgf3iDBWUy4wgxJ2XfsVPk5EopiRoqql0mSIjxGQ9LXkKOYSD+f2S/gmWYGMEqEflzBGft9IkexlNM41J2lR/lTK8m/tH6moqafU55minA8XxRlDKoEllnAARUEKzbVAGFBtVeIR0ggrHRiy1sEmSxdkeukcFHVQX2lAf8H3YblXFiN28taq7mIrAJOwCmoAwdcgRa4AW3QARjk4B48gifjwXg2XozXeeuKsZg5AktlvH8C2+Kj7g==</latexit>

Y1, . . . , Yn
<latexit sha1_base64="c8vqUGan7oRdv60gSLlxnCK9pfw=">AAACGXicdVDLSgMxFM3UV62vqks3wSK4KMNMFXQlBTcuK9jW0o5DJpNpQzPJkGQKZeh/CK70T9yJW1f+iGszbQXr40DI4Zx7ufeeIGFUacd5twpLyyura8X10sbm1vZOeXevpUQqMWliwYS8DZAijHLS1FQzcptIguKAkXYwvMz99ohIRQW/0eOEeDHqcxpRjLSR7jq+W+2xUGhV7fjcL1ccu+bkgL+Ja09/pwLmaPjlj14ocBoTrjFDSnVdJ9FehqSmmJFJqZcqkiA8RH3SNZSjmCgvm249gUdGCWEkpHlcw6n6vSNDsVLjODCVMdID9dPLxb+8bqqjcy+jPEk14Xg2KEoZ1ALmEcCQSoI1GxuCsKRmV4gHSCKsTVCLUyQZLVyRYcTwpGSC+koD/k9aNds9sWvXp5X6xTyyIjgAh+AYuOAM1MEVaIAmwECCe/AInqwH69l6sV5npQVr3rMPFmC9fQIPGqD8</latexit>

(Y� 2 Y)
<latexit sha1_base64="PYtttyodfLHJpF4IkxIHRzUx7MI=">AAACInicdVDLSsNAFJ34rPUVFVduBotQNyGpgl0W3LisYF80IUymk3boZBJmJoUS8jGCK/0Td+JK8DtcO2krWB8Xhjmccy/33BMkjEpl22/Gyura+sZmaau8vbO7t28eHLZlnApMWjhmsegGSBJGOWkpqhjpJoKgKGCkE4yvC70zIULSmN+paUK8CA05DSlGSlO+eVzt+RS6lEM3QmqEEct6+blvVmyrZhcFfwPHmv12BSyq6Zsf7iDGaUS4wgxJ2XfsRHkZEopiRvKym0qSIDxGQ9LXkKOISC+b2c/hmWYGMIyFflzBGft9IkORlNMo0J2FR/lTK8i/tH6qwrqXUZ6kinA8XxSmDKoYFlnAARUEKzbVAGFBtVeIR0ggrHRiy1sEmSxdkemkcF7WQX2lAf8H7ZrlXFi128tKo76IrAROwCmoAgdcgQa4AU3QAhhk4B48gifjwXg2XozXeeuKsZg5AktlvH8C30ej8A==</latexit>

Decoder

Encoder

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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Encoder

‣ Given:  

- input alphabet:       (finite) 

- output alphabet:      (finite) 

- channel matrix:              (indep. over time)

X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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5

Encoder

‣ Given:  

- input alphabet:       (finite) 

- output alphabet:      (finite) 

- channel matrix:              (indep. over time)

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>



Decoder

DMCs with Feedback

5

Encoder

‣ Given:  

- input alphabet:       (finite) 

- output alphabet:      (finite) 

- channel matrix:              (indep. over time)

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

X1
<latexit sha1_base64="jMFzER4IU0iSdtyMJCQBl/fnnt4=">AAACDnicdVDJSgNBEK1xjXGLevTSGARPw0wU9CQBLx4jmgWSIfR0apImPQvdPYEw5BMET/on3sSrv+CPeLYniWBcHjT9eK+Kqnp+IrjSjvNuLS2vrK6tFzaKm1vbO7ulvf2GilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q+vcr85Qql4HN3pcYJeSPsRDzij2ki3ra7bLZUdu+LkIL+Ja09/pwxz1Lqlj04vZmmIkWaCKtV2nUR7GZWaM4GTYidVmFA2pH1sGxrREJWXTVedkGOj9EgQS/MiTabq946MhkqNQ99UhlQP1E8vF//y2qkOLryMR0mqMWKzQUEqiI5JfjfpcYlMi7EhlEludiVsQCVl2qSzOEXiaOGKjFHBJkUT1Fca5H/SqNjuqV25OStXL+eRFeAQjuAEXDiHKlxDDerAoA/38AhP1oP1bL1Yr7PSJWvecwALsN4+AbelnI0=</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

X1
<latexit sha1_base64="jMFzER4IU0iSdtyMJCQBl/fnnt4=">AAACDnicdVDJSgNBEK1xjXGLevTSGARPw0wU9CQBLx4jmgWSIfR0apImPQvdPYEw5BMET/on3sSrv+CPeLYniWBcHjT9eK+Kqnp+IrjSjvNuLS2vrK6tFzaKm1vbO7ulvf2GilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q+vcr85Qql4HN3pcYJeSPsRDzij2ki3ra7bLZUdu+LkIL+Ja09/pwxz1Lqlj04vZmmIkWaCKtV2nUR7GZWaM4GTYidVmFA2pH1sGxrREJWXTVedkGOj9EgQS/MiTabq946MhkqNQ99UhlQP1E8vF//y2qkOLryMR0mqMWKzQUEqiI5JfjfpcYlMi7EhlEludiVsQCVl2qSzOEXiaOGKjFHBJkUT1Fca5H/SqNjuqV25OStXL+eRFeAQjuAEXDiHKlxDDerAoA/38AhP1oP1bL1Yr7PSJWvecwALsN4+AbelnI0=</latexit>

Y1
<latexit sha1_base64="SYrrH+8sMnweCNJgFPmfL9TIivY=">AAACDnicdVDJSgNBEK2JW4xb1KOXxiB4GmaioCcJePEY0SySDKGnU0ma9Cx09wTCkE8QPOmfeBOv/oI/4tmeJIJxedD0470qqur5seBKO867lVtaXlldy68XNja3tneKu3t1FSWSYY1FIpJNnyoUPMSa5lpgM5ZIA19gwx9eZn5jhFLxKLzV4xi9gPZD3uOMaiPd3HXcTrHk2GUnA/lNXHv6OyWYo9opfrS7EUsCDDUTVKmW68TaS6nUnAmcFNqJwpiyIe1jy9CQBqi8dLrqhBwZpUt6kTQv1GSqfu9IaaDUOPBNZUD1QP30MvEvr5Xo3rmX8jBONIZsNqiXCKIjkt1Nulwi02JsCGWSm10JG1BJmTbpLE6ROFq4ImVUsEnBBPWVBvmf1Mu2e2KXr09LlYt5ZHk4gEM4BhfOoAJXUIUaMOjDPTzCk/VgPVsv1uusNGfNe/ZhAdbbJ7lPnI4=</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

X1
<latexit sha1_base64="jMFzER4IU0iSdtyMJCQBl/fnnt4=">AAACDnicdVDJSgNBEK1xjXGLevTSGARPw0wU9CQBLx4jmgWSIfR0apImPQvdPYEw5BMET/on3sSrv+CPeLYniWBcHjT9eK+Kqnp+IrjSjvNuLS2vrK6tFzaKm1vbO7ulvf2GilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q+vcr85Qql4HN3pcYJeSPsRDzij2ki3ra7bLZUdu+LkIL+Ja09/pwxz1Lqlj04vZmmIkWaCKtV2nUR7GZWaM4GTYidVmFA2pH1sGxrREJWXTVedkGOj9EgQS/MiTabq946MhkqNQ99UhlQP1E8vF//y2qkOLryMR0mqMWKzQUEqiI5JfjfpcYlMi7EhlEludiVsQCVl2qSzOEXiaOGKjFHBJkUT1Fca5H/SqNjuqV25OStXL+eRFeAQjuAEXDiHKlxDDerAoA/38AhP1oP1bL1Yr7PSJWvecwALsN4+AbelnI0=</latexit>

, X2
<latexit sha1_base64="ajbyPO/h/Lwxt2F0z86yDGsvMMU=">AAACEHicdVDLSsNAFJ34rPVVdelmsAguJCRR0JUU3LisYNpCG8pketMOnUzCzKRQQr9BcKV/4k7c+gf+iGsnbQXr48Awh3Pu5d57wpQzpR3n3VpaXlldWy9tlDe3tnd2K3v7DZVkkoJPE57IVkgUcCbA10xzaKUSSBxyaIbD68JvjkAqlog7PU4hiElfsIhRoo3kn+JW1+tWqo7tOQXwb+La09+pojnq3cpHp5fQLAahKSdKtV0n1UFOpGaUw6TcyRSkhA5JH9qGChKDCvLpshN8bJQejhJpntB4qn7vyEms1DgOTWVM9ED99ArxL6+d6egyyJlIMw2CzgZFGcc6wcXluMckUM3HhhAqmdkV0wGRhGqTz+IUCaOFK3JKOJ2UTVBfaeD/ScOz3TPbuz2v1q7mkZXQITpCJ8hFF6iGblAd+Ygihu7RI3qyHqxn68V6nZUuWfOeA7QA6+0Tgmac7g==</latexit>

Y1
<latexit sha1_base64="SYrrH+8sMnweCNJgFPmfL9TIivY=">AAACDnicdVDJSgNBEK2JW4xb1KOXxiB4GmaioCcJePEY0SySDKGnU0ma9Cx09wTCkE8QPOmfeBOv/oI/4tmeJIJxedD0470qqur5seBKO867lVtaXlldy68XNja3tneKu3t1FSWSYY1FIpJNnyoUPMSa5lpgM5ZIA19gwx9eZn5jhFLxKLzV4xi9gPZD3uOMaiPd3HXcTrHk2GUnA/lNXHv6OyWYo9opfrS7EUsCDDUTVKmW68TaS6nUnAmcFNqJwpiyIe1jy9CQBqi8dLrqhBwZpUt6kTQv1GSqfu9IaaDUOPBNZUD1QP30MvEvr5Xo3rmX8jBONIZsNqiXCKIjkt1Nulwi02JsCGWSm10JG1BJmTbpLE6ROFq4ImVUsEnBBPWVBvmf1Mu2e2KXr09LlYt5ZHk4gEM4BhfOoAJXUIUaMOjDPTzCk/VgPVsv1uusNGfNe/ZhAdbbJ7lPnI4=</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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<latexit sha1_base64="jMFzER4IU0iSdtyMJCQBl/fnnt4=">AAACDnicdVDJSgNBEK1xjXGLevTSGARPw0wU9CQBLx4jmgWSIfR0apImPQvdPYEw5BMET/on3sSrv+CPeLYniWBcHjT9eK+Kqnp+IrjSjvNuLS2vrK6tFzaKm1vbO7ulvf2GilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q+vcr85Qql4HN3pcYJeSPsRDzij2ki3ra7bLZUdu+LkIL+Ja09/pwxz1Lqlj04vZmmIkWaCKtV2nUR7GZWaM4GTYidVmFA2pH1sGxrREJWXTVedkGOj9EgQS/MiTabq946MhkqNQ99UhlQP1E8vF//y2qkOLryMR0mqMWKzQUEqiI5JfjfpcYlMi7EhlEludiVsQCVl2qSzOEXiaOGKjFHBJkUT1Fca5H/SqNjuqV25OStXL+eRFeAQjuAEXDiHKlxDDerAoA/38AhP1oP1bL1Yr7PSJWvecwALsN4+AbelnI0=</latexit>

, X2
<latexit sha1_base64="ajbyPO/h/Lwxt2F0z86yDGsvMMU=">AAACEHicdVDLSsNAFJ34rPVVdelmsAguJCRR0JUU3LisYNpCG8pketMOnUzCzKRQQr9BcKV/4k7c+gf+iGsnbQXr48Awh3Pu5d57wpQzpR3n3VpaXlldWy9tlDe3tnd2K3v7DZVkkoJPE57IVkgUcCbA10xzaKUSSBxyaIbD68JvjkAqlog7PU4hiElfsIhRoo3kn+JW1+tWqo7tOQXwb+La09+pojnq3cpHp5fQLAahKSdKtV0n1UFOpGaUw6TcyRSkhA5JH9qGChKDCvLpshN8bJQejhJpntB4qn7vyEms1DgOTWVM9ED99ArxL6+d6egyyJlIMw2CzgZFGcc6wcXluMckUM3HhhAqmdkV0wGRhGqTz+IUCaOFK3JKOJ2UTVBfaeD/ScOz3TPbuz2v1q7mkZXQITpCJ8hFF6iGblAd+Ygihu7RI3qyHqxn68V6nZUuWfOeA7QA6+0Tgmac7g==</latexit>

Y1
<latexit sha1_base64="SYrrH+8sMnweCNJgFPmfL9TIivY=">AAACDnicdVDJSgNBEK2JW4xb1KOXxiB4GmaioCcJePEY0SySDKGnU0ma9Cx09wTCkE8QPOmfeBOv/oI/4tmeJIJxedD0470qqur5seBKO867lVtaXlldy68XNja3tneKu3t1FSWSYY1FIpJNnyoUPMSa5lpgM5ZIA19gwx9eZn5jhFLxKLzV4xi9gPZD3uOMaiPd3HXcTrHk2GUnA/lNXHv6OyWYo9opfrS7EUsCDDUTVKmW68TaS6nUnAmcFNqJwpiyIe1jy9CQBqi8dLrqhBwZpUt6kTQv1GSqfu9IaaDUOPBNZUD1QP30MvEvr5Xo3rmX8jBONIZsNqiXCKIjkt1Nulwi02JsCGWSm10JG1BJmTbpLE6ROFq4ImVUsEnBBPWVBvmf1Mu2e2KXr09LlYt5ZHk4gEM4BhfOoAJXUIUaMOjDPTzCk/VgPVsv1uusNGfNe/ZhAdbbJ7lPnI4=</latexit>

