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Surface Waveguides

In this chapter we discuss a variety of surface waveguides, such as plasmonic wavegui-
des, which have the ability to confine light at sub-wavelength scales, and the Sommerfeld
wire and Goubau lines, in which there is renewed interest for THz applications. We also
use the Sommerfeld wire as the ideal example to explain the skin effect in conductors.

10.1 Plasmonic Waveguides

Surface plasmons have a large number of applications in the field of nanophotonic de-
vices, waveguides, and nanocircuits, and in the area of biological and chemical sensors,
and other applications [593-631]. Their distinguishing feature is their ability to confine
light at sub-wavelength scales and guide it at long (relative to nanoscale) distances.

In this section, we consider plasmonic waveguides [934-981] from the point of view
the longitudinal-transverse waveguide decompositions that we developed in this chap-
ter. The asymmetric dielectric waveguide problem of Sec. 9.12 is very similar—a very
significant difference being that in the plasmonic case at least one the layers is metal-
lic with a dielectric constant having negative real-part in the operating frequency range
(typically, infrared to optical).

Fig. 10.1.1 depicts a typical plasmonic waveguide consisting of a thin film &f, sand-
wiched between a cladding cover &, and a substrate &. We discuss three cases: (a)
single interface between a dielectric . and a metal &, (b) metal-dielectric-metal (MDM)
configuration in which &¢ is a lossless dielectric and &, & are metals, (c) dielectric-metal-
dielectric (DMD) configuration in which &f is a metal and &, & are lossless dielectrics.t

Here, the quantities &, &f, & denote that relative permittivities of the media, that
is, & = €ij/€g, 1 = ¢,f,s, where €; is the permittivities of the ith medium and €, the
permittivity of vacuum.

In the geometry of Fig. 10.1.1, propagation is in the z-direction, the transverse con-
finement is along the x-direction, the layers have infinite extent along the y-direction,
and the film thickness is 2a. We look for field solutions that have ¢,z propagation
dependence of e/®t=JhZ and decay exponentially away from the interfaces so that the

T Also known as metal-insulator-metal (MIM) and insulator-metal-insulator (IMI) configurations.
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Fig. 10.1.1 Plasmonic waveguide depicting TM modes in either a DMD or MDM configuration.
transverse attenuation coefficients «g, . in the substrate and cladding have positive
real parts, thus, the x-dependence of the fields is as follows for x < —a and x > a:

e %X for x < —a (substrate) and e %X for x> a (cladding)
As in the asymmetric dielectric guide of the previous section,
ol = B2 —kies

2 2 2
o = B —kiee

(10.1.1)

where kg = 211/A is the vacuum wavenumber and A the vacuum wavelength, with
operating frequency f = co/Ag in Hz. Acceptable solutions must have z-propagation
wavenumber S with negative imaginary part, B = Br — jB1, Br = 0, so that the wave
attenuates exponentially as it propagates in the positive z-direction:

e IBz — o= (Br=JB1Z _ o=JBrZo—B12

A measure of the effective propagation distance is L = 3;1' or L = (2Bp) " !ifitis
referred to power, and the attenuation is 201log;, (e) B; = 8.686f; in units of dB/m.

Within the film &f, the transverse cutoff wavenumber satisfies k? = K3er — B2 If
the film is a metal with a dielectric constant & with negative real part, then k,% will be
essentially negative or ks imaginary, and therefore, it makes sense to work with the
“attenuation” coefficient defined by y = jkr, so that y? = —k%,

y? = B — kier

Thus, within the film, instead of assuming an x-dependence that is a linear combina-
tion of oscillatory cos (kgx) and sin(kgx) terms, we may work with a linear combination
of hyperbolic terms sinh (yx) and cosh(yx)—referred to as plasmonic solutions.

Another way to justify the change in notation to y = jky, is to note that because
the metals are lossy, the fields cannot penetrate too deeply into the metal and will be
essentially surface waves that are concentrated primarily at the metal-dielectric inter-
faces (i.e., at x = +a) and attenuating away from them. By contrast, in the dielectric

(10.1.2)
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waveguide of the previous sections, the fields typically peak in the center of the film. In
other words, in plasmonic waveguides most of the field energy is carried at or near the
metal-dielectric interfaces instead of at the center of the film.

