ECE541: Stochastic Signals and Systems Fall 2018

Chapter 8: Random Processes
Dr. Salim El Rouayheb

1 Random Process

Definition 1. A discrete random process X (n), also denoted as X, is an infinite sequence of
random variables X1, Xo, X3,...; we think of n as the time index.

1. Mean function: px(n) = E[X(n)].
2. Auto-correlation function: Ry x(k,1) = E[X (k)X (1)].
3. Auto-covariance function: Kxx(k,l) = Rxx(k,1) — pux(k)ux(l).

Definition 2. X (n) is a Gaussian r.p. if Xi,, Xiy, ..., Xi,,

are jointly Gaussian for any m > 1.

Example 1. Let W(n) be an i.i.d Gaussian r.p with autocorrelation Ry w (k,1) = 025(k — 1) and
mean pyw (n) = 0Vn, where

0 otherwise.

(5(3:—(1):{1 TS

o k=I,
= wa(k}, l) =F [Wle] = )
0 otherwise.
Which means that for | =k,
Ry (k,1) = BIW/] = VW] = o,
and Wy & Wy are correlated. While for | # k,
RW(ka l) =0,

and W; €& Wy, are uncorrelated and therefore independent because they are jointly Gaussian.

A new averaging r. p. X(n) defined as

for example for n =1,



n

Figure 1: A possible realization of the random process W (n) and its corresponding averaging functionX (n).

Questions:

1. What is the pdf of X (n)?

2. Find the autocorrelation function Rxx (k,!)

Answers:

1. From previous chapters we know that X (n) is a Gaussian r.v. because it is a linear combi-
nation of Gaussian r.v. Hence, it is enough to find the mean and variance of X, to find its
pdf.
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BX()] =B |5 (Wo+ War)|

(E [Wn] +E [anl])a

S N

VX ()] =V B (Wi + Wn_l)] ,

(VW] +V [Wy_1]) because W,, & W,,_; are independent,
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OR:

VX (n)] = E[X2] — ik, (1)
=B |7 W+ Wao1)?] . (2)
_ i (B [W2] + E[W2_\] + 2B [W,Wn_1]), (3)
1
= Z (0'2 + 0‘2) , (4)
0.2
. 6

where equation follows from the fact that
E [Wan_1] = wa(n,n - 1) =0.

Therefore,

P () = ( o >
Xp\Tn) = =P | =3 |
277'% 27
1 z2
=——exp|——=|.
o\ P75
. Before we apply the formula, let us try to find the autocorrelation intuitively. By definition:

:W1+WO X2:W2+W1 X3:W3+W2

X
=79 2 2

It is clear that X7 and X3 are uncorrelated (independent) because they do not have any W;
in common and W (n) is i.i.d. However, X;, X5 and X9, X3 are correlated.

Rxx(k,l) = E[XpX],

= LEIWi+ Wiih) (Wi + W)
= (BWW] + B [WylWiii] + B (Wi Wil + B Wi Wi ])

Recall from the definition of W (n) that

o?/2 k=1, o?/4 kE=1-1,
ewawy =17/ | B =17/ .
0 otherwise, 0 otherwise,
o?/4 k=1+1 o2/2 k=1
E W W] = ’ EW, 4 W;_4] = ’
WiaWi] { 0 otherwise, Wia W] otherwise.
Therefore,
0.2
5 ]{3 — l,
0.2

k=141,

4
0 otherwise.
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Figure 2: A possible realization of the random walk process

Example 2. Random walk process

Let Wy = X = constant, and Wy, Ws, ... be i.i.d. random process with the following distribution

1
W, = p,
-1 1-—p.

The random walk process X,,, n =1,2,... is then defined as

Questions:

1. What is the pdf of X,,7
2. Find the mean function of X,,.

3. Find the variance of X,.

Answers:

1. X,, is a Binomial r.v. since it is the summation of Bernoulli r.v. So to find the pdf of X,, is
the same as finding P (X,, = h). Let U be the number of steps “up”, i.e., the corresponding
W; = 1; and let D be the number of steps “down”, i.e., the corresponding W; = —1,

7’L—|—h—X0
72 .