, Y2
<latexit sha1_base64="Am36WDftIDC988mR3NGxbJGYsR4=">AAACD3icdVDLSsNAFL2pr1pfVZduBovgQkISBV1JwY3LCvYhbSiT6aQdOpmEmUmhhP6C4Er/xJ249RP8EddO2grWx4FhDufcy733BAlnSjvOu1VYWl5ZXSuulzY2t7Z3yrt7DRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gw6vcb46oVCwWt3qcUD/CfcFCRrDOpZO7rtctVxzbc3Kg38S1p79TgTlq3fJHpxeTNKJCE46VartOov0MS80Ip5NSJ1U0wWSI+7RtqMARVX423XWCjozSQ2EszRMaTdXvHRmOlBpHgamMsB6on14u/uW1Ux1e+BkTSaqpILNBYcqRjlF+OOoxSYnmY0MwkczsisgAS0y0iWdxiqSjhSsygjmZlExQX2mg/0nDs91T27s5q1Qv55EV4QAO4RhcOIcqXEMN6kBgAPfwCE/Wg/VsvVivs9KCNe/ZhwVYb58pdpzF</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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‣ Given:  

- input alphabet:       (finite) 

- output alphabet:      (finite) 

- channel matrix:              (indep. over time)

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

X1
<latexit sha1_base64="jMFzER4IU0iSdtyMJCQBl/fnnt4=">AAACDnicdVDJSgNBEK1xjXGLevTSGARPw0wU9CQBLx4jmgWSIfR0apImPQvdPYEw5BMET/on3sSrv+CPeLYniWBcHjT9eK+Kqnp+IrjSjvNuLS2vrK6tFzaKm1vbO7ulvf2GilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q+vcr85Qql4HN3pcYJeSPsRDzij2ki3ra7bLZUdu+LkIL+Ja09/pwxz1Lqlj04vZmmIkWaCKtV2nUR7GZWaM4GTYidVmFA2pH1sGxrREJWXTVedkGOj9EgQS/MiTabq946MhkqNQ99UhlQP1E8vF//y2qkOLryMR0mqMWKzQUEqiI5JfjfpcYlMi7EhlEludiVsQCVl2qSzOEXiaOGKjFHBJkUT1Fca5H/SqNjuqV25OStXL+eRFeAQjuAEXDiHKlxDDerAoA/38AhP1oP1bL1Yr7PSJWvecwALsN4+AbelnI0=</latexit>

, X2
<latexit sha1_base64="ajbyPO/h/Lwxt2F0z86yDGsvMMU=">AAACEHicdVDLSsNAFJ34rPVVdelmsAguJCRR0JUU3LisYNpCG8pketMOnUzCzKRQQr9BcKV/4k7c+gf+iGsnbQXr48Awh3Pu5d57wpQzpR3n3VpaXlldWy9tlDe3tnd2K3v7DZVkkoJPE57IVkgUcCbA10xzaKUSSBxyaIbD68JvjkAqlog7PU4hiElfsIhRoo3kn+JW1+tWqo7tOQXwb+La09+pojnq3cpHp5fQLAahKSdKtV0n1UFOpGaUw6TcyRSkhA5JH9qGChKDCvLpshN8bJQejhJpntB4qn7vyEms1DgOTWVM9ED99ArxL6+d6egyyJlIMw2CzgZFGcc6wcXluMckUM3HhhAqmdkV0wGRhGqTz+IUCaOFK3JKOJ2UTVBfaeD/ScOz3TPbuz2v1q7mkZXQITpCJ8hFF6iGblAd+Ygihu7RI3qyHqxn68V6nZUuWfOeA7QA6+0Tgmac7g==</latexit>

, . . . , Xn
<latexit sha1_base64="8qCNVC7ZgSCpWqx+GnCp3huQKgs=">AAACGHicdVDLSsNAFJ34rPVVdelmsAguSkiqoCspuHFZwT6gDWUyuWmHTiZxZlIood8huNI/cSdu3fkjrp20FayPA8MczrmXe+/xE86Udpx3a2l5ZXVtvbBR3Nza3tkt7e03VZxKCg0a81i2faKAMwENzTSHdiKBRD6Hlj+8yv3WCKRisbjV4wS8iPQFCxkl2kheBXd5EGtVwe2e6JXKjl11cuDfxLWnv1NGc9R7pY9uENM0AqEpJ0p1XCfRXkakZpTDpNhNFSSEDkkfOoYKEoHysunSE3xslACHsTRPaDxVv3dkJFJqHPmmMiJ6oH56ufiX10l1eOFlTCSpBkFng8KUYx3jPAEcMAlU87EhhEpmdsV0QCSh2uS0OEXCaOGKjBJOJ0UT1Fca+H/SrNruqV29OSvXLueRFdAhOkInyEXnqIauUR01EEV36B49oifrwXq2XqzXWemSNe85QAuw3j4ByfygSA==</latexit>

Y1
<latexit sha1_base64="SYrrH+8sMnweCNJgFPmfL9TIivY=">AAACDnicdVDJSgNBEK2JW4xb1KOXxiB4GmaioCcJePEY0SySDKGnU0ma9Cx09wTCkE8QPOmfeBOv/oI/4tmeJIJxedD0470qqur5seBKO867lVtaXlldy68XNja3tneKu3t1FSWSYY1FIpJNnyoUPMSa5lpgM5ZIA19gwx9eZn5jhFLxKLzV4xi9gPZD3uOMaiPd3HXcTrHk2GUnA/lNXHv6OyWYo9opfrS7EUsCDDUTVKmW68TaS6nUnAmcFNqJwpiyIe1jy9CQBqi8dLrqhBwZpUt6kTQv1GSqfu9IaaDUOPBNZUD1QP30MvEvr5Xo3rmX8jBONIZsNqiXCKIjkt1Nulwi02JsCGWSm10JG1BJmTbpLE6ROFq4ImVUsEnBBPWVBvmf1Mu2e2KXr09LlYt5ZHk4gEM4BhfOoAJXUIUaMOjDPTzCk/VgPVsv1uusNGfNe/ZhAdbbJ7lPnI4=</latexit>

, Y2
<latexit sha1_base64="Am36WDftIDC988mR3NGxbJGYsR4=">AAACD3icdVDLSsNAFL2pr1pfVZduBovgQkISBV1JwY3LCvYhbSiT6aQdOpmEmUmhhP6C4Er/xJ249RP8EddO2grWx4FhDufcy733BAlnSjvOu1VYWl5ZXSuulzY2t7Z3yrt7DRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gw6vcb46oVCwWt3qcUD/CfcFCRrDOpZO7rtctVxzbc3Kg38S1p79TgTlq3fJHpxeTNKJCE46VartOov0MS80Ip5NSJ1U0wWSI+7RtqMARVX423XWCjozSQ2EszRMaTdXvHRmOlBpHgamMsB6on14u/uW1Ux1e+BkTSaqpILNBYcqRjlF+OOoxSYnmY0MwkczsisgAS0y0iWdxiqSjhSsygjmZlExQX2mg/0nDs91T27s5q1Qv55EV4QAO4RhcOIcqXEMN6kBgAPfwCE/Wg/VsvVivs9KCNe/ZhwVYb58pdpzF</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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‣ Given:  

- input alphabet:       (finite) 

- output alphabet:      (finite) 

- channel matrix:              (indep. over time)

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

X1
<latexit sha1_base64="jMFzER4IU0iSdtyMJCQBl/fnnt4=">AAACDnicdVDJSgNBEK1xjXGLevTSGARPw0wU9CQBLx4jmgWSIfR0apImPQvdPYEw5BMET/on3sSrv+CPeLYniWBcHjT9eK+Kqnp+IrjSjvNuLS2vrK6tFzaKm1vbO7ulvf2GilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q+vcr85Qql4HN3pcYJeSPsRDzij2ki3ra7bLZUdu+LkIL+Ja09/pwxz1Lqlj04vZmmIkWaCKtV2nUR7GZWaM4GTYidVmFA2pH1sGxrREJWXTVedkGOj9EgQS/MiTabq946MhkqNQ99UhlQP1E8vF//y2qkOLryMR0mqMWKzQUEqiI5JfjfpcYlMi7EhlEludiVsQCVl2qSzOEXiaOGKjFHBJkUT1Fca5H/SqNjuqV25OStXL+eRFeAQjuAEXDiHKlxDDerAoA/38AhP1oP1bL1Yr7PSJWvecwALsN4+AbelnI0=</latexit>

, X2
<latexit sha1_base64="ajbyPO/h/Lwxt2F0z86yDGsvMMU=">AAACEHicdVDLSsNAFJ34rPVVdelmsAguJCRR0JUU3LisYNpCG8pketMOnUzCzKRQQr9BcKV/4k7c+gf+iGsnbQXr48Awh3Pu5d57wpQzpR3n3VpaXlldWy9tlDe3tnd2K3v7DZVkkoJPE57IVkgUcCbA10xzaKUSSBxyaIbD68JvjkAqlog7PU4hiElfsIhRoo3kn+JW1+tWqo7tOQXwb+La09+pojnq3cpHp5fQLAahKSdKtV0n1UFOpGaUw6TcyRSkhA5JH9qGChKDCvLpshN8bJQejhJpntB4qn7vyEms1DgOTWVM9ED99ArxL6+d6egyyJlIMw2CzgZFGcc6wcXluMckUM3HhhAqmdkV0wGRhGqTz+IUCaOFK3JKOJ2UTVBfaeD/ScOz3TPbuz2v1q7mkZXQITpCJ8hFF6iGblAd+Ygihu7RI3qyHqxn68V6nZUuWfOeA7QA6+0Tgmac7g==</latexit>

, . . . , Xn
<latexit sha1_base64="8qCNVC7ZgSCpWqx+GnCp3huQKgs=">AAACGHicdVDLSsNAFJ34rPVVdelmsAguSkiqoCspuHFZwT6gDWUyuWmHTiZxZlIood8huNI/cSdu3fkjrp20FayPA8MczrmXe+/xE86Udpx3a2l5ZXVtvbBR3Nza3tkt7e03VZxKCg0a81i2faKAMwENzTSHdiKBRD6Hlj+8yv3WCKRisbjV4wS8iPQFCxkl2kheBXd5EGtVwe2e6JXKjl11cuDfxLWnv1NGc9R7pY9uENM0AqEpJ0p1XCfRXkakZpTDpNhNFSSEDkkfOoYKEoHysunSE3xslACHsTRPaDxVv3dkJFJqHPmmMiJ6oH56ufiX10l1eOFlTCSpBkFng8KUYx3jPAEcMAlU87EhhEpmdsV0QCSh2uS0OEXCaOGKjBJOJ0UT1Fca+H/SrNruqV29OSvXLueRFdAhOkInyEXnqIauUR01EEV36B49oifrwXq2XqzXWemSNe85QAuw3j4ByfygSA==</latexit>

Y1
<latexit sha1_base64="SYrrH+8sMnweCNJgFPmfL9TIivY=">AAACDnicdVDJSgNBEK2JW4xb1KOXxiB4GmaioCcJePEY0SySDKGnU0ma9Cx09wTCkE8QPOmfeBOv/oI/4tmeJIJxedD0470qqur5seBKO867lVtaXlldy68XNja3tneKu3t1FSWSYY1FIpJNnyoUPMSa5lpgM5ZIA19gwx9eZn5jhFLxKLzV4xi9gPZD3uOMaiPd3HXcTrHk2GUnA/lNXHv6OyWYo9opfrS7EUsCDDUTVKmW68TaS6nUnAmcFNqJwpiyIe1jy9CQBqi8dLrqhBwZpUt6kTQv1GSqfu9IaaDUOPBNZUD1QP30MvEvr5Xo3rmX8jBONIZsNqiXCKIjkt1Nulwi02JsCGWSm10JG1BJmTbpLE6ROFq4ImVUsEnBBPWVBvmf1Mu2e2KXr09LlYt5ZHk4gEM4BhfOoAJXUIUaMOjDPTzCk/VgPVsv1uusNGfNe/ZhAdbbJ7lPnI4=</latexit>

, . . . , Yn
<latexit sha1_base64="JYYerIMfXxxcSzexDY+MOZXYUe0=">AAACFnicdVDLSgMxFM34rPVVdekmWAQXZZhWQVdScOOygn3ItJRM5k4bmkmGJFMoQz9DcKV/4k7cuvVHXJs+BOvjQMjhnHu5954g4Uwbz3t3lpZXVtfWcxv5za3tnd3C3n5Dy1RRqFPJpWoFRANnAuqGGQ6tRAGJAw7NYHA18ZtDUJpJcWtGCXRi0hMsYpQYK/mlNg+l0aW7rugWip5b8SbAv0nZnf5eEc1R6xY+2qGkaQzCUE609steYjoZUYZRDuN8O9WQEDogPfAtFSQG3cmmK4/xsVVCHEllnzB4qn7vyEis9SgObGVMTF//9CbiX56fmuiikzGRpAYEnQ2KUo6NxJP7ccgUUMNHlhCqmN0V0z5RhBqb0uIUBcOFKzJKOB3nbVBfaeD/SaPilk/dys1ZsXo5jyyHDtEROkFldI6q6BrVUB1RJNE9ekRPzoPz7Lw4r7PSJWfec4AW4Lx9AhKmn/U=</latexit>

, Y2
<latexit sha1_base64="Am36WDftIDC988mR3NGxbJGYsR4=">AAACD3icdVDLSsNAFL2pr1pfVZduBovgQkISBV1JwY3LCvYhbSiT6aQdOpmEmUmhhP6C4Er/xJ249RP8EddO2grWx4FhDufcy733BAlnSjvOu1VYWl5ZXSuulzY2t7Z3yrt7DRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gw6vcb46oVCwWt3qcUD/CfcFCRrDOpZO7rtctVxzbc3Kg38S1p79TgTlq3fJHpxeTNKJCE46VartOov0MS80Ip5NSJ1U0wWSI+7RtqMARVX423XWCjozSQ2EszRMaTdXvHRmOlBpHgamMsB6on14u/uW1Ux1e+BkTSaqpILNBYcqRjlF+OOoxSYnmY0MwkczsisgAS0y0iWdxiqSjhSsygjmZlExQX2mg/0nDs91T27s5q1Qv55EV4QAO4RhcOIcqXEMN6kBgAPfwCE/Wg/VsvVivs9KCNe/ZhwVYb58pdpzF</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>