We will consider only TM plasmonic modes, although in more complicated media,
such as magnetic materials and metamaterials, TE modes are also possible. The recent
book [934] includes examples of all possible types of media and modes.

The TM modes are obtained by solving Egs. (9.3.10) in each region and applying the
boundary conditions. Thus, we must solve in each region:

_JB 1

(5)2(7}/2)15220, Ey = jyzaXE21 HYZH/IEX’ nTM:wleEv Y22327k(2)5

or, more specifically,
for x| <a, (32-y?)E, =0, y>=B%>-Kkie, nm=B/(weosr)
forx>a, (02—-oa?)E,=0, «2=B2-Kkde, nm=PB/(wes)
for x < —a, (02— o3)E, =0, of=p>-kies, nm=PB/(weoes)

The solutions for E,(x) that automatically satisfy the tangential E-field boundary
conditions at x = +a can be expressed as follows, where E(, is a constant and , a
parameter to be determined:

Epsinh(yx + y), x| <a
E,(x)=1 Egsinh(ya + @)e %&a — x>gq (10.1.3)
—Egsinh(ya — ) e%s+a) X<-a

The complete space-time dependence is E, (x) e/®tJBZ Eq. (10.1.3) results in the
following transverse E-field:

—% OxE; = Eo{yﬁcosh(yx-rqj), x| <a
Ex(x)=1- Jﬁz 0xE, = —Eq {X—B sinh(ya + @)e x4 — x>g (10.1.4)
- C C
- JBZ 0xE; = —Ey B sinh(ya — @) eXs®+a) | X< -a
— s oK

The corresponding transverse magnetic fields are then obtained from Hy = Ex/n1u.

£
JjwegEy ;f cosh(yx + ), x| <a
) & oo (e
Hy (x)= 1 —jweoEy oTC sinh(ya + p)e *%xa  x>g (10.1.5)
c
—jweoEy ;—S sinh(ya — ) e®s @) | X<-a
N
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which, using the continuity conditions (10.1.7), can also be written as,

Hy cosh(yx + ), x| <a
Hy(x)=1 Hg cosh(ya + @)e %4 = x>g (10.1.6)
Hy cosh(ya — ) e%sx+a) | X< -a

where Hg = jwegEo&r/y. The continuity of the tangential H-field of Eq. (10.1.5) at the
interfaces is equivalent to the continuity of the normal D-field, that is, €Ey, resulting
into the two conditions:

&
L cosh(ya + g)= —Esinh(yaquq/) tanh(ya + @)= _Pcle
Y Kc Y
£ & z PsX
I cosh(ya — @)= — = sinh(ya — @) tanh(ya — g)= —-—-%
Y X Y
(10.1.7)
where we defined as in Eq. (9.12.23):
&f &f
=, = — 10.1.8
Pc & Ps & ( )
The two conditions (10.1.7), together with,
y? = B* - kier
of = B2 - kgec (10.1.9)

p 2
o2 = B? — kjes

allow the determination of the parameters f3, y, X, s, and . Egs. (10.1.7) can also be
written in the forms:

p2yvary) _ ¥ = Pele . etlvamy) Y = PsQs (10.1.10)
Y + Pc&Xc Y + Psis
which immediately decouple into,

piva _ Y = Pete) (y = pss)

(10.1.11
(Y + pecxe) (¥ + pss) )
et = (Y 2 Petle) (¥ + Pscts) (10.1.12)

(Y + pexe) (¥ — pss)

and can also be written in the equivalent forms:

tanh(2ya) = —w (10.1.13)

Yt PclcPss
tanh (2¢) = — Y Pe&e = Ps®s) (10.1.14)

Y? = PeXcPsOs
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The quantities B, Y, X¢.Xs may be determined from Egs. (10.1.9) and (10.1.11), or
(10.1.13). Then, the parameter  can be calculated from Eq. (10.1.14). The quantity
is defined up to an integer multiple of j7r/2 because of the identity tanh (2y + jm1r) =
tanh(2y), and the integer m serves to label particular modes. For example, a possible
way of introducing the integer m in the inverse of Eqs. (10.1.7) is:

ya + ¢ = atanh <—%)

ya — ¢ = atanh (—%) —jmmr
which result into:

— l _—pcac l __psas — l j
ya = > atanh( y ) + > atanh( y ) 2err
(10.1.15)

1atanh _PelXe flatanh _Ps&s +ljmrr
2 Y Y 2

v 2

Eq. (10.1.13) has a very rich solution structure because, in general, the quantities
B, Y, &¢, &g are complex-valued when the media are lossy. See, for example, Refs. [941-
944,954,955] for a discussion of the variety of possible solutions.