U—-D=h-Xp
U+D=n



Then,

n nth=Xg n—h+Xg
=(n+h_xo)p S (1)
2

Remark 1. if n >>>(n is big enough), X, ~ N(.,.) by CLT.

E[X,) = E[Xo]+ E[Wi]+---+ E[W,],
=Xo+n(1xp+(-=1)(1-p)),
=Xo+ (2p—1)n.

Leading to the following for different values of p:

1
lfp = ia E[Xn] = X07
1
if p> =, E[X,] —— 400,
2 n—00
1
ifp< -, E[X,] —— —o0.
2 n—00
3.
VI[Xn] =V I[Xo]+ VW] + -+ VW], (6)
= 4np(1 — p). (8)

Where equation ([6) is applicable because W(n), n =1,2,..., are i.i.d.

Remark 2. By CLT, when n — oo,

(zn—(zo+(2p—1)n))?

lim Fy, (z,) = /% - <_ 2(4(;11)(171))) )dx

n—oo T s V2m\/4dnp(1l — p) "
(In*wo)Q)

Fn CXP <_T 1
= dxy, or p=—).
/_OO L, (forp=3)

2 Brief review on the random walk process

Recall that the random walk process is a process that starts from a point Xg = hg. At each time
instant n, X, = X,,—1 £ 1 (c.f. fig. 3/ for an example).



Figure 3: An example of the random walk process, hg = 4.

3 Independent Increments

Definition 3. A Random Process is said to have independent increments if for allny < ns < -

nr,
Xy Xy — Xngy ooy Xnp — X

nr—i»
are jointly independent for all T > 1.
Example 3. The random walk process is an independent increment process.

For T =2 and ny < na,

X, =Wo+Wi 4+ Wy,
an:WO+W1+'”+W’VL1+Wn1+1+”'+Wn2'

Hence,
Xng _an — n1+1+Wn1+2+"'+Wn27

s independent of X, , because the W; are i.i.d.

Example 4. Consider the random walk process X, of last lecture where the W;, i = 1,2,...

’le, Wg = ho, fOT’i > 1

W — 1 with probability p = P (W; = +1),
"1 =1 with probability 1 —p = P(W; =-1),

and X, =Wo+Wi+---+W,.
Questions:

1. Find the probability P (X5 = a, X7 = b).

2. Find the autocorrelation function Rxx (k,[) of X,,.

are



Answers:

1. Recall from example 2 of last lecture that we can compute P (X,, = h) using the binomial
formula derived there. The first method to answer this question is by using Bayes’ rule:

P(Xs=a,X;=b) = P(Xs=a) P (X7 = b|Xs = a),
—P(Xs=a)P (X7 — X5 =b—a),
—P(Xs=a)P(Xs— Xo=b—a),
=P(Xs=0a)P (X2 =b—a+ X),

And the second method is by using the independent increment property of the random walk
process as follows:

P(X5:a,X7:b):P(X5:a,X7—X5:b—a), (9)
:P(X5:a)P(X7—X5:b—a). (10)
Equation follows from the independent increment property.

2. Now we can use this to find the autocorrelation function, assuming without loss of generality
that [ > k.

Rxx(k,1) = E[z(k)?],

E[(Wo+ Wi+ +Wp)?],

EWS+ Wi+ + W2 +2(WoWy + -+ WeWi_1)]
E [WZ] + kE [WE] 4 2ho (E[Wi] + -+ + E[Wi]) + 2E (Wi Wa + - - + Wy W3],

k(k—1
:h§+k+2m@p—1y+2(2)@p—ui
For p = %,
+k 1>k
Rxx(k,))=14 " ’
xx (k) {%+¢ I <k

= Rxx(k,1) = h2 + min(k,1).
Practice 1. Try to find at home Rxx(k,l) in a different way, i.e., using
RX)((]{?,Z): [(W1+W2—|—"'+Wk)(W1+W2+--'+M)].