Decoder

DMCs with Feedback

5
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‣ Given:  

- input alphabet:       (finite) 

- output alphabet:      (finite) 

- channel matrix:              (indep. over time)

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

Û1, . . . , Ûk
<latexit sha1_base64="r+CMZemwgTy5GwadRm56ZaviFAA=">AAACJ3icdVDLSsNAFJ34rPUVdaebwSK4KCWpgq6k4MZlBdMW2lAm00k7dPJg5qZQQsCvEVzpn7gTXfoTrp30AdbHgWEO59zLvfd4seAKLOvdWFpeWV1bL2wUN7e2d3bNvf2GihJJmUMjEcmWRxQTPGQOcBCsFUtGAk+wpje8zv3miEnFo/AOxjFzA9IPuc8pAS11zcPOgEDqZF273BG9CFR5Lgy7ZsmqVK0c+DexK5PfKqEZ6l3zs9OLaBKwEKggSrVtKwY3JRI4FSwrdhLFYkKHpM/amoYkYMpNJzdk+EQrPexHUr8Q8ET93pGSQKlx4OnKgMBA/fRy8S+vnYB/6aY8jBNgIZ0O8hOBIcJ5ILjHJaMgxpoQKrneFdMBkYSCjm1ximSjhStSSgTNijqoeRr4f9KoVuyzSvX2vFS7mkVWQEfoGJ0iG12gGrpBdeQgiu7RA3pCz8aj8WK8Gm/T0iVj1nOAFmB8fAEWMqa8</latexit>

X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

X1
<latexit sha1_base64="jMFzER4IU0iSdtyMJCQBl/fnnt4=">AAACDnicdVDJSgNBEK1xjXGLevTSGARPw0wU9CQBLx4jmgWSIfR0apImPQvdPYEw5BMET/on3sSrv+CPeLYniWBcHjT9eK+Kqnp+IrjSjvNuLS2vrK6tFzaKm1vbO7ulvf2GilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q+vcr85Qql4HN3pcYJeSPsRDzij2ki3ra7bLZUdu+LkIL+Ja09/pwxz1Lqlj04vZmmIkWaCKtV2nUR7GZWaM4GTYidVmFA2pH1sGxrREJWXTVedkGOj9EgQS/MiTabq946MhkqNQ99UhlQP1E8vF//y2qkOLryMR0mqMWKzQUEqiI5JfjfpcYlMi7EhlEludiVsQCVl2qSzOEXiaOGKjFHBJkUT1Fca5H/SqNjuqV25OStXL+eRFeAQjuAEXDiHKlxDDerAoA/38AhP1oP1bL1Yr7PSJWvecwALsN4+AbelnI0=</latexit>

, X2
<latexit sha1_base64="ajbyPO/h/Lwxt2F0z86yDGsvMMU=">AAACEHicdVDLSsNAFJ34rPVVdelmsAguJCRR0JUU3LisYNpCG8pketMOnUzCzKRQQr9BcKV/4k7c+gf+iGsnbQXr48Awh3Pu5d57wpQzpR3n3VpaXlldWy9tlDe3tnd2K3v7DZVkkoJPE57IVkgUcCbA10xzaKUSSBxyaIbD68JvjkAqlog7PU4hiElfsIhRoo3kn+JW1+tWqo7tOQXwb+La09+pojnq3cpHp5fQLAahKSdKtV0n1UFOpGaUw6TcyRSkhA5JH9qGChKDCvLpshN8bJQejhJpntB4qn7vyEms1DgOTWVM9ED99ArxL6+d6egyyJlIMw2CzgZFGcc6wcXluMckUM3HhhAqmdkV0wGRhGqTz+IUCaOFK3JKOJ2UTVBfaeD/ScOz3TPbuz2v1q7mkZXQITpCJ8hFF6iGblAd+Ygihu7RI3qyHqxn68V6nZUuWfOeA7QA6+0Tgmac7g==</latexit>

, . . . , Xn
<latexit sha1_base64="8qCNVC7ZgSCpWqx+GnCp3huQKgs=">AAACGHicdVDLSsNAFJ34rPVVdelmsAguSkiqoCspuHFZwT6gDWUyuWmHTiZxZlIood8huNI/cSdu3fkjrp20FayPA8MczrmXe+/xE86Udpx3a2l5ZXVtvbBR3Nza3tkt7e03VZxKCg0a81i2faKAMwENzTSHdiKBRD6Hlj+8yv3WCKRisbjV4wS8iPQFCxkl2kheBXd5EGtVwe2e6JXKjl11cuDfxLWnv1NGc9R7pY9uENM0AqEpJ0p1XCfRXkakZpTDpNhNFSSEDkkfOoYKEoHysunSE3xslACHsTRPaDxVv3dkJFJqHPmmMiJ6oH56ufiX10l1eOFlTCSpBkFng8KUYx3jPAEcMAlU87EhhEpmdsV0QCSh2uS0OEXCaOGKjBJOJ0UT1Fca+H/SrNruqV29OSvXLueRFdAhOkInyEXnqIauUR01EEV36B49oifrwXq2XqzXWemSNe85QAuw3j4ByfygSA==</latexit>

Y1
<latexit sha1_base64="SYrrH+8sMnweCNJgFPmfL9TIivY=">AAACDnicdVDJSgNBEK2JW4xb1KOXxiB4GmaioCcJePEY0SySDKGnU0ma9Cx09wTCkE8QPOmfeBOv/oI/4tmeJIJxedD0470qqur5seBKO867lVtaXlldy68XNja3tneKu3t1FSWSYY1FIpJNnyoUPMSa5lpgM5ZIA19gwx9eZn5jhFLxKLzV4xi9gPZD3uOMaiPd3HXcTrHk2GUnA/lNXHv6OyWYo9opfrS7EUsCDDUTVKmW68TaS6nUnAmcFNqJwpiyIe1jy9CQBqi8dLrqhBwZpUt6kTQv1GSqfu9IaaDUOPBNZUD1QP30MvEvr5Xo3rmX8jBONIZsNqiXCKIjkt1Nulwi02JsCGWSm10JG1BJmTbpLE6ROFq4ImVUsEnBBPWVBvmf1Mu2e2KXr09LlYt5ZHk4gEM4BhfOoAJXUIUaMOjDPTzCk/VgPVsv1uusNGfNe/ZhAdbbJ7lPnI4=</latexit>

, . . . , Yn
<latexit sha1_base64="JYYerIMfXxxcSzexDY+MOZXYUe0=">AAACFnicdVDLSgMxFM34rPVVdekmWAQXZZhWQVdScOOygn3ItJRM5k4bmkmGJFMoQz9DcKV/4k7cuvVHXJs+BOvjQMjhnHu5954g4Uwbz3t3lpZXVtfWcxv5za3tnd3C3n5Dy1RRqFPJpWoFRANnAuqGGQ6tRAGJAw7NYHA18ZtDUJpJcWtGCXRi0hMsYpQYK/mlNg+l0aW7rugWip5b8SbAv0nZnf5eEc1R6xY+2qGkaQzCUE609steYjoZUYZRDuN8O9WQEDogPfAtFSQG3cmmK4/xsVVCHEllnzB4qn7vyEis9SgObGVMTF//9CbiX56fmuiikzGRpAYEnQ2KUo6NxJP7ccgUUMNHlhCqmN0V0z5RhBqb0uIUBcOFKzJKOB3nbVBfaeD/SaPilk/dys1ZsXo5jyyHDtEROkFldI6q6BrVUB1RJNE9ekRPzoPz7Lw4r7PSJWfec4AW4Lx9AhKmn/U=</latexit>

, Y2
<latexit sha1_base64="Am36WDftIDC988mR3NGxbJGYsR4=">AAACD3icdVDLSsNAFL2pr1pfVZduBovgQkISBV1JwY3LCvYhbSiT6aQdOpmEmUmhhP6C4Er/xJ249RP8EddO2grWx4FhDufcy733BAlnSjvOu1VYWl5ZXSuulzY2t7Z3yrt7DRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gw6vcb46oVCwWt3qcUD/CfcFCRrDOpZO7rtctVxzbc3Kg38S1p79TgTlq3fJHpxeTNKJCE46VartOov0MS80Ip5NSJ1U0wWSI+7RtqMARVX423XWCjozSQ2EszRMaTdXvHRmOlBpHgamMsB6on14u/uW1Ux1e+BkTSaqpILNBYcqRjlF+OOoxSYnmY0MwkczsisgAS0y0iWdxiqSjhSsygjmZlExQX2mg/0nDs91T27s5q1Qv55EV4QAO4RhcOIcqXEMN6kBgAPfwCE/Wg/VsvVivs9KCNe/ZhwVYb58pdpzF</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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Encoder

‣ Given:  

- input alphabet:       (finite) 

- output alphabet:      (finite) 

- channel matrix:              (indep. over time)

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

Û1, . . . , Ûk
<latexit sha1_base64="r+CMZemwgTy5GwadRm56ZaviFAA=">AAACJ3icdVDLSsNAFJ34rPUVdaebwSK4KCWpgq6k4MZlBdMW2lAm00k7dPJg5qZQQsCvEVzpn7gTXfoTrp30AdbHgWEO59zLvfd4seAKLOvdWFpeWV1bL2wUN7e2d3bNvf2GihJJmUMjEcmWRxQTPGQOcBCsFUtGAk+wpje8zv3miEnFo/AOxjFzA9IPuc8pAS11zcPOgEDqZF273BG9CFR5Lgy7ZsmqVK0c+DexK5PfKqEZ6l3zs9OLaBKwEKggSrVtKwY3JRI4FSwrdhLFYkKHpM/amoYkYMpNJzdk+EQrPexHUr8Q8ET93pGSQKlx4OnKgMBA/fRy8S+vnYB/6aY8jBNgIZ0O8hOBIcJ5ILjHJaMgxpoQKrneFdMBkYSCjm1ximSjhStSSgTNijqoeRr4f9KoVuyzSvX2vFS7mkVWQEfoGJ0iG12gGrpBdeQgiu7RA3pCz8aj8WK8Gm/T0iVj1nOAFmB8fAEWMqa8</latexit>

X
<latexit sha1_base64="ImlAX7A4uSiiqRYOXGY/xKoNpUo=">AAACFnicdVDLSsNAFJ3UV62vqks3g0VwFZIq6EoKblxWsA9IQ5lMb9qhk0mYmRRKyGcIrvRP3Ilbt/6IaydtBevjwjCHc+7lnnuChDOlHefdKq2srq1vlDcrW9s7u3vV/YO2ilNJoUVjHstuQBRwJqClmebQTSSQKODQCcbXhd6ZgFQsFnd6moAfkaFgIaNEG8rrRUSPKOFZN+9Xa45dd4rCv4Frz36nhhbV7Fc/eoOYphEITTlRynOdRPsZkZpRDnmllypICB2TIXgGChKB8rOZ5RyfGGaAw1iaJzSesd8nMhIpNY0C01lYVD+1gvxL81IdXvoZE0mqQdD5ojDlWMe4uB8PmASq+dQAQiUzXjEdEUmoNiktb5EwWboiM0HRvGKC+koD/w/adds9s+u357XG1SKyMjpCx+gUuegCNdANaqIWoihG9+gRPVkP1rP1Yr3OW0vWYuYQLZX19gnzXaB7</latexit>

Y
<latexit sha1_base64="z8sEwn4iQ1disy1iT5GvCbMTeVk=">AAACFnicdVDLSsNAFJ34rPVVdelmsAiuQlIFXUnBjcsK9iFpKJPpTTt0Mgkzk0IJ+QzBlf6JO3Hr1h9x7aStYH1cGOZwzr3cc0+QcKa047xbS8srq2vrpY3y5tb2zm5lb7+l4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9FVobfHIBWLxa2eJOBHZCBYyCjRhvK6EdFDSnh2l/cqVceuOUXh38C1p79TRfNq9Cof3X5M0wiEppwo5blOov2MSM0oh7zcTRUkhI7IADwDBYlA+dnUco6PDdPHYSzNExpP2e8TGYmUmkSB6Swsqp9aQf6leakOL/yMiSTVIOhsUZhyrGNc3I/7TALVfGIAoZIZr5gOiSRUm5QWt0gYL1yRmaBoXjZBfaWB/wetmu2e2rWbs2r9ch5ZCR2iI3SCXHSO6ugaNVATURSje/SInqwH69l6sV5nrUvWfOYALZT19gn1BqB8</latexit>

W(y|�)
<latexit sha1_base64="wdPz1b3LHNTJke2AysxBg6o3V1I=">AAACEXicdVDLSgMxFL3js9ZX1aWbYBHqZpipgq6k4MZlBfuAdiiZNNPGZjJDkimWsf8guNI/cSdu/QJ/xLWZtoL1cSDkcM693HuPH3OmtOO8WwuLS8srq7m1/PrG5tZ2YWe3rqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJH5jSGVikXiWo9i6oW4J1jACNZGqjdKo7vbo06h6NhlJwP6TVx78jtFmKHaKXy0uxFJQio04VipluvE2kux1IxwOs63E0VjTAa4R1uGChxS5aWTbcfo0ChdFETSPKHRRP3ekeJQqVHom8oQ67766WXiX14r0cGZlzIRJ5oKMh0UJBzpCGWnoy6TlGg+MgQTycyuiPSxxESbgOanSDqcuyIlmJNx3gT1lQb6n9TLtntsl69OipXzWWQ52IcDKIELp1CBS6hCDQjcwD08wpP1YD1bL9brtHTBmvXswRyst08do53Y</latexit>

[Real feedback is never so ideal ….]