The above choice of the m-terms was made so that the cases m = 0 and m = 1 will
correspond to the TMy and TM; modes, respectively. Additional j7r/2 terms may arise
depending on the values of the parameters. For example, if €., €5 are real and negative
and €y is positive as in an MDM case, and if |[pc|xc/y > 1 and |ps|xs/y > 1, then using
the identity,

X) Jn

1
atanh (;) = atanh(x) +sign ( 5 xreal, x| <1

we may rewrite Eq. (10.1.15) in the form:

1 Y 1 Y 1.
a = —atanh | — + —atanh | — ——jm-1)Tm
Y 2 ( pc“c) 2 ( ps(xs) 2J
(10.1.16)
1 Y 1 Y 1.
= —atanh | — — —atanh | — + —jmTr
Y=o ( mm) 2 ( pscxs) 2!
Oscillatory Modes

In addition to the plasmonic waveguide modes, there may also be oscillatory modes. The
plasmonic solutions have a value for y that is predominantly real-valued, with the fields
peaking at the metal-dielectric interfaces, whereas the oscillatory modes have a y that is
dominantly imaginary. In fact, replacing, y = jkg, in Eq. (10.1.13) and using the identity,
tanh (jx) = j tan(x), we obtain the characteristic equation for the oscillatory modes:

ke (peoxe + pscs)

tan (2kra)= —-
! k,% — Pc&cPs&s

(oscillatory modes) (10.1.17)
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where kf = m . In an MDM configuration, kf is predominantly real, whereas in
an DMD configuration that has Re(&r) < 0, k¢ will be predominantly imaginary, i.e., of
the plasmonic type. Thus, Eq. (10.1.17) applies to the MDM case and admits both TE
and TM type of solutions, with the TE ones obtained by replacing, p. = ps = 1, as in
Sec. 9.12. Setting ¢ = j¢, the two matching conditions (10.1.7) read now

tan (kra + ) = %
f
e (10.1.18)
t k _ — L hat)
an(kra — ¢) K
which can be inverted and solved in terms of the mode number m:
1 1 1
kra = Eatan(p;:fxc) + Eatan(p;:(s> + 5 mm
(10.1.19)

1 1 1
# = Jatan (P0¢) ~ Jatan (%) + L

These apply to both the TE and TM cases. For the TM case of the MDM configuration,
because p., ps are dominantly negative-real, we may use the identity,

s 1
atan(x)= — +atan(——) , x>0
2 X

applied, for example, with x = —k¢/p ¢, to rewrite Eq. (10.1.19) in the form:
1 k 1 k 1

kra 7atan<— f )+7atan(— f )+7(m—1)rr
2 PcXc 2 Ps Xy 2

1 kf 1 kf 1
¢ = —atan| — — —atan | — + —mTr
2 Pc&c 2 PsXs 2
We will use this form to determine the cutoff waveguide thicknesses of certain

modes. Replacing y = jkr and ¢ = j¢ in Eq. (10.1.6), we also obtain the transverse
magnetic field of the oscillatory TM modes:

(10.1.20)

Hy cos(kpx + ), x| <a
Hy(x)=14 Hq cos(kfa + ¢p)e %xa = x>g (10.1.21)
Hy cos(kra — ¢p) e x+a) | x<-a

where Hy = wepEoer/ky. In the examples below, we look at the special roles played
by the TM; plasmonic mode (m = 0), and the TM; plasmonic and oscillatory modes
(m = 1).
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Relationship to Surface Plasmon Resonance

We note also that Eq. (10.1.11) is equivalent to the surface plasmon resonance condition
discussed in Sec. 8.5. The reflection coefficient I" of the Kretschmann-Raether configu-
ration of Fig. 8.5.2 is given by Eq. (8.5.7),