Definition 4. A random process X (t) is stationary if it has the same nth-order CDF as X (t+T),
that is, the two n-dimensional functions

Fx(x1,...,xpit1, .. ty) = Fx(x1, .. cyopsti + T, ooty + 1)
are identically equal for all T, for all positive integers n, and for all t1,...,t,.

Example 5. Consider the i.i.d. Gaussian r.p. Wi, Wa, ... from last lecture.

W; ~ N(0,0%) Vi>1.
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Figure 4: Plot of a stationary random process. The points having the same symbol, or any group of them, have the same
distribution.

Question: Is this r.p. stationary?

Answer: This r.p. is stationary because:

1. All of the W;, i = 1,2,... have the same pdf, i.e., same mean and same variance.
2. Any two groups of them have the same jointly Gaussian distribution (since they are i.i.d).

Example 6. Consider the averaging process, defined as

- Wi+ Wiy

X; 5

Where W;, 1 =10,1,2,... are i.i.d Gaussian r.v.
Question: Is this r.p. stationary?

Answer:

1. The X;,i =1,2,... have the same pdf since the W;, i =0,1,2,... arei.i.d.

2. Recall that we got the auto-correlation function in the previous lecture:

2 k=1,
Rxx(k,l)=22 ifk=1+1,
0

if otherwise.



It can be seen that there is correlation between X; and Xj; if and only if the distance between
them is at most 1, i.e., j = i—1,4,i+1. For instance, consider fx, x, (x1,x4), since 1 # 3,4, 5,
thus X; and X4 are independent and

le,X4 (x1’$4) = fX1 (1‘1) fX4 ($4) >
= fxi,xu (11, 214)
= fxy, (211) fxp4 (214) -

Moreover, even though X; and X5 are correlated we can still say

fxix; (21, 22) = fxi1,x0, (211, 212)
because they are both jointly Gaussian r.v. and have the same covariance matrices. Therefore,
the averaging process is stationary.
This leads us to a more interesting case: the stationarity of the random walk process.

Example 7. Consider the random walk process X (n) defined as

X = h() n:O,
" ho+ Wi+ Wod -+ W, n>1.

Where hg = Wy = Xo = constant and W;, i = 1,2,... are Bernoulli r.v. that can take the values
+1 with probability p and 1 — p.

Question: Is the random walk process stationary?

Answer: By simply looking at the mean of X,,, for any m,

we see that for p # 0.5, F'[X,,] is a function of m. This means that the mean of each r.v. varies
with m. Thus, the pdf of two different points can not be the same. For p = 0.5, although the mean
is the same, the variance V (X,,) = 4np(1 — p) is increasing with time, hence two different points
have different distributions. Therefore, the random walk process is not stationary. Interpretation
can be found in Figure

Definition 5. X (n) is called wide sense stationary (WSS) process, iff:

1. E[X(n)]=FE[X(0)], ¥ n (average does not change with time).

2. Rxx(k,l) = Rxx(k+n,l4+n) = Rx(k—1) (the autocorrelation function depends only on the
time difference).

Example 8. Is a random walk process WSS?

In general, E(X,,) = (2p — 1)n + Xo changes with n. So, it does not satisfy the mean condition.
Also, since Rxx = h% + min(k,l) changes with k and 1, thus, it fails the auto-correlation condition
either. Therefore, the random walk process is not WSS.
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Figure 5

Lemma 1. If a random process X (n) is stationary, then it also is wide sense stationary.
X (n) stationary = X(n) is WSS.
Lemma 2. If X(n) is Gaussian r.p., then if X (n) is wide sense stationary, it is also stationary.
X (n) is Gaussian and WSS < X(n) is stationary.
Example 9. Let © be a R.V. uniformly distributed on [—m, 7] and X (n) = cos (nw + ©), where w

1S a constant.