X1
<latexit sha1_base64="jMFzER4IU0iSdtyMJCQBl/fnnt4=">AAACDnicdVDJSgNBEK1xjXGLevTSGARPw0wU9CQBLx4jmgWSIfR0apImPQvdPYEw5BMET/on3sSrv+CPeLYniWBcHjT9eK+Kqnp+IrjSjvNuLS2vrK6tFzaKm1vbO7ulvf2GilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q+vcr85Qql4HN3pcYJeSPsRDzij2ki3ra7bLZUdu+LkIL+Ja09/pwxz1Lqlj04vZmmIkWaCKtV2nUR7GZWaM4GTYidVmFA2pH1sGxrREJWXTVedkGOj9EgQS/MiTabq946MhkqNQ99UhlQP1E8vF//y2qkOLryMR0mqMWKzQUEqiI5JfjfpcYlMi7EhlEludiVsQCVl2qSzOEXiaOGKjFHBJkUT1Fca5H/SqNjuqV25OStXL+eRFeAQjuAEXDiHKlxDDerAoA/38AhP1oP1bL1Yr7PSJWvecwALsN4+AbelnI0=</latexit>

, X2
<latexit sha1_base64="ajbyPO/h/Lwxt2F0z86yDGsvMMU=">AAACEHicdVDLSsNAFJ34rPVVdelmsAguJCRR0JUU3LisYNpCG8pketMOnUzCzKRQQr9BcKV/4k7c+gf+iGsnbQXr48Awh3Pu5d57wpQzpR3n3VpaXlldWy9tlDe3tnd2K3v7DZVkkoJPE57IVkgUcCbA10xzaKUSSBxyaIbD68JvjkAqlog7PU4hiElfsIhRoo3kn+JW1+tWqo7tOQXwb+La09+pojnq3cpHp5fQLAahKSdKtV0n1UFOpGaUw6TcyRSkhA5JH9qGChKDCvLpshN8bJQejhJpntB4qn7vyEms1DgOTWVM9ED99ArxL6+d6egyyJlIMw2CzgZFGcc6wcXluMckUM3HhhAqmdkV0wGRhGqTz+IUCaOFK3JKOJ2UTVBfaeD/ScOz3TPbuz2v1q7mkZXQITpCJ8hFF6iGblAd+Ygihu7RI3qyHqxn68V6nZUuWfOeA7QA6+0Tgmac7g==</latexit>

, . . . , Xn
<latexit sha1_base64="8qCNVC7ZgSCpWqx+GnCp3huQKgs=">AAACGHicdVDLSsNAFJ34rPVVdelmsAguSkiqoCspuHFZwT6gDWUyuWmHTiZxZlIood8huNI/cSdu3fkjrp20FayPA8MczrmXe+/xE86Udpx3a2l5ZXVtvbBR3Nza3tkt7e03VZxKCg0a81i2faKAMwENzTSHdiKBRD6Hlj+8yv3WCKRisbjV4wS8iPQFCxkl2kheBXd5EGtVwe2e6JXKjl11cuDfxLWnv1NGc9R7pY9uENM0AqEpJ0p1XCfRXkakZpTDpNhNFSSEDkkfOoYKEoHysunSE3xslACHsTRPaDxVv3dkJFJqHPmmMiJ6oH56ufiX10l1eOFlTCSpBkFng8KUYx3jPAEcMAlU87EhhEpmdsV0QCSh2uS0OEXCaOGKjBJOJ0UT1Fca+H/SrNruqV29OSvXLueRFdAhOkInyEXnqIauUR01EEV36B49oifrwXq2XqzXWemSNe85QAuw3j4ByfygSA==</latexit>

Y1
<latexit sha1_base64="SYrrH+8sMnweCNJgFPmfL9TIivY=">AAACDnicdVDJSgNBEK2JW4xb1KOXxiB4GmaioCcJePEY0SySDKGnU0ma9Cx09wTCkE8QPOmfeBOv/oI/4tmeJIJxedD0470qqur5seBKO867lVtaXlldy68XNja3tneKu3t1FSWSYY1FIpJNnyoUPMSa5lpgM5ZIA19gwx9eZn5jhFLxKLzV4xi9gPZD3uOMaiPd3HXcTrHk2GUnA/lNXHv6OyWYo9opfrS7EUsCDDUTVKmW68TaS6nUnAmcFNqJwpiyIe1jy9CQBqi8dLrqhBwZpUt6kTQv1GSqfu9IaaDUOPBNZUD1QP30MvEvr5Xo3rmX8jBONIZsNqiXCKIjkt1Nulwi02JsCGWSm10JG1BJmTbpLE6ROFq4ImVUsEnBBPWVBvmf1Mu2e2KXr09LlYt5ZHk4gEM4BhfOoAJXUIUaMOjDPTzCk/VgPVsv1uusNGfNe/ZhAdbbJ7lPnI4=</latexit>

, . . . , Yn
<latexit sha1_base64="JYYerIMfXxxcSzexDY+MOZXYUe0=">AAACFnicdVDLSgMxFM34rPVVdekmWAQXZZhWQVdScOOygn3ItJRM5k4bmkmGJFMoQz9DcKV/4k7cuvVHXJs+BOvjQMjhnHu5954g4Uwbz3t3lpZXVtfWcxv5za3tnd3C3n5Dy1RRqFPJpWoFRANnAuqGGQ6tRAGJAw7NYHA18ZtDUJpJcWtGCXRi0hMsYpQYK/mlNg+l0aW7rugWip5b8SbAv0nZnf5eEc1R6xY+2qGkaQzCUE609steYjoZUYZRDuN8O9WQEDogPfAtFSQG3cmmK4/xsVVCHEllnzB4qn7vyEis9SgObGVMTF//9CbiX56fmuiikzGRpAYEnQ2KUo6NxJP7ccgUUMNHlhCqmN0V0z5RhBqb0uIUBcOFKzJKOB3nbVBfaeD/SaPilk/dys1ZsXo5jyyHDtEROkFldI6q6BrVUB1RJNE9ekRPzoPz7Lw4r7PSJWfec4AW4Lx9AhKmn/U=</latexit>

, Y2
<latexit sha1_base64="Am36WDftIDC988mR3NGxbJGYsR4=">AAACD3icdVDLSsNAFL2pr1pfVZduBovgQkISBV1JwY3LCvYhbSiT6aQdOpmEmUmhhP6C4Er/xJ249RP8EddO2grWx4FhDufcy733BAlnSjvOu1VYWl5ZXSuulzY2t7Z3yrt7DRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gw6vcb46oVCwWt3qcUD/CfcFCRrDOpZO7rtctVxzbc3Kg38S1p79TgTlq3fJHpxeTNKJCE46VartOov0MS80Ip5NSJ1U0wWSI+7RtqMARVX423XWCjozSQ2EszRMaTdXvHRmOlBpHgamMsB6on14u/uW1Ux1e+BkTSaqpILNBYcqRjlF+OOoxSYnmY0MwkczsisgAS0y0iWdxiqSjhSsygjmZlExQX2mg/0nDs91T27s5q1Qv55EV4QAO4RhcOIcqXEMN6kBgAPfwCE/Wg/VsvVivs9KCNe/ZhwVYb58pdpzF</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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<latexit sha1_base64="y0a7I116JC4u1EloByLOHV6r4Zk=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBdsOtOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffViKTmLSwYEJ6IVKEUU5ammpGvFQSlISMdMLhVeF3RkQqKvitHqfET1Cf05hipI105wVurccioVXNC3hQqTp23SkAfxPXnv5OFczRDCofvUjgLCFcY4aU6rpOqv0cSU0xI5NyL1MkRXiI+qRrKEcJUX4+3XoCj40SwVhI87iGU/V7R44SpcZJaCoTpAfqp1eIf3ndTMcXfk55mmnC8WxQnDGoBSwigBGVBGs2NgRhSc2uEA+QRFiboBanSDJauCLHiOFJ2QT1lQb8n7Trtntq12/Oqo3LeWQlcAiOwAlwwTlogGvQBC2AgQT34BE8WQ/Ws/Vivc5Kl6x5zwFYgPX2CQu7oPo=</latexit>

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

Y1, . . . , Yn
<latexit sha1_base64="c8vqUGan7oRdv60gSLlxnCK9pfw=">AAACGXicdVDLSgMxFM3UV62vqks3wSK4KMNMFXQlBTcuK9jW0o5DJpNpQzPJkGQKZeh/CK70T9yJW1f+iGszbQXr40DI4Zx7ufeeIGFUacd5twpLyyura8X10sbm1vZOeXevpUQqMWliwYS8DZAijHLS1FQzcptIguKAkXYwvMz99ohIRQW/0eOEeDHqcxpRjLSR7jq+W+2xUGhV7fjcL1ccu+bkgL+Ja09/pwLmaPjlj14ocBoTrjFDSnVdJ9FehqSmmJFJqZcqkiA8RH3SNZSjmCgvm249gUdGCWEkpHlcw6n6vSNDsVLjODCVMdID9dPLxb+8bqqjcy+jPEk14Xg2KEoZ1ALmEcCQSoI1GxuCsKRmV4gHSCKsTVCLUyQZLVyRYcTwpGSC+koD/k9aNds9sWvXp5X6xTyyIjgAh+AYuOAM1MEVaIAmwECCe/AInqwH69l6sV5npQVr3rMPFmC9fQIPGqD8</latexit>

Û1, . . . , Ûk
<latexit sha1_base64="r+CMZemwgTy5GwadRm56ZaviFAA=">AAACJ3icdVDLSsNAFJ34rPUVdaebwSK4KCWpgq6k4MZlBdMW2lAm00k7dPJg5qZQQsCvEVzpn7gTXfoTrp30AdbHgWEO59zLvfd4seAKLOvdWFpeWV1bL2wUN7e2d3bNvf2GihJJmUMjEcmWRxQTPGQOcBCsFUtGAk+wpje8zv3miEnFo/AOxjFzA9IPuc8pAS11zcPOgEDqZF273BG9CFR5Lgy7ZsmqVK0c+DexK5PfKqEZ6l3zs9OLaBKwEKggSrVtKwY3JRI4FSwrdhLFYkKHpM/amoYkYMpNJzdk+EQrPexHUr8Q8ET93pGSQKlx4OnKgMBA/fRy8S+vnYB/6aY8jBNgIZ0O8hOBIcJ5ILjHJaMgxpoQKrneFdMBkYSCjm1ximSjhStSSgTNijqoeRr4f9KoVuyzSvX2vFS7mkVWQEfoGJ0iG12gGrpBdeQgiu7RA3pCz8aj8WK8Gm/T0iVj1nOAFmB8fAEWMqa8</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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<latexit sha1_base64="y0a7I116JC4u1EloByLOHV6r4Zk=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBdsOtOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffViKTmLSwYEJ6IVKEUU5ammpGvFQSlISMdMLhVeF3RkQqKvitHqfET1Cf05hipI105wVurccioVXNC3hQqTp23SkAfxPXnv5OFczRDCofvUjgLCFcY4aU6rpOqv0cSU0xI5NyL1MkRXiI+qRrKEcJUX4+3XoCj40SwVhI87iGU/V7R44SpcZJaCoTpAfqp1eIf3ndTMcXfk55mmnC8WxQnDGoBSwigBGVBGs2NgRhSc2uEA+QRFiboBanSDJauCLHiOFJ2QT1lQb8n7Trtntq12/Oqo3LeWQlcAiOwAlwwTlogGvQBC2AgQT34BE8WQ/Ws/Vivc5Kl6x5zwFYgPX2CQu7oPo=</latexit>

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

Y1, . . . , Yn
<latexit sha1_base64="c8vqUGan7oRdv60gSLlxnCK9pfw=">AAACGXicdVDLSgMxFM3UV62vqks3wSK4KMNMFXQlBTcuK9jW0o5DJpNpQzPJkGQKZeh/CK70T9yJW1f+iGszbQXr40DI4Zx7ufeeIGFUacd5twpLyyura8X10sbm1vZOeXevpUQqMWliwYS8DZAijHLS1FQzcptIguKAkXYwvMz99ohIRQW/0eOEeDHqcxpRjLSR7jq+W+2xUGhV7fjcL1ccu+bkgL+Ja09/pwLmaPjlj14ocBoTrjFDSnVdJ9FehqSmmJFJqZcqkiA8RH3SNZSjmCgvm249gUdGCWEkpHlcw6n6vSNDsVLjODCVMdID9dPLxb+8bqqjcy+jPEk14Xg2KEoZ1ALmEcCQSoI1GxuCsKRmV4gHSCKsTVCLUyQZLVyRYcTwpGSC+koD/k9aNds9sWvXp5X6xTyyIjgAh+AYuOAM1MEVaIAmwECCe/AInqwH69l6sV5npQVr3rMPFmC9fQIPGqD8</latexit>

Û1, . . . , Ûk
<latexit sha1_base64="r+CMZemwgTy5GwadRm56ZaviFAA=">AAACJ3icdVDLSsNAFJ34rPUVdaebwSK4KCWpgq6k4MZlBdMW2lAm00k7dPJg5qZQQsCvEVzpn7gTXfoTrp30AdbHgWEO59zLvfd4seAKLOvdWFpeWV1bL2wUN7e2d3bNvf2GihJJmUMjEcmWRxQTPGQOcBCsFUtGAk+wpje8zv3miEnFo/AOxjFzA9IPuc8pAS11zcPOgEDqZF273BG9CFR5Lgy7ZsmqVK0c+DexK5PfKqEZ6l3zs9OLaBKwEKggSrVtKwY3JRI4FSwrdhLFYkKHpM/amoYkYMpNJzdk+EQrPexHUr8Q8ET93pGSQKlx4OnKgMBA/fRy8S+vnYB/6aY8jBNgIZ0O8hOBIcJ5ILjHJaMgxpoQKrneFdMBkYSCjm1ximSjhStSSgTNijqoeRr4f9KoVuyzSvX2vFS7mkVWQEfoGJ0iG12gGrpBdeQgiu7RA3pCz8aj8WK8Gm/T0iVj1nOAFmB8fAEWMqa8</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>
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<latexit sha1_base64="y0a7I116JC4u1EloByLOHV6r4Zk=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBdsOtOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffViKTmLSwYEJ6IVKEUU5ammpGvFQSlISMdMLhVeF3RkQqKvitHqfET1Cf05hipI105wVurccioVXNC3hQqTp23SkAfxPXnv5OFczRDCofvUjgLCFcY4aU6rpOqv0cSU0xI5NyL1MkRXiI+qRrKEcJUX4+3XoCj40SwVhI87iGU/V7R44SpcZJaCoTpAfqp1eIf3ndTMcXfk55mmnC8WxQnDGoBSwigBGVBGs2NgRhSc2uEA+QRFiboBanSDJauCLHiOFJ2QT1lQb8n7Trtntq12/Oqo3LeWQlcAiOwAlwwTlogGvQBC2AgQT34BE8WQ/Ws/Vivc5Kl6x5zwFYgPX2CQu7oPo=</latexit>