Pa + ppe ke kz€a — kzat

I = 5 g = y
1+ pappe—2ik:d Pa Ky€a + Kpas

kpe — k&p
| ——
kspe + kyep

The surface plasmon resonance condition [608] corresponds to a pole of I', that is,
the vanishing of the denominator, 1 + p,pp e~2kzd — (0 which is indeed the same as
Eq. (10.1.11). To see this, we map the notation of Sec. 8.5 to that of the present section:

X—2,Z—=X,k; = —jy, kza = —jas, kap = —jxe, &— &, &q — &, &p — &

which imply,
LY T Ps&s Y T P&

Pa = V¥ peas” Y + Pee

14 e2ikd _ g _ 1_()’—Ps0(s)(Y—Pcac>e,4ya:0
pabh Y + Pss Y + Pcle

Symmetric Configuration

When the cladding and substrate media are the same, i.e., &, = &, then &, = &g and
Pc = Pps, and the characteristic equations (10.1.7) simplify further. Indeed, we note
from Eq. (10.1.14) that e*¥ = 1, which implies the two basic cases ¢ = 0 and ¢ = j77/2.
Noting the identity tanh (x + j1r/2) = coth(x), the two characteristic equations (10.1.7)
become a single one, given as follows for the two cases of (:

(even) @ =0, e2ya — +w, tanh(ya) = _Pe&e
Y + Pcc Y
in V- b poot (10.1.22)
(odd) =<, ea=_2 FC coth(ya)= -—*
v 2 Y + Pclc Y

The labeling as even or odd (symmetric or antisymmetric) refers to the symmetry or
antisymmetry of the transverse electric and magnetic fields Ex(x) and Hy (x) as func-
tions of x within the film region.T Indeed, it is evident from Eq. (10.1.4) that if ¢ = 0,
then Ex (x) is proportional to cosh(yx), an even function of x, and if ¢ = j1r/2, then
because of the identity cosh(x + j1r/2) = jsinh(x), the field Ex (x) will be proportional
to sinh (yx), an odd function of x.

The nomenclature carries over loosely to the asymmetric waveguide that has €. # €5,
with the “symmetric/even” case corresponding to a value of ¢ that is predominantly real,
and the “antisymmetric/odd” one corresponding to a {» whose imaginary part is near
Jjmt/2. Examples of these are given below.

TIn the literature, sometimes the labeling is reversed, referring instead to the symmetry or antisymmetry
of the longitudinal field E, (x) which is the opposite of that of Ex (x).
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Power Transfer

The z-component of the Poynting vector gives the power flow in the z-direction per unit
Xy area. Since Ex = ngyHy, N = B/ (we), we obtain from Eq. (10.1.6),

P,00= 3 Re[Ec O H; (9] = 5 Re(nnn) [Hy ()2

and since kg = w/cy, we may write ny in the form,

B _ B _ B _ Mo
v = we_kocoeos_no koe’ o = €o
The Poynting vector is then in the three regions,
B 2
Re [ -——— | |cosh(yx + @) |~, Ix| < a
koff

1
P, (x)= 5 Mo |Hol? {Re (kB ) |cosh(ya + y)|?e2erx-a = x>g  (10.1.23)

0&c

Re<i> |cosh(ya — y) |* e2esix+a) — x < _g
koes

where &g, &sg denote the real parts of «., ;. Integrating (10.3.2) over an xy area,
dS = dx - (1 m along y), we obtain the powers transmitted (per unit y-length) along
the z-direction within each region. Dropping the overall unimportant factor g |Hg|%/2,
and denoting the real and imaginary parts of y, ¢ by yg, g and yr, 1, we have,

Py = Re (L) [sinh(ZyRa) cosh(2yg) sin(2y,a)cos(2w,)}
koer 2YR 2yr
P, = Re (i) |cosh(ya +y)|* (10.1.24)
koec 20(cR
2
P, - Re (L) |cosh(ya — ) |
k()Es 2XsR

and the net power is,
P =Pr+ P+ Ps (10.1.25)

These expressions must be multiplied by e 217, where 8 = Br —jBi, for the attenu-
ation of power with propagation distance z. These also apply to the lossless case, where
we must replace sin(2yra)/(2y;) |y1=0 = a. Note that we may also write,

|cosh(ya + ) |2 = %[cosh(ZyRa +2@pg)+cos(2yra = 2yy) |

The MATLAB function, pwgpower, implements Egs. (10.1.24) and (10.1.25):