Questions:

1. Is X(n) WSS?

2. Is X (n) stationary?

10



Answers:

1. To check the Mean Condition:

E[X(n)] = o fe(8) cos (nw + ) db,
= % ’ cos (nw + 0) db,

=0.

It is equal to 0 because the cosine function is symmetric between —m and 7. E[X(n)] is
constant for any n, then it satisfies the mean condition.

2. To check the Auto-Correlation Condition:

Rxx(k,1) =E[X (k) X ()], (11)
= % o cos (kw + 6) cos (lw + 6) db, (12)

- %cos (W (k1)) (13)

= Rxx(k—1). (14)

(15)

Where equation ([13]) can be found after some trigonometric calculations beginning by

cos acosfl = ; [cos (o — B) 4 cos (a+ )]

Thus, X (n) is WSS.

3. X (n) is stationary. We will not prove it rigourously, however we will give the main idea.
Consider w =,

X (n) = cos(nm + 0),

X (1) = cos(m + ©),

X (2) = cos(2m + ©) = cos(0),
X(3) = cos(3m 4+ O) = cos(m + ©),
X (4) = cos(4m + O) = cos(O).

It is clear that any X, is uniformly distributed on [—1, 1] because the cosine is symmetric
on any interval of length 27. in particular for © ~ U[—m, 7] and © = © + 71 ~ U0, 27],
cos(0) ~ U[—-1,1] and cos(©’) ~ U[-1,1]. Therefore, the X,, have same distribution and
X (n) is stationary.

Generally, since © ~ U[—7, 7] and w is a constant. The r.v. nw + © is uniformly distributed
on [nw — m,nw + 7| which is an interval of length 27 = cos (nw + ©) ~ U[-1,1] for all n.
Therefore, all the X, have the same distribution and X (n) is stationary.

11



4 Continuous Time Random Process

Definition 6. A continuous time random process X (t), is a random process defined for any t € R.

We can redefine, in continuous time, everything defined in discrete time.

5 Poisson process

The Poisson process is a special case of a counting process. So first, we will start by defining a
counting process.

5.1 Counting process

Definition 7 (Counting process). A counting process is a continuous random process {N(t),t > 0}
with values that are non-negative, integer, and non-decreasing:

1. N(t) > 0.
2. N(t) is an integer.
3. If s <t then N(s) < N(t).

Example 10 (Bernoulli process). Let X;,i = 1,...,n be iid Bernoulli random wvariables with
parameter p. Define the Bernoulli process S, = X1+ ...+ X,,. The Bernoulli process is a discrete
counting process because it satisfies the three conditions in Definition[]. Namely,

o Since X; €{0,1},i=1,...,n, then X; > 0 and X; is an integer. Therefore, S, = X1+ ...+
X, is a non-negative integer.

o Form <n, we have S, — Sy = Xppq1 + ...+ Xy > 0. Hence, if m <n then S, < Sh.

Now, we define the Poisson process.

Definition 8 (Poisson process). The Poisson process is a counting process {N(t),t > 0} that
satisfies the following three properties:

1. N(0) =
2. N(t) has independent incerements, i.e., for to < t1 < ... < t,, the random wvariables
(N(t1) = N(to)), (N(t2) = N(t1)),...,(N(tn) = N(tn-1)) are independent.

3. The total count in any interval of length t is a Poisson random variable with parameter (or
mean) At, i.e.,

B ()\t)ke_)‘t B

=0 k=0,1,2,....

12



It follows from the Definition [§ that
pn(t) = E[N(t)] = At,

V (N(t)) = At.

Moreover, based on the independent increments property we have

P(N(t1) =i, N(t2) = ) P(N(t1) =) P(N(t2) = jIN(t1) = 1),
P(N(t1) = i) P(N(t2) = N(t) = j — i),
( P(N(tz —t1) =j—1),

P (N tz) =1)
(t1>\)Z A ((tg — t1)N) 7T e (ta—t)A
7! (j — z) .