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

Y1, . . . , Yn
<latexit sha1_base64="c8vqUGan7oRdv60gSLlxnCK9pfw=">AAACGXicdVDLSgMxFM3UV62vqks3wSK4KMNMFXQlBTcuK9jW0o5DJpNpQzPJkGQKZeh/CK70T9yJW1f+iGszbQXr40DI4Zx7ufeeIGFUacd5twpLyyura8X10sbm1vZOeXevpUQqMWliwYS8DZAijHLS1FQzcptIguKAkXYwvMz99ohIRQW/0eOEeDHqcxpRjLSR7jq+W+2xUGhV7fjcL1ccu+bkgL+Ja09/pwLmaPjlj14ocBoTrjFDSnVdJ9FehqSmmJFJqZcqkiA8RH3SNZSjmCgvm249gUdGCWEkpHlcw6n6vSNDsVLjODCVMdID9dPLxb+8bqqjcy+jPEk14Xg2KEoZ1ALmEcCQSoI1GxuCsKRmV4gHSCKsTVCLUyQZLVyRYcTwpGSC+koD/k9aNds9sWvXp5X6xTyyIjgAh+AYuOAM1MEVaIAmwECCe/AInqwH69l6sV5npQVr3rMPFmC9fQIPGqD8</latexit>

Û1, . . . , Ûk
<latexit sha1_base64="r+CMZemwgTy5GwadRm56ZaviFAA=">AAACJ3icdVDLSsNAFJ34rPUVdaebwSK4KCWpgq6k4MZlBdMW2lAm00k7dPJg5qZQQsCvEVzpn7gTXfoTrp30AdbHgWEO59zLvfd4seAKLOvdWFpeWV1bL2wUN7e2d3bNvf2GihJJmUMjEcmWRxQTPGQOcBCsFUtGAk+wpje8zv3miEnFo/AOxjFzA9IPuc8pAS11zcPOgEDqZF273BG9CFR5Lgy7ZsmqVK0c+DexK5PfKqEZ6l3zs9OLaBKwEKggSrVtKwY3JRI4FSwrdhLFYkKHpM/amoYkYMpNJzdk+EQrPexHUr8Q8ET93pGSQKlx4OnKgMBA/fRy8S+vnYB/6aY8jBNgIZ0O8hOBIcJ5ILjHJaMgxpoQKrneFdMBkYSCjm1ximSjhStSSgTNijqoeRr4f9KoVuyzSvX2vFS7mkVWQEfoGJ0iG12gGrpBdeQgiu7RA3pCz8aj8WK8Gm/T0iVj1nOAFmB8fAEWMqa8</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>



Figures of Merit

‣ Number of bits sent: k

‣ Transmission time: n

‣ Rate R = k/n
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<latexit sha1_base64="y0a7I116JC4u1EloByLOHV6r4Zk=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBdsOtOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffViKTmLSwYEJ6IVKEUU5ammpGvFQSlISMdMLhVeF3RkQqKvitHqfET1Cf05hipI105wVurccioVXNC3hQqTp23SkAfxPXnv5OFczRDCofvUjgLCFcY4aU6rpOqv0cSU0xI5NyL1MkRXiI+qRrKEcJUX4+3XoCj40SwVhI87iGU/V7R44SpcZJaCoTpAfqp1eIf3ndTMcXfk55mmnC8WxQnDGoBSwigBGVBGs2NgRhSc2uEA+QRFiboBanSDJauCLHiOFJ2QT1lQb8n7Trtntq12/Oqo3LeWQlcAiOwAlwwTlogGvQBC2AgQT34BE8WQ/Ws/Vivc5Kl6x5zwFYgPX2CQu7oPo=</latexit>

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

Y1, . . . , Yn
<latexit sha1_base64="c8vqUGan7oRdv60gSLlxnCK9pfw=">AAACGXicdVDLSgMxFM3UV62vqks3wSK4KMNMFXQlBTcuK9jW0o5DJpNpQzPJkGQKZeh/CK70T9yJW1f+iGszbQXr40DI4Zx7ufeeIGFUacd5twpLyyura8X10sbm1vZOeXevpUQqMWliwYS8DZAijHLS1FQzcptIguKAkXYwvMz99ohIRQW/0eOEeDHqcxpRjLSR7jq+W+2xUGhV7fjcL1ccu+bkgL+Ja09/pwLmaPjlj14ocBoTrjFDSnVdJ9FehqSmmJFJqZcqkiA8RH3SNZSjmCgvm249gUdGCWEkpHlcw6n6vSNDsVLjODCVMdID9dPLxb+8bqqjcy+jPEk14Xg2KEoZ1ALmEcCQSoI1GxuCsKRmV4gHSCKsTVCLUyQZLVyRYcTwpGSC+koD/k9aNds9sWvXp5X6xTyyIjgAh+AYuOAM1MEVaIAmwECCe/AInqwH69l6sV5npQVr3rMPFmC9fQIPGqD8</latexit>

Û1, . . . , Ûk
<latexit sha1_base64="r+CMZemwgTy5GwadRm56ZaviFAA=">AAACJ3icdVDLSsNAFJ34rPUVdaebwSK4KCWpgq6k4MZlBdMW2lAm00k7dPJg5qZQQsCvEVzpn7gTXfoTrp30AdbHgWEO59zLvfd4seAKLOvdWFpeWV1bL2wUN7e2d3bNvf2GihJJmUMjEcmWRxQTPGQOcBCsFUtGAk+wpje8zv3miEnFo/AOxjFzA9IPuc8pAS11zcPOgEDqZF273BG9CFR5Lgy7ZsmqVK0c+DexK5PfKqEZ6l3zs9OLaBKwEKggSrVtKwY3JRI4FSwrdhLFYkKHpM/amoYkYMpNJzdk+EQrPexHUr8Q8ET93pGSQKlx4OnKgMBA/fRy8S+vnYB/6aY8jBNgIZ0O8hOBIcJ5ILjHJaMgxpoQKrneFdMBkYSCjm1ximSjhStSSgTNijqoeRr4f9KoVuyzSvX2vFS7mkVWQEfoGJ0iG12gGrpBdeQgiu7RA3pCz8aj8WK8Gm/T0iVj1nOAFmB8fAEWMqa8</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>



Figures of Merit

‣ Number of bits sent: k

‣ Transmission time: n

‣ Rate R = k/n

‣ Error probability:
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Decoder

Encoder
X1, . . . , Xn

<latexit sha1_base64="y0a7I116JC4u1EloByLOHV6r4Zk=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBdsOtOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffViKTmLSwYEJ6IVKEUU5ammpGvFQSlISMdMLhVeF3RkQqKvitHqfET1Cf05hipI105wVurccioVXNC3hQqTp23SkAfxPXnv5OFczRDCofvUjgLCFcY4aU6rpOqv0cSU0xI5NyL1MkRXiI+qRrKEcJUX4+3XoCj40SwVhI87iGU/V7R44SpcZJaCoTpAfqp1eIf3ndTMcXfk55mmnC8WxQnDGoBSwigBGVBGs2NgRhSc2uEA+QRFiboBanSDJauCLHiOFJ2QT1lQb8n7Trtntq12/Oqo3LeWQlcAiOwAlwwTlogGvQBC2AgQT34BE8WQ/Ws/Vivc5Kl6x5zwFYgPX2CQu7oPo=</latexit>

U1, . . . , Uk
<latexit sha1_base64="WA3kx81DdJKFY+fkvHNghH+lyak=">AAACGXicdVDLSgMxFM34rPVVdekmWAQXZZipgq6k4MZlBacttOOQyWTa0EwyJJlCGfofgiv9E3fi1pU/4tpMW8H6OBByOOde7r0nTBlV2nHeraXlldW19dJGeXNre2e3srffUiKTmHhYMCE7IVKEUU48TTUjnVQSlISMtMPhVeG3R0QqKvitHqfET1Cf05hipI105wVurccioVXNC4ZBperYdacA/E1ce/o7VTBHM6h89CKBs4RwjRlSqus6qfZzJDXFjEzKvUyRFOEh6pOuoRwlRPn5dOsJPDZKBGMhzeMaTtXvHTlKlBonoalMkB6on14h/uV1Mx1f+DnlaaYJx7NBccagFrCIAEZUEqzZ2BCEJTW7QjxAEmFtglqcIslo4YocI4YnZRPUVxrwf9Kq2+6pXb85qzYu55GVwCE4AifABeegAa5BE3gAAwnuwSN4sh6sZ+vFep2VLlnzngOwAOvtE/yXoPE=</latexit>

Y1, . . . , Yn
<latexit sha1_base64="c8vqUGan7oRdv60gSLlxnCK9pfw=">AAACGXicdVDLSgMxFM3UV62vqks3wSK4KMNMFXQlBTcuK9jW0o5DJpNpQzPJkGQKZeh/CK70T9yJW1f+iGszbQXr40DI4Zx7ufeeIGFUacd5twpLyyura8X10sbm1vZOeXevpUQqMWliwYS8DZAijHLS1FQzcptIguKAkXYwvMz99ohIRQW/0eOEeDHqcxpRjLSR7jq+W+2xUGhV7fjcL1ccu+bkgL+Ja09/pwLmaPjlj14ocBoTrjFDSnVdJ9FehqSmmJFJqZcqkiA8RH3SNZSjmCgvm249gUdGCWEkpHlcw6n6vSNDsVLjODCVMdID9dPLxb+8bqqjcy+jPEk14Xg2KEoZ1ALmEcCQSoI1GxuCsKRmV4gHSCKsTVCLUyQZLVyRYcTwpGSC+koD/k9aNds9sWvXp5X6xTyyIjgAh+AYuOAM1MEVaIAmwECCe/AInqwH69l6sV5npQVr3rMPFmC9fQIPGqD8</latexit>

Û1, . . . , Ûk
<latexit sha1_base64="r+CMZemwgTy5GwadRm56ZaviFAA=">AAACJ3icdVDLSsNAFJ34rPUVdaebwSK4KCWpgq6k4MZlBdMW2lAm00k7dPJg5qZQQsCvEVzpn7gTXfoTrp30AdbHgWEO59zLvfd4seAKLOvdWFpeWV1bL2wUN7e2d3bNvf2GihJJmUMjEcmWRxQTPGQOcBCsFUtGAk+wpje8zv3miEnFo/AOxjFzA9IPuc8pAS11zcPOgEDqZF273BG9CFR5Lgy7ZsmqVK0c+DexK5PfKqEZ6l3zs9OLaBKwEKggSrVtKwY3JRI4FSwrdhLFYkKHpM/amoYkYMpNJzdk+EQrPexHUr8Q8ET93pGSQKlx4OnKgMBA/fRy8S+vnYB/6aY8jBNgIZ0O8hOBIcJ5ILjHJaMgxpoQKrneFdMBkYSCjm1ximSjhStSSgTNijqoeRr4f9KoVuyzSvX2vFS7mkVWQEfoGJ0iG12gGrpBdeQgiu7RA3pCz8aj8WK8Gm/T0iVj1nOAFmB8fAEWMqa8</latexit>

Pe = P(Uk 6= Ûk)
<latexit sha1_base64="/4T3coNfjq4RR1sxYjX1VQ5y5ho=">AAACFXicdVDLSgMxFM34rPU16k43wSLUTZlWQTdKwY3LCk5b6LQlk95pQzOZIckUylDwL/wDt/oD7sSta/d+iOlDsD4OhBzOuZd77/FjzpR2nHdrYXFpeWU1s5Zd39jc2rZ3dqsqSiQFl0Y8knWfKOBMgKuZ5lCPJZDQ51Dz+1djvzYAqVgkbvUwhmZIuoIFjBJtpLa9X2kDvsCVvNvqY08A9npEp+6o1T9u2zmnUHLGwL9JsTD5nRyaodK2P7xORJMQhKacKNUoOrFupkRqRjmMsl6iICa0T7rQMFSQEFQzndwwwkdG6eAgkuYJjSfq946UhEoNQ99UhkT31E9vLP7lNRIdnDdTJuJEg6DTQUHCsY7wOBDcYRKo5kNDCJXM7Ippj0hCtYltfoqEwShrYvm6Hf9PqqVC8aRQujnNlS9nAWXQATpEeVREZ6iMrlEFuYiiO/SAHtGTdW89Wy/W67R0wZr17KE5WG+fsvidtA==</latexit>

W(·|·)
<latexit sha1_base64="IPQBAEX+/GL6k/imlMv2PyY+SBQ=">AAACB3icdVDLSgMxFM3UV62vqks3wSLUzTBTBV1JwY3LCvYB7VgymUwbmkmGJFMoYz/AP3CrP+BO3PoZ7v0QM9MK1seBJIdz7uXeHD9mVGnHebcKS8srq2vF9dLG5tb2Tnl3r6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttjy4zvz0mUlHBb/QkJl6EBpyGFCNtpNt2tYcDoe/y+7hfrjh2zckAfxPXzl+nAuZo9MsfvUDgJCJcY4aU6rpOrL0USU0xI9NSL1EkRniEBqRrKEcRUV6abz2FR0YJYCikOVzDXP3ekaJIqUnkm8oI6aH66WXiX1430eG5l1IeJ5pwPBsUJgxqAbMIYEAlwZpNDEFYUrMrxEMkEdYmqMUpkoynJRPL19/h/6RVs90Tu3Z9WqlfzAMqggNwCKrABWegDq5AAzQBBhI8gEfwZN1bz9aL9TorLVjznn2wAOvtExTNmc0=</latexit>