[P, Pf, Pc, Ps] = pwgpower(a,ef,ec,es,be,m); % transmitted power in plasmonic waveguide

where a and B are in units of ky* and ko, respectively, and m = 0, 1, for TMy or TM;
modes, where  is calculated from Eq. (10.1.15).
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10.2 Single Metal-Dielectric Interface

The case of a single metal-dielectric interface can be thought of as the limit of a DMD con-
figuration when the film thickness tends to infinity, a — co. It is depicted in Fig. 10.2.1.

X
y / H

metal dielectric YiHy(x)
= Ey(x)
o X
dielectric & Hy(x) < X

surface

. E;(x)
metal & wave
e—)’yv‘cﬁf TM modes

0

Fig. 10.2.1 Surface plasmon wave propagating along metal-dielectric interface.

Because y has positive real part, the left-hand side of Eq. (10.1.11) tends to infinity
as a — oo, and this requires the vanishing of the denominator of the right-hand side,
that is, one of the conditions:

Y = —PcXc, O, Yy =—Psls (10.2.1)

Let us consider the first one. Because & is a metal with a negative real part, the
condition y = —pcX = —& X/ & is consistent with the requirement that both y and
. have positive real parts. Assuming that the interface is positioned at x = 0, the
longitudinal electric field will be for TM modes:

E,(x)=

Ege™ %X, x=0
(10.2.2)

EgeYX = Ege VX x <0

with complete space-time dependence E, (x) e/®t~/BZ The E, component will be:

—Jiﬁz 8XEZ=—E0£2’°“", x>0
— ¢ Xc
Ex(x)= . . (10.2.3)
JB 5 g B
- 2axL’:Z—Eo eyx, x<0
-y Y

The corresponding magnetic field is obtained from Hy = Ex/ny, where ny = B/ (we),

. & _
—jwegEy S e %X x=0
Xc

Hy (x)= . (10.2.4)
JjweoEy ;f erx, x<0
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The continuity of either Dy = €Ey, or H, at x = 0 gives the first condition in
Eqg. (10.2.1). These results are equivalent to those of Sec. 7.11. Indeed, the propaga-
tion wavenumber f3, as well as y, &, are obtained from:

y = > B2 —kie =1L (B2 —kieo) (10.2.5)

2
_&e i
& &

or, solving for 8, y, ¢,

sz() ﬂ, y:ﬂ’ ac=£ (10.2.6)
gre’ T e JE
where the square root signs have been selected to satisfy the requirements that S have
negative imaginary part and f3, y, ., positive real parts. To see this in more detail, set
& = —&r — j&r, with €g > 0, and assume &g > &, as in Sec. 7.11. Then, a first-order
calculation in ¢ yields the expressions:

EREC . Ecé&r
=Kk 1-—
B ’\ sR*EC[ JZSR(SR*EC)]

koer [ . (ep — 2&0) &1 ]
= 1+ (10.2.7)
Y= Jer—e L Y 2er(er - €0)
ko&c [ . &1 ]
K = 1-
T Jem—e L T2(er-e0)

Eg. (10.2.7) shows explicitly how the condition eg > &, guarantees the existence of
plasmonic waves with Re()> 0 and Im(f8) < 0. We note also that Re(y)/Re(x.)=
&R/ &c, which is typically much greater than unity, eég/&. > 1. Therefore, the attenu-
ation length within the metal is typically much shorter than that in the dielectric, i.e.,
1/Re(y) < 1/Re(,). This is depicted in Figs. 10.2.1 and 10.2.2.