5.2 Interarrival times

We think of the Poisson process N(t) as a process that counts arrivals in a time interval of length ¢.
For example, this process can be used to count the number customers that arrive to a certain
store within ¢ seconds. These customers arrive independently at a rate of A customers/second. Let
S;,i=1,2,..., be the random variable that represents the time of the i*" arrival, i.e.,

S, Einf{t>0:N(@t)=i}, i=1,2,....
The interarrival times are given by

X; =8 —S8_1, i=1,2,....

N(t)

A X4

-—>
4 X N
>
3 X
>
> {
51 Sg 53 S4

Figure 6: A realization of the Poisson random process. The X;’s represent the interarrival times.

Theorem 1. The first arrival time X1 ~ exp(\).

Proof.
P(X:>t)=P(N(t)=0) =2 _¢



Therefore,
Fx,(t) =P (X; <t)=1—e*,

This is the CDF of an exp(\) random variable. O

Theorem 2. All the interarrival times, X;, i = 1,2, ..., are iid and have a distribution exp(\).

Proof.
P(Xn+1 >t’X1 =11,...,Xn :tn) :P(Xn—H > t‘Sl =51,...,9, :Sn),
where s; =t +...+t;, for i = 1,...,n. Therefore,

P(Xn+1 > t’Xl =t1,...,.X, = tn) = (Xn+1 > t|51 =81,...,9, = Sn)

P
P (Sp41 >t 4+ s,]Sn = spn)
= P (N(t+ spn) — N(sp) = 0[S, = sp)
P (N(t) = 0[S, = s,) (independent increments)
P

Therefore, X;,i = 1,2, ... are iid and have a distribution exp(}). O

5.3 Autocovariance and stationarity of Poisson process

Assume, without loss of generality, that ¢ < ts.

Knn (t1,t2) = E[(N(t1) — A1) (N(t2) — M2)],
=F [(N(tl) — )\tl) (N(tg) — N(tl) — Ao + A\t + N(tl) — /\tl)] ,
= E[(N(t1) — A1) (N(t2) — N(t1)) — (Mg = A1) +E | (N (t1) — At1)?|

= M.

If ty < t; then Ky (t1,t2) = Ato. In general, Ky (t1,t2) = Amin (1, t2).

Question: Is N(t) WSS?

Answer:

1. E[N(t)] = At, depends on t.

2. Kyn (t1,t2) = Amin (¢1,t2), depends on t.

Hence N(t) is not WSS.

14



6 Continuous Gaussian Random Process

Definition 9. X(t) is a Gaussian random process if X (t1), X (t2), ..., X (tx) are jointly Gaussian
for any k, i.e.,

1 _
FX(t0).X (1), X (1) = —5 (= x) T K (X - M) :

——exp
(27)2 | Kxx|? (

Example 11. Let X (t) be a Gaussian random process with px (t) = 3t and Kxx = 9e~ 2t —t2l,
Question: Find the pdf of X(3) and ¥ = X (1) + X(2).

Answer: We know that X (3) is a Gaussian r.v. (by definition of X (¢)) and Y is also a Gaussian
r.v. being a linear combination of two Gaussian r.v. Therefore, it is enough to find the mean and
the variance of those variables in order to find their PDFs.

1. X(3): ux(3)=9and V[X(3)] = 9e 33 =9. Thus,

Elyl=E[X(1)]+E[z(2)]=3+6=9,

VIY]=V (X)) +VI[X(2)]+ 2cov(X(1),X(2)),
cov (X(1),X(2)) = 9e 2271 = 972,

VY] =94+9+9% 2=18+ 1872

Another way to find the variance is the following;:

VY] = E[(X(1) + X(2))’] - (BIX(1)] + E[X2)])?,

E[X(1)’] +E[X(2)%] + 2B [X(1)X(2)] — E*[X(1)] — E*[X(2)] — 2B [X(1)X(2)],
V(X(1) +V (X(2)) + 2cov (X (1), X(2)),

94+9+2x 9e 2,

=18 + 182
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