Second-Order Coding Rate
‣ Def:

7

R(n,�) =m�x
⇢k
n
: � an (n, k, Pe) code with Pe  �

�

<latexit sha1_base64="Lq91+J2/QjCoJEXGYZGTvSmwKV0="></latexit>

R(ƒb)(n,�) =m�x
⇢k
n
: � an (n, k, Pe) feedback code with Pe  �

�

<latexit sha1_base64="HK0NUM2Je+7UMvOKyQXEdCJ2nRw="></latexit>



Second-Order Coding Rate
‣ Def:

7

R(n,�) =m�x
⇢k
n
: � an (n, k, Pe) code with Pe  �

�

<latexit sha1_base64="Lq91+J2/QjCoJEXGYZGTvSmwKV0="></latexit>

R(ƒb)(n,�) =m�x
⇢k
n
: � an (n, k, Pe) feedback code with Pe  �

�

<latexit sha1_base64="HK0NUM2Je+7UMvOKyQXEdCJ2nRw="></latexit>

‣ Theorem (cf. Shannon ’56): 

where C is the capacity:

lim
n!�R(n,�) = lim

n!�R(ƒb)(n,�) = C if 0 < � < 1
<latexit sha1_base64="6PQTUzAB00hjHFxs9C0tJ3vHzQU="></latexit>

C =m�x
P

�(P;W) =m�x
P

EP�W

ñ
log

W(Y |X)
PW(Y)

ô

<latexit sha1_base64="rDo/Cu1wuEarbn7weRXlLpC1m4I="></latexit>



Second-Order Coding Rate
‣ Def:
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R(n,�) =m�x
⇢k
n
: � an (n, k, Pe) code with Pe  �

�

<latexit sha1_base64="Lq91+J2/QjCoJEXGYZGTvSmwKV0="></latexit>

R(ƒb)(n,�) =m�x
⇢k
n
: � an (n, k, Pe) feedback code with Pe  �

�

<latexit sha1_base64="HK0NUM2Je+7UMvOKyQXEdCJ2nRw="></latexit>



Second-Order Coding Rate
‣ Def:

8

R(n,�) =m�x
⇢k
n
: � an (n, k, Pe) code with Pe  �

�

<latexit sha1_base64="Lq91+J2/QjCoJEXGYZGTvSmwKV0="></latexit>

R(ƒb)(n,�) =m�x
⇢k
n
: � an (n, k, Pe) feedback code with Pe  �

�

<latexit sha1_base64="HK0NUM2Je+7UMvOKyQXEdCJ2nRw="></latexit>

ñ
Think: R(n,�) ⇡ C+

�(�)
p
n
+ · · ·
ô

<latexit sha1_base64="cgGnJfrk5drReiWXamYgtyXMkUs="></latexit>



Second-Order Coding Rate
‣ Def:

8

R(n,�) =m�x
⇢k
n
: � an (n, k, Pe) code with Pe  �

�

<latexit sha1_base64="Lq91+J2/QjCoJEXGYZGTvSmwKV0="></latexit>

R(ƒb)(n,�) =m�x
⇢k
n
: � an (n, k, Pe) feedback code with Pe  �

�

<latexit sha1_base64="HK0NUM2Je+7UMvOKyQXEdCJ2nRw="></latexit>

‣ Def: Second-Order Coding Rate (SOCR):

�(�) = lim
n!� (R(n,�)� C)

p
n

<latexit sha1_base64="3bCGiegj2EdukBVTPx3YtDypQcY="></latexit>

�(ƒb)(�) = lim
n!� (R

(ƒb)(n,�)� C)pn
<latexit sha1_base64="wz3UyOAt45yGFTLTrlYgJMO2J3M="></latexit>

ñ
Think: R(n,�) ⇡ C+

�(�)
p
n
+ · · ·
ô

<latexit sha1_base64="cgGnJfrk5drReiWXamYgtyXMkUs="></latexit>



‣ Def: Second-Order Coding Rate (SOCR):

Does Feedback Help?

9

�(�) = lim
n!� (R(n,�)� C)

p
n

<latexit sha1_base64="3bCGiegj2EdukBVTPx3YtDypQcY="></latexit>

�(ƒb)(�) = lim
n!� (R

(ƒb)(n,�)� C)pn
<latexit sha1_base64="wz3UyOAt45yGFTLTrlYgJMO2J3M="></latexit>



‣ Def: Second-Order Coding Rate (SOCR):

Does Feedback Help?

9

�(�) = lim
n!� (R(n,�)� C)

p
n

<latexit sha1_base64="3bCGiegj2EdukBVTPx3YtDypQcY="></latexit>

�(ƒb)(�) = lim
n!� (R

(ƒb)(n,�)� C)pn
<latexit sha1_base64="wz3UyOAt45yGFTLTrlYgJMO2J3M="></latexit>

‣ Theorem [Polyanskiy, Poor, Verdú (’11)]: For symmetric channels, the 
SOCR is not improved with feedback: 

�(�) = �(ƒb)(�)
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‣ For symmetric channels, feedback does not improve:

- the error exponent (for large rates) [Haroutunian ’77; Dobrushin ’62]

- the order of the polynomial pre-factor in the error exponent 
(for large rates) [Altuğ-Wagner ’21]

- the third-order coding rate [Polyanskiy et al. ’11, Altuğ-Wagner ’21]

- the moderate deviations performance [Altuğ-Poor-Verdú (’15)]

‣ For asymmetric channels,

- The high-rate error exponent is not improved by feedback 
[Nakiboğlu ’19, Augustin ’78]

- We will show that the second-order coding rate can be 
improved by feedback via a novel mechanism.
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‣ You begin with $0

‣ You select which coin to flip at each of n steps

‣ How to minimize chance that your final wealth is < $α ?

‣ Does “feedback” help?
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With feedback, we can do better.
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Z t
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Strategies: Continuous-Time

‣ Let B(·) be a standard Brownian motion.

‣ Let                                           be a controlled diffusion

‣ How to select σ(·,·) to minimize P(X(1) < α)?

‣ Theorem (McNamara ’83): The bang-bang controller

is optimal.
21
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�(�, s) =
®
�1 if � � �
�2 if � < �
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<latexit sha1_base64="Y7y0rdAOyu/5tG2LWJI6VvWDmO8="></latexit>

where �(·, ·) 2 [�1,�2]; �1 > 0
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In the Real World

‣ McNamara ’83: foraging animals
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The McNamara Threshold
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0

Let �(ƒb)(�,�1,�2) =m�x{� : with feedback, Pr(failure)  �}.
<latexit sha1_base64="jdJPt1baMXy/FlXZBB3Jj/Jen4U="></latexit>
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Let �(�,�1,�2) =m�x{� : without feedback, Pr(failure)  �}.
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Let �(ƒb)(�,�1,�2) =m�x{� : with feedback, Pr(failure)  �}.
<latexit sha1_base64="jdJPt1baMXy/FlXZBB3Jj/Jen4U="></latexit>
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The McNamara Threshold
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Let �(�,�1,�2) =m�x{� : without feedback, Pr(failure)  �}.
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Let �(ƒb)(�,�1,�2) =m�x{� : with feedback, Pr(failure)  �}.
<latexit sha1_base64="jdJPt1baMXy/FlXZBB3Jj/Jen4U="></latexit>

�(�,�1,�2) < �(ƒb)(�,�1,�2) iff �1 < �2
<latexit sha1_base64="6+i2cVihlglsoY3Gdl+jXi3qebc="></latexit>



A Key Lemma
‣ Def: a controller is a function 

which along with the channel W defines a joint distribution

26

ƒ : (X ⇥ Y)� ! P(X )
<latexit sha1_base64="2ALqESfpg8sEhfEy1/bVQ6m29ls="></latexit><latexit sha1_base64="2ALqESfpg8sEhfEy1/bVQ6m29ls="></latexit><latexit sha1_base64="2ALqESfpg8sEhfEy1/bVQ6m29ls="></latexit><latexit sha1_base64="2ALqESfpg8sEhfEy1/bVQ6m29ls="></latexit>

(ƒ �W)(�n, yn) =
nY

�=1
(ƒ (���1, y��1))(��)W(y�|��)

<latexit sha1_base64="CuiRLGg/+3Q6RFw/PBVDAH9wTFc="></latexit>
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‣ Non-feedback version as well.

‣ $64K question: can we control the variance of the increments?
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<latexit sha1_base64="yQybhX5wrV87hgqdbU1VS0CFlWM=">AAACV3icfZBLSwMxEMen66vWV6tHL8EieCpbEdSLCF4ELxXsA7qlZNNpG5pklyQrlqUfyk8jetIv4dlsW8H6Ggj585sZZuYfxoIb6/vPOW9peWV1Lb9e2Njc2t4plnYbJko0wzqLRKRbITUouMK65VZgK9ZIZSiwGY6usnzzHrXhkbqz4xg7kg4U73NGrUPd4k2gkm4gqR1qmUquJiQQSBr/IvowQwutDnaLZb9y7GdBfopqZfr7ZZhHrVt8D3oRSyQqywQ1pl31Y9tJqbacCZwUgsRgTNmIDrDtpKISTSedHj0hh470SD/S7ilLpvRrR0qlMWMZuspsR/M9l8Hfcu3E9s86KVdxYlGx2aB+IoiNSOYg6XGNzIqxE5Rp7nYlbEg1Zdb5vDhF4/3CFSmjgk0KzqhPN8jfon5cOa9Ub0/Klxdzx/KwDwdwBFU4hUu4hhrUgcEjPMErvOVePPBWvfys1MvNe/ZgIbzSBxkXt+8=</latexit><latexit sha1_base64="yQybhX5wrV87hgqdbU1VS0CFlWM=">AAACV3icfZBLSwMxEMen66vWV6tHL8EieCpbEdSLCF4ELxXsA7qlZNNpG5pklyQrlqUfyk8jetIv4dlsW8H6Ggj585sZZuYfxoIb6/vPOW9peWV1Lb9e2Njc2t4plnYbJko0wzqLRKRbITUouMK65VZgK9ZIZSiwGY6usnzzHrXhkbqz4xg7kg4U73NGrUPd4k2gkm4gqR1qmUquJiQQSBr/IvowQwutDnaLZb9y7GdBfopqZfr7ZZhHrVt8D3oRSyQqywQ1pl31Y9tJqbacCZwUgsRgTNmIDrDtpKISTSedHj0hh470SD/S7ilLpvRrR0qlMWMZuspsR/M9l8Hfcu3E9s86KVdxYlGx2aB+IoiNSOYg6XGNzIqxE5Rp7nYlbEg1Zdb5vDhF4/3CFSmjgk0KzqhPN8jfon5cOa9Ub0/Klxdzx/KwDwdwBFU4hUu4hhrUgcEjPMErvOVePPBWvfys1MvNe/ZgIbzSBxkXt+8=</latexit><latexit sha1_base64="yQybhX5wrV87hgqdbU1VS0CFlWM=">AAACV3icfZBLSwMxEMen66vWV6tHL8EieCpbEdSLCF4ELxXsA7qlZNNpG5pklyQrlqUfyk8jetIv4dlsW8H6Ggj585sZZuYfxoIb6/vPOW9peWV1Lb9e2Njc2t4plnYbJko0wzqLRKRbITUouMK65VZgK9ZIZSiwGY6usnzzHrXhkbqz4xg7kg4U73NGrUPd4k2gkm4gqR1qmUquJiQQSBr/IvowQwutDnaLZb9y7GdBfopqZfr7ZZhHrVt8D3oRSyQqywQ1pl31Y9tJqbacCZwUgsRgTNmIDrDtpKISTSedHj0hh470SD/S7ilLpvRrR0qlMWMZuspsR/M9l8Hfcu3E9s86KVdxYlGx2aB+IoiNSOYg6XGNzIqxE5Rp7nYlbEg1Zdb5vDhF4/3CFSmjgk0KzqhPN8jfon5cOa9Ub0/Klxdzx/KwDwdwBFU4hUu4hhrUgcEjPMErvOVePPBWvfys1MvNe/ZgIbzSBxkXt+8=</latexit><latexit sha1_base64="yQybhX5wrV87hgqdbU1VS0CFlWM=">AAACV3icfZBLSwMxEMen66vWV6tHL8EieCpbEdSLCF4ELxXsA7qlZNNpG5pklyQrlqUfyk8jetIv4dlsW8H6Ggj585sZZuYfxoIb6/vPOW9peWV1Lb9e2Njc2t4plnYbJko0wzqLRKRbITUouMK65VZgK9ZIZSiwGY6usnzzHrXhkbqz4xg7kg4U73NGrUPd4k2gkm4gqR1qmUquJiQQSBr/IvowQwutDnaLZb9y7GdBfopqZfr7ZZhHrVt8D3oRSyQqywQ1pl31Y9tJqbacCZwUgsRgTNmIDrDtpKISTSedHj0hh470SD/S7ilLpvRrR0qlMWMZuspsR/M9l8Hfcu3E9s86KVdxYlGx2aB+IoiNSOYg6XGNzIqxE5Rp7nYlbEg1Zdb5vDhF4/3CFSmjgk0KzqhPN8jfon5cOa9Ub0/Klxdzx/KwDwdwBFU4hUu4hhrUgcEjPMErvOVePPBWvfys1MvNe/ZgIbzSBxkXt+8=</latexit>

Fact: PW = Q� for all P : �(P;W) = C
<latexit sha1_base64="Z7zdp5ixOZbiq15ZhdA/9AtZpnA="></latexit>

Vmax = m�x
P:�(P;W)=C

V�rP�W

ñ
log

W(Y |X)
Q�(Y)

ô

<latexit sha1_base64="rHXtQ2pqyt4IZJehixI1bcHt7KU="></latexit>

Vmin = min
P:�(P;W)=C

V�rP�W

ñ
log

W(Y |X)
Q�(Y)