Example 10.2.1: Following Example 7.11.1, we use the value & = —16 — 0.5j for silver at
Ao = 0.632 um, and air &, = 1. Then, kg = 21/A¢ = 9.94 rad/um and Egs. (10.2.6)
give the following values for the parameters B, y, & and corresponding propagation and
penetration distances:

1
=10.2674 — 0.0107j rad L,=———- =935
B 0 0.0107j rad/um, 2 ™) 3.5969 um
=41.0755+ 0.5989j rad/um, L= = 0.0243 um
Y )] H f Re(y) H
. 1
e = 2.5659 — 0.0428j rad/um, L. = Re (o) = 0.3897 um

Thus, the fields extend more into the dielectric than the metal, but at either side they
are confined to distances that are less than their free-space wavelength. The transverse
magnetic field Hy (x), which is continuous at the interface, is shown in Fig. 10.2.2. It was
plotted with the MATLAB code:

ec = 1; ef = -16-0.5%j; 1a0 = 0.632; kO = 2*pi/la0;
b = kO*sqrt(ef*ec/(ef+ec));
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ga = -kO*ef/sqrt(-ef-ec); % or, ga = sqrt(bA2 - kOA2*ef);
ac = kO*ec/sqrt(-ef-ec); % or, ac = sqrt(bA2 - kOA2*ec);

x = Tinspace(-0.4, 1, 141);
Hy = abs(exp(ga*x).*(x<0) + exp(-ac*x).*(x>=0));
plot(x,Hy);

tranverse magnetic field

0.2 metal dielectric

-04 -0.2 0 0.2 0.4 0.6 0.8 1
x (um)

Fig. 10.2.2 Surface plasmon magnetic field profile.

10.3 Power Transfer, Energy & Group Velocities

Replacing B = Br—JjB1, & = —er—j&r, and &c = qg—j&y, y = yr+jyrintoEq. (10.2.7),
we note also the following relationships, with the second following by equating real parts
in Eq. (10.2.5):

k3 &g

—, £ = EROR + 1 X 10.3.1
(ex — £0)2 48 cYR = EROR + E1X ( )

2BrBI = 2xgot; =
and since &5 > 0, Eq. (10.3.1) implies that Sz > 0 and &; > 0 since f; > 0 and xg > 0.
The power flow along the propagation direction is described by the z-component of
the Poynting vector. From Egs. (10.2.3) and (10.2.4), we obtain,

*
RG[BSZC] 2*20<RX, x>0
[l

1 1
P,(x)= ~Re[Ex(X)H} (x)] = =~ wep|Ep|? 10.3.2
z(x) > [Ex(x)H} (x)] ’ olEol Re[BEF] ( )
— = p2yrx X<0
lyl?
Integrating (10.3.2) over an Xy area, dS = dx- (1 m along y), we obtain the net power
transmitted (per unit y-length) along the z-direction:

Brec _ Brer — 3151}

xrlxc|? yrlyl?

Pr= J P,dx = %weolEolz [ (10.3.3)
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where the first term represents the power flow within the dielectric, and the second, the
power flow within the metal. Since typically, Brer > Br&, the second term is negative,
representing power flow along the negative z direction within the metal. However, the
sum of the two terms is positive, so that the net power flow is along the positive z-
direction. In fact, since also, |y| > ||, the second term will be much smaller than
the first one, which is to be expected since the fields tend to be attenuate more quickly
within the metal than in the dielectric. Indeed, for the values given in Example 10.2.1,
we find the terms in the brackets to be:

[ Bréc  Brer — Bier

xrlael? YrIYI?

:| = 0.6076 — 0.0024 = 0.6053

Using the second of Egs. (10.3.1), one can show that the term in brackets in (10.3.3)
becomes

Brec  Breér — Brer | BrOrer (e — €2 + €7) +Brouer (e + €7) +BroXrerel
aglocl? Yrlyl? aryree|yl?

which is positive since we assumed £ > &, and all other terms are non-negative. The
power, of course, attenuates exponentially with distance z, and the expression (10.3.3)
for Pr must be multiplied by the factor e 2P1Z.

The positivity of Py implies also the positivity of the energy velocity, Ve, = P1/W’,
where W' is the energy density per unit z-length (see Sec. 9.7), which is always positive.
In the lossless case, we show below that the group velocity, vy = dw/dp, is equal to the
energy velocity, and hence v4 will also be positive. This can also be seen from Fig. 7.11.2
depicting the w-f dispersion relationship, which has a positive slope dw/dp.

However, when losses are taken into account, it can be shown [973], using for exam-
ple the Drude model for the metal permittivity, that there are frequency regions in which
the group velocity is negative. Similar situations arise in MDM and DMD configurations
in which, depending on the media permittivities and layer thicknesses, there can exist
modes that have negative group velocities—see, for example, Refs. [943] and [965-981].