ô

<latexit sha1_base64="sKoDcXwaWel1acWmvK8PwuTHPVk="></latexit>

�min =min
�

V�rW(·|�)

ñ
log

W(Y |�)
Q�(Y)

ô

<latexit sha1_base64="5Mk72F+7ULQZQdxo7FgLEOPJAM8="></latexit>

�max =m�x
�

V�rW(·|�)

ñ
log

W(Y |�)
Q�(Y)

ô

<latexit sha1_base64="0mCKDh2C/5sK5jj2ZIdv/CrDnBY="></latexit>



Variance Definitions

27

Def:

[assumed > 0  
throughout]

Fact: PW = Q� for all P : �(P;W) = C
<latexit sha1_base64="Z7zdp5ixOZbiq15ZhdA/9AtZpnA="></latexit>

Compound dispersion if Vmin < Vm�x. Otherwise simple dispersion.
<latexit sha1_base64="NIeMhyhp/R9q5p4kQQVx2dnQUQ8=">AAACX3icdVDLSiNBFK207/jqcVbipjAKrppOXOhCBsGNOx0wUUhCqK6+bQrrRVW1Gpr+Qf/A5cB8gFtnNdVJhPi6UNTh3Oc5iebMujh+rgVz8wuLS8sr9dW19Y3N8MdWx6rcUGhTxZW5SYgFziS0HXMcbrQBIhIO18ndWZW/vgdjmZJXbqShL8itZBmjxHlqEKY9EHpYnCmhVS5TnDKrJ+UlZhne6wx6grihEYVgnjrBMwR5LP cifOGGYB6YBTwZZZnQHGYGReUgbMRRK64CfwbNaPzHDTSNy0H4t5cqmguQjnJibbcZa9cviHGMcijrvdyCJvSO3ELXQ0kE2H4xdqPE+55JcaaMf9LhMTvbURBh7UgkvrJSYj/mKvKrXDd32XG/YFLnDiSdLMpyjp3ClbVesgHq+MgDQg3zt2I6JIZQ5414v8XAfVn3trxpx9+DTitqHkat363G6a+pQctoB+2iA9RER+gUnaNL1EYUPaEX9Ir+1f4ES8FGEE5Kg9q05yd6F8H2f7Ahuo4=</latexit>

Vmax = m�x
P:�(P;W)=C

V�rP�W

ñ
log

W(Y |X)
Q�(Y)

ô

<latexit sha1_base64="rHXtQ2pqyt4IZJehixI1bcHt7KU="></latexit>
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P:�(P;W)=C

V�rP�W

ñ
log

W(Y |X)
Q�(Y)

ô

<latexit sha1_base64="sKoDcXwaWel1acWmvK8PwuTHPVk="></latexit>

�min =min
�

V�rW(·|�)

ñ
log

W(Y |�)
Q�(Y)

ô

<latexit sha1_base64="5Mk72F+7ULQZQdxo7FgLEOPJAM8="></latexit>

�max =m�x
�

V�rW(·|�)

ñ
log

W(Y |�)
Q�(Y)

ô

<latexit sha1_base64="0mCKDh2C/5sK5jj2ZIdv/CrDnBY="></latexit>
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Def:

[assumed > 0  
throughout]

Fact: PW = Q� for all P : �(P;W) = C
<latexit sha1_base64="Z7zdp5ixOZbiq15ZhdA/9AtZpnA="></latexit>

Vmax = m�x
P:�(P;W)=C

V�rP�W

ñ
log

W(Y |X)
Q�(Y)

ô

<latexit sha1_base64="rHXtQ2pqyt4IZJehixI1bcHt7KU="></latexit>

Vmin = min
P:�(P;W)=C

V�rP�W

ñ
log

W(Y |X)
Q�(Y)

ô

<latexit sha1_base64="sKoDcXwaWel1acWmvK8PwuTHPVk="></latexit>

�min =min
�

V�rW(·|�)

ñ
log

W(Y |�)
Q�(Y)

ô

<latexit sha1_base64="5Mk72F+7ULQZQdxo7FgLEOPJAM8="></latexit>

�max =m�x
�

V�rW(·|�)

ñ
log

W(Y |�)
Q�(Y)

ô

<latexit sha1_base64="0mCKDh2C/5sK5jj2ZIdv/CrDnBY="></latexit>

A channel with a unique capacity-achieving input 
distribution is necessarily simple dispersion.



A Compound Dispersion Example

28

W(y|�) =

2
666664

p 0.5(1 � p) 0.5(1 � p)
0.5(1 � p) p 0.5(1 � p)
0.5(1 � p) 0.5(1 � p) p

q 1 � q 0
0 q 1 � q

1 � q 0 q

3
777775

<latexit sha1_base64="gO7bfvoKDwdFi8jVOlI+lALsW5E="></latexit>

if
and
then

p = 0.8
q ⇡ 0.337

Vmin = .102
Vm�x = .692

<latexit sha1_base64="tGZpEqPi+7Ikt+pceAuFuXZjeEM="></latexit>



A Compound Dispersion Example

28

W(y|�) =

2
666664

p 0.5(1 � p) 0.5(1 � p)
0.5(1 � p) p 0.5(1 � p)
0.5(1 � p) 0.5(1 � p) p

q 1 � q 0
0 q 1 � q

1 � q 0 q

3
777775

<latexit sha1_base64="gO7bfvoKDwdFi8jVOlI+lALsW5E="></latexit>

if
and
then

1/3
<latexit sha1_base64="r0wGHFRi/h/BScGNq9ueqS8/PBU=">AAAB/HicdVDJSgNBEK1xjXGLevTSGARP40wi6EkCXjxGNAskQ+jpVJImPQvdPYEwxD/wqj/gTbz6L979EHuSCMblQdOP96qoqufHgivtOO/W0vLK6tp6biO/ubW9s1vY26+rKJEMaywSkWz6VKHgIdY01wKbsUQa+AIb/vAq8xsjlIpH4Z0ex+gFtB/yHmdUG+nWPS13CkXHLjkZyG/i2tPfKcIc1U7ho92NWBJgqJmgSrVcJ9ZeSqXmTOAk304UxpQNaR9bhoY0QOWl01Un5NgoXdKLpHmhJlP1e0dKA6XGgW8qA6oH6qeXiX95rUT3LryUh3GiMWSzQb1EEB2R7G7S5RKZFmNDKJPc7ErYgErKtElncYrE0SRvYvm6nfxP6iXbLdulm7Ni5XIeUA4O4QhOwIVzqMA1VKEGDPrwAI/wZN1bz9aL9TorXbLmPQewAOvtEwuqlMI=</latexit>

1/3
<latexit sha1_base64="r0wGHFRi/h/BScGNq9ueqS8/PBU=">AAAB/HicdVDJSgNBEK1xjXGLevTSGARP40wi6EkCXjxGNAskQ+jpVJImPQvdPYEwxD/wqj/gTbz6L979EHuSCMblQdOP96qoqufHgivtOO/W0vLK6tp6biO/ubW9s1vY26+rKJEMaywSkWz6VKHgIdY01wKbsUQa+AIb/vAq8xsjlIpH4Z0ex+gFtB/yHmdUG+nWPS13CkXHLjkZyG/i2tPfKcIc1U7ho92NWBJgqJmgSrVcJ9ZeSqXmTOAk304UxpQNaR9bhoY0QOWl01Un5NgoXdKLpHmhJlP1e0dKA6XGgW8qA6oH6qeXiX95rUT3LryUh3GiMWSzQb1EEB2R7G7S5RKZFmNDKJPc7ErYgErKtElncYrE0SRvYvm6nfxP6iXbLdulm7Ni5XIeUA4O4QhOwIVzqMA1VKEGDPrwAI/wZN1bz9aL9TorXbLmPQewAOvtEwuqlMI=</latexit>

1/3
<latexit sha1_base64="r0wGHFRi/h/BScGNq9ueqS8/PBU=">AAAB/HicdVDJSgNBEK1xjXGLevTSGARP40wi6EkCXjxGNAskQ+jpVJImPQvdPYEwxD/wqj/gTbz6L979EHuSCMblQdOP96qoqufHgivtOO/W0vLK6tp6biO/ubW9s1vY26+rKJEMaywSkWz6VKHgIdY01wKbsUQa+AIb/vAq8xsjlIpH4Z0ex+gFtB/yHmdUG+nWPS13CkXHLjkZyG/i2tPfKcIc1U7ho92NWBJgqJmgSrVcJ9ZeSqXmTOAk304UxpQNaR9bhoY0QOWl01Un5NgoXdKLpHmhJlP1e0dKA6XGgW8qA6oH6qeXiX95rUT3LryUh3GiMWSzQb1EEB2R7G7S5RKZFmNDKJPc7ErYgErKtElncYrE0SRvYvm6nfxP6iXbLdulm7Ni5XIeUA4O4QhOwIVzqMA1VKEGDPrwAI/wZN1bz9aL9TorXbLmPQewAOvtEwuqlMI=</latexit>

Pm�x
<latexit sha1_base64="uYR/3YD1Wit6UtCS7KBh6Qf9gHQ=">AAACB3icdVDLSsNAFL2pr1pfVZduBovgKiRV0JUU3LisYB/QxjKZTtqhM0mYmRRLyAf4B271B9yJWz/DvR/ipK1gfVwY5nDOvdxzjx9zprTjvFuFpeWV1bXiemljc2t7p7y711RRIgltkIhHsu1jRTkLaUMzzWk7lhQLn9OWP7rM9daYSsWi8EZPYuoJPAhZwAjWhrqt97oC66EUqcB3Wa9cceyqkxf6DVx7+jsVmFe9V/7o9iOSCBpqwrFSHdeJtZdiqRnhNCt1E0VjTEZ4QDsGhlhQ5aVT1xk6MkwfBZE0L9Royn6fSLFQaiJ805l7VD+1nPxL6yQ6OPdSFsaJpiGZLQoSjnSE8ghQn0lKNJ8YgIlkxisiQywx0SaoxS2SjrOSieXrdvQ/aFZt98SuXp9WahfzgIpwAIdwDC6cQQ2uoA4NICDhAR7hybq3nq0X63XWWrDmM/uwUNbbJxiamm8=</latexit>

p = 0.8
q ⇡ 0.337

Vmin = .102
Vm�x = .692

<latexit sha1_base64="tGZpEqPi+7Ikt+pceAuFuXZjeEM="></latexit>



A Compound Dispersion Example

28

W(y|�) =

2
666664

p 0.5(1 � p) 0.5(1 � p)
0.5(1 � p) p 0.5(1 � p)
0.5(1 � p) 0.5(1 � p) p

q 1 � q 0
0 q 1 � q

1 � q 0 q

3
777775

<latexit sha1_base64="gO7bfvoKDwdFi8jVOlI+lALsW5E="></latexit>

if
and
then

Pmin
<latexit sha1_base64="qiKV4GfqA/5+k5UV0TiudxfW+vQ=">AAACB3icdVDLSgMxFL3js9ZX1aWbYBFcDTNV0JUU3LisYB/QjiWTZtrQJDMkmUIZ+gH+gVv9AXfi1s9w74eYaStYHxdCDufcyz33hAln2njeu7O0vLK6tl7YKG5ube/slvb2GzpOFaF1EvNYtUKsKWeS1g0znLYSRbEIOW2Gw6tcb46o0iyWt2ac0EDgvmQRI9hY6q7W7QhsBkpkgslJt1T23IqXF/oNfHf6e2WYV61b+uj0YpIKKg3hWOu27yUmyLAyjHA6KXZSTRNMhrhP2xZKLKgOsqnrCTq2TA9FsbJPGjRlv09kWGg9FqHtzD3qn1pO/qW1UxNdBBmTSWqoJLNFUcqRiVEeAeoxRYnhYwswUcx6RWSAFSbGBrW4RdHRpGhj+bod/Q8aFdc/dSs3Z+Xq5TygAhzCEZyAD+dQhWuoQR0IKHiAR3hy7p1n58V5nbUuOfOZA1go5+0TFXSabQ==</latexit>

1/3
<latexit sha1_base64="r0wGHFRi/h/BScGNq9ueqS8/PBU=">AAAB/HicdVDJSgNBEK1xjXGLevTSGARP40wi6EkCXjxGNAskQ+jpVJImPQvdPYEwxD/wqj/gTbz6L979EHuSCMblQdOP96qoqufHgivtOO/W0vLK6tp6biO/ubW9s1vY26+rKJEMaywSkWz6VKHgIdY01wKbsUQa+AIb/vAq8xsjlIpH4Z0ex+gFtB/yHmdUG+nWPS13CkXHLjkZyG/i2tPfKcIc1U7ho92NWBJgqJmgSrVcJ9ZeSqXmTOAk304UxpQNaR9bhoY0QOWl01Un5NgoXdKLpHmhJlP1e0dKA6XGgW8qA6oH6qeXiX95rUT3LryUh3GiMWSzQb1EEB2R7G7S5RKZFmNDKJPc7ErYgErKtElncYrE0SRvYvm6nfxP6iXbLdulm7Ni5XIeUA4O4QhOwIVzqMA1VKEGDPrwAI/wZN1bz9aL9TorXbLmPQewAOvtEwuqlMI=</latexit>

1/3
<latexit sha1_base64="r0wGHFRi/h/BScGNq9ueqS8/PBU=">AAAB/HicdVDJSgNBEK1xjXGLevTSGARP40wi6EkCXjxGNAskQ+jpVJImPQvdPYEwxD/wqj/gTbz6L979EHuSCMblQdOP96qoqufHgivtOO/W0vLK6tp6biO/ubW9s1vY26+rKJEMaywSkWz6VKHgIdY01wKbsUQa+AIb/vAq8xsjlIpH4Z0ex+gFtB/yHmdUG+nWPS13CkXHLjkZyG/i2tPfKcIc1U7ho92NWBJgqJmgSrVcJ9ZeSqXmTOAk304UxpQNaR9bhoY0QOWl01Un5NgoXdKLpHmhJlP1e0dKA6XGgW8qA6oH6qeXiX95rUT3LryUh3GiMWSzQb1EEB2R7G7S5RKZFmNDKJPc7ErYgErKtElncYrE0SRvYvm6nfxP6iXbLdulm7Ni5XIeUA4O4QhOwIVzqMA1VKEGDPrwAI/wZN1bz9aL9TorXbLmPQewAOvtEwuqlMI=</latexit>

1/3
<latexit sha1_base64="r0wGHFRi/h/BScGNq9ueqS8/PBU=">AAAB/HicdVDJSgNBEK1xjXGLevTSGARP40wi6EkCXjxGNAskQ+jpVJImPQvdPYEwxD/wqj/gTbz6L979EHuSCMblQdOP96qoqufHgivtOO/W0vLK6tp6biO/ubW9s1vY26+rKJEMaywSkWz6VKHgIdY01wKbsUQa+AIb/vAq8xsjlIpH4Z0ex+gFtB/yHmdUG+nWPS13CkXHLjkZyG/i2tPfKcIc1U7ho92NWBJgqJmgSrVcJ9ZeSqXmTOAk304UxpQNaR9bhoY0QOWl01Un5NgoXdKLpHmhJlP1e0dKA6XGgW8qA6oH6qeXiX95rUT3LryUh3GiMWSzQb1EEB2R7G7S5RKZFmNDKJPc7ErYgErKtElncYrE0SRvYvm6nfxP6iXbLdulm7Ni5XIeUA4O4QhOwIVzqMA1VKEGDPrwAI/wZN1bz9aL9TorXbLmPQewAOvtEwuqlMI=</latexit>

p = 0.8
q ⇡ 0.337

Vmin = .102
Vm�x = .692

<latexit sha1_base64="tGZpEqPi+7Ikt+pceAuFuXZjeEM="></latexit>
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0 q 1 � q

1 � q 0 q

3
777775

<latexit sha1_base64="gO7bfvoKDwdFi8jVOlI+lALsW5E="></latexit>

if
and
then

p = 0.8
q ⇡ 0.337

Vmin = .102
Vm�x = .692

<latexit sha1_base64="tGZpEqPi+7Ikt+pceAuFuXZjeEM="></latexit>

[Many more examples when we consider cost constraints …]



SOCR without Feedback

29

‣ Theorem 0: (Strassen ’62) For any DMC, the SOCR satisfies:

�(�) = �(�,
p
Vmin,
p
Vm�x)

<latexit sha1_base64="hB5vDuyxw3w2iQA1kAvi+ei49O0="></latexit>



SOCR without Feedback

‣ Intuition: By the key lemma, SOCR is the max α such that 

where f is “open-loop.” Intuitively, optimal choice should be: 

29

‣ Theorem 0: (Strassen ’62) For any DMC, the SOCR satisfies:

�(�) = �(�,
p
Vmin,
p
Vm�x)

<latexit sha1_base64="hB5vDuyxw3w2iQA1kAvi+ei49O0="></latexit>

(
Pmin if �(�,

p
Vmin,
p
Vm�x) < 0

Pm�x if �(�,
p
Vmin,
p
Vm�x) > 0

<latexit sha1_base64="gV7bb+alwTAaR8rJ6/jv+j5pW3Q="></latexit>

lim
n!� inf

ƒ
(ƒ �W)

 
nX

�=1

Ç
log

W(Y�|X�)
(ƒW)(Y�|Y ��1)

� C
å
 �pn

!
< �

<latexit sha1_base64="zKUklZTipc/eNPMRUo1T8xndCAU="></latexit>



Second-Order Coding Rate w/ Feedback

30

‣ Theorem 1 (Wagner-Shende-Altuğ ’20):  For any DMC with feedback,

�(ƒb)(�) � �(ƒb)
⇣
�,
p
Vmin,
p
Vm�x

⌘

> �
⇣
�,
p
Vmin,
p
Vm�x

⌘
if Vm�x > Vmin

= �(�)
<latexit sha1_base64="YByI9KxAZTtCvNn2hlyoRPrRzdE="></latexit>



Second-Order Coding Rate w/ Feedback

30

‣ Theorem 1 (Wagner-Shende-Altuğ ’20):  For any DMC with feedback,

‣ Corollary (Wagner-Shende-Altuğ ’20): Feedback improves the second-
order coding rate for any compound-dispersion DMC.

�(ƒb)(�) � �(ƒb)
⇣
�,
p
Vmin,
p
Vm�x

⌘

> �
⇣
�,
p
Vmin,
p
Vm�x

⌘
if Vm�x > Vmin

= �(�)
<latexit sha1_base64="YByI9KxAZTtCvNn2hlyoRPrRzdE="></latexit>



Proof of Theorem 1

31



Proof of Theorem 1
‣ Key lemma:

31

lim
n!� inf

ƒ
(ƒ �W)

 
nX

�=1

Ç
log

W(Y�|X�)
(ƒW)(Y�|Y ��1)

� C
å
 �pn

!
< �

<latexit sha1_base64="zKUklZTipc/eNPMRUo1T8xndCAU="></latexit>



Proof of Theorem 1
‣ Key lemma:

‣ Choose f(xk,yk) to be capacity-achieving for each (xk,yk):

- Increment is zero mean

31

lim
n!� inf

ƒ
(ƒ �W)

 
nX

�=1

Ç
log

W(Y�|X�)
(ƒW)(Y�|Y ��1)

� C
å
 �pn

!
< �

<latexit sha1_base64="zKUklZTipc/eNPMRUo1T8xndCAU="></latexit>



ƒ (�k, yk) =
®
Pmin if running sum > �

p
n)

Pm�x if running sum  �pn)
<latexit sha1_base64="9GSKi/f0qzlwFzjX6q6uqMKmWZo="></latexit>

Proof of Theorem 1
‣ Key lemma:
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‣ Theorem 2 (Wagner-Shende-Altug): Feedback improves the 
second-order coding rate iff the channel is compound 
dispersion. 
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‣ Can reduce to controller such that Xn is empirically capacity 
achieving w.h.p. [Fong-Tan ’17]
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‣ By the key lemma, suffices to show that

‣ Can reduce to controller such that Xn is empirically capacity 
achieving w.h.p. [Fong-Tan ’17]

- Simple dispersion → sum of conditional variances of the 
terms in the sum given the past is fixed.

‣ Apply martingale CLT [Bolthausen ’82]
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Proof of Theorem 3
‣ By the key lemma, suffices to show that for any controller:

‣ Weaken by replacing fW with Q*:
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Proof of Theorem 3
‣ By the key lemma, suffices to show that for any controller:

‣ Weaken by replacing fW with Q*:
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Proof of Theorem 3
‣ By the key lemma, suffices to show that for any controller:

‣ Weaken by replacing fW with Q*:
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Proof of Theorem 3
‣ Theorem (Strassen ’67): If {Sn} is a square-integrable 

martingale with S0 = 0, then there exists a Brownian 
motion B(·) and a sequence of stopping times 0 = T0 ≤ T1 
≤... ≤ Tn such that 

and
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‣ So view f as selecting stopping times:
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Proof of Theorem 3
‣ Then view f as speeding up the BM instead of waiting:

40

‣ Such f is nearly a feasible scheme in McNamara’s problem 

‣ Make feasible and apply McNamara’s optimality result
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‣ Theorem 3 (Wagner-Shende-Altuğ ’20):  For any DMC with feedback,
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<latexit sha1_base64="S8mr9wP74toNid3+dw1THt4WaCg=">AAACDnicdVDLSgNBEOz1GeMr6tHLYBA8hU0U9CQBLx4jmocka5iddJIhs7PLzGwgLPkEwZP+iTfx6i/4I56dTSIYHwXDFFXddHf5keDauO67s7C4tLyymlnLrm9sbm3ndnZrOowVwyoLRagaPtUouMSq4UZgI1JIA19g3R9cpH59iErzUN6YUYReQHuSdzmjxkrXt3eyncu7hZKbgvwmxcLkd/MwQ6Wd+2h1QhYHKA0TVOtm0Y2Ml1BlOBM4zrZijRFlA9rDpqWSBqi9ZLLqmBxapUO6obJPGjJRv3ckNNB6FPi2MqCmr396qfiX14xN98xLuIxig5JNB3VjQUxI0rtJhytkRowsoUxxuythfaooMzad+SkKh3NXJIwKNs7aoL7SIP+TWqlQPC6Urk7y5fNZZBnYhwM4giKcQhkuoQJVYNCDe3iEJ+fBeXZenNdp6YIz69mDOThvnxy9nMo=</latexit>

power constraint: P

[PSK]

[QAM]
1

n
V�r
ñ
log

W(Yn|Xn)

Q�(Yn)

ô
=

P

P+N
<latexit sha1_base64="ZTKV8GF4u0A2RrI3zY8Ft1SZaYE="></latexit>

1

n
V�r
ñ
log

W(Yn|Xn)

Q�(Yn)

ô
=
P(P+ 2N)

2(P+N)2
<latexit sha1_base64="ZBoilQ24tfZHYN1meegDGkPyLhU="></latexit>

If Xn is drawn uniformly from the radius-
p
nP sphere:

<latexit sha1_base64="ODkn0Ce2eHotPstPq98lrD1413s="></latexit>

<latexit sha1_base64="ST6nERIa9W5AxVX72e5BRSNVYpA="></latexit>

If Xn is drawn i.i.d. N (0, P):
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Xn
<latexit sha1_base64="YIuR8aPeqouc8LvkzOjeuNFOdOI=">AAACDnicdVDJSgNBEK2JW4xb1KOXxiB4GiZR0JMEvHiMaBZIxtDTqSRNenqG7p5AGPIJgif9E2/i1V/wRzzbWQTj8qDpx3tVVNULYsG18bx3J7O0vLK6ll3PbWxube/kd/dqOkoUwyqLRKQaAdUouMSq4UZgI1ZIw0BgPRhcTvz6EJXmkbw1oxj9kPYk73JGjZVuGneynS94bsmbgPwmRXf6ewWYo9LOf7Q6EUtClIYJqnWz6MXGT6kynAkc51qJxpiyAe1h01JJQ9R+Ol11TI6s0iHdSNknDZmq3ztSGmo9CgNbGVLT1z+9ifiX10xM99xPuYwTg5LNBnUTQUxEJneTDlfIjBhZQpnidlfC+lRRZmw6i1MUDheuSBkVbJyzQX2lQf4ntZJbPHFL16eF8sU8siwcwCEcQxHOoAxXUIEqMOjBPTzCk/PgPDsvzuusNOPMe/ZhAc7bJxsTnMk=</latexit>

Zn ⇠ N (~0, � ·N)
<latexit sha1_base64="tuh/0HYHYY/NMuOYEjEDAhgilLM="></latexit>

Yn
<latexit sha1_base64="S8mr9wP74toNid3+dw1THt4WaCg=">AAACDnicdVDLSgNBEOz1GeMr6tHLYBA8hU0U9CQBLx4jmocka5iddJIhs7PLzGwgLPkEwZP+iTfx6i/4I56dTSIYHwXDFFXddHf5keDauO67s7C4tLyymlnLrm9sbm3ndnZrOowVwyoLRagaPtUouMSq4UZgI1JIA19g3R9cpH59iErzUN6YUYReQHuSdzmjxkrXt3eyncu7hZKbgvwmxcLkd/MwQ6Wd+2h1QhYHKA0TVOtm0Y2Ml1BlOBM4zrZijRFlA9rDpqWSBqi9ZLLqmBxapUO6obJPGjJRv3ckNNB6FPi2MqCmr396qfiX14xN98xLuIxig5JNB3VjQUxI0rtJhytkRowsoUxxuythfaooMzad+SkKh3NXJIwKNs7aoL7SIP+TWqlQPC6Urk7y5fNZZBnYhwM4giKcQhkuoQJVYNCDe3iEJ+fBeXZenNdp6YIz69mDOThvnxy9nMo=</latexit>

power constraint: P

[Similarly for any DMC with an active cost constraint]

[PSK]

[QAM]
1

n
V�r
ñ
log

W(Yn|Xn)

Q�(Yn)

ô
=

P

P+N
<latexit sha1_base64="ZTKV8GF4u0A2RrI3zY8Ft1SZaYE="></latexit>

1

n
V�r
ñ
log

W(Yn|Xn)

Q�(Yn)

ô
=
P(P+ 2N)

2(P+N)2
<latexit sha1_base64="ZBoilQ24tfZHYN1meegDGkPyLhU="></latexit>

If Xn is drawn uniformly from the radius-
p
nP sphere:

<latexit sha1_base64="ODkn0Ce2eHotPstPq98lrD1413s="></latexit>

<latexit sha1_base64="ST6nERIa9W5AxVX72e5BRSNVYpA="></latexit>

If Xn is drawn i.i.d. N (0, P):



Conclusion

46



Conclusion
‣ How does one use feedback to improve block coding 

performance in point-to-point channels?

46



Conclusion
‣ How does one use feedback to improve block coding 

performance in point-to-point channels?

‣ Exploit channel memory to predict the future

46



Conclusion
‣ How does one use feedback to improve block coding 

performance in point-to-point channels?

‣ Exploit channel memory to predict the future

‣ Learn the channel law

46



Conclusion
‣ How does one use feedback to improve block coding 

performance in point-to-point channels?

‣ Exploit channel memory to predict the future

‣ Learn the channel law

‣ Opportunistically vary the decoding time

46



Conclusion
‣ How does one use feedback to improve block coding 

performance in point-to-point channels?

‣ Exploit channel memory to predict the future

‣ Learn the channel law

‣ Opportunistically vary the decoding time

‣ Opportunistically vary the power

46



Conclusion
‣ How does one use feedback to improve block coding 

performance in point-to-point channels?

‣ Exploit channel memory to predict the future

‣ Learn the channel law

‣ Opportunistically vary the decoding time

‣ Opportunistically vary the power

‣ Increase the effective minimum distance

46



Conclusion
‣ How does one use feedback to improve block coding 

performance in point-to-point channels?

‣ Exploit channel memory to predict the future

‣ Learn the channel law

‣ Opportunistically vary the decoding time

‣ Opportunistically vary the power

‣ Increase the effective minimum distance

‣ Use timid/bold coding
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