Next, we determine the x-component of the Poynting vector, which describes power
flow from the dielectric into the metal, and we show that the power entering the metal
and the power flowing in the z-direction in the metal are completely dissipated into heat
as ohmic and dielectric losses. We have,

&
—Im<fC> e*ZaRx, x>0
Xc

Py(x)= —%Re[EZ (Xx)Hy (x)] = %weolEol2 (10.3.4)

Im(g—f)ezy"", x<0
Y

The power flow Py is continuous across the interface at x = 0 because of the condi-
tion &./ . = —&¢/y. The negative sign on the dielectric side simply means that power
flows towards the negative x direction into the metal. The z-dependence of Py is ob-
tained by multiplying Eq. (10.3.4) by e~2f1Z,

To account for the power dissipation within the metal, we consider a rectangular
volume of sides L,d, b along the z, x, y directions lying within the metal below the yz
interface plane, as shown below.
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AX
Py
0 ‘ »Z
- P,
y &
d

b

L

The net power entering and leaving the top and bottom sides is obtained by restoring
the factor e=2f1Z and integrating (10.3.4) over the L x b area and subtracting the values
atx=0and x = —d,

_ ,—2BiL
(%) A=) (1 o-2vrdy, (10.3.5)
c

2B1

Similarly, the net power entering and leaving the left and right sides is obtained by
integrating (10.3.2) over the area d X b and subtracting the values at z=0and z = L,

1
Px,net = Ew€0|E0‘2 Im

,Re[Bef ] (1 — e2rd) a

—e 2hLlyp (10.3.6)
lyl? 2yR )

1
Pz,net = _Ew€0|E0|
The sum of these two powers must equal the power loss within the volume L X d X b,
1 . % 1 2 2
Ploss = ERE(J(UGf) E-E*dV = Eeowsl (1Ex|* + |Ez|*)dV
1% %

Restoring the factor e 77 in Ey, E,, we obtain from Egs. (10.2.2) and (10.2.3):

1 1BI? (1—e 2vrd)(1—e2hl)
Ploss = = EolPe |1+ =5 b
loss = 5 Weo|Eo 51( 2 2yr - 2B

(10.3.7)

Energy conservation requires that, Pypnet + Pznet = Ploss. Canceling some common
factors, this condition is equivalent to,

c Re[Be/] 2
2yrIm <;—) — 28, le — g (1 ¥ :ﬁ%) (10.3.8)

The proof of this result is left for Problem 10.1, however, we note that this calculation
is an example of the more general result stated in Problem 1.5. We note also that (10.3.8)
is trivially satisfied in the lossless case that has f; = &; = &7 = 0.

We conclude this section by showing the equality v4 = Ve, in the lossless case and
assuming an arbitrary frequency dependence of the (real-valued) metal permittivity.

We assume that & = —&g is a real negative function of frequency w, & is positive
constant such that ég > &., and both media are non-magnetic, gy = po. Then, the
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quantities 8, &, y are given by the real parts of Egs. (10.2.7). Inserting these expressions
into Pr, we find:

1 2 Co(er + &) (er — &c)?
PT = ZGQIEQ‘ ws]gz/z 52/2 (1039)
For lossless non-magnetic media, the time-averaged energy density is given by
1 1 d(we)
Wen = — (we€) |EI? + ~uglHI?, (we)'=
n =y ( ) |E| 41-10‘ ‘ ( ) dwo

or,

1 , 1
Wen = ZI(U)E) (lEx|2 + |Ez‘2) + ZUOlHyF

Using Egs. (10.2.2)-(10.2.4), we obtain,

2 kZ 2
[sc (1+B—2>+—°Ezc}e‘°‘ﬂ, x>0
1 ) Xe (L&
Wen = ZeolEOI BZ k%é‘?
(wsf)’(l + ﬁ) + gYa eYx,  x<0

Integrating over x, we find the energy density per unit z-length and unit y-length:

W' = I WendX =

1 B? kie2 ] 1 B2\ kigf | 1
= ~€lEol? 1+ 0%e | Nr+5 1+ 5 =
4eol ol «Hsc< +<x§>+ o 2ac+ (wer) erZ + 2 |2y

The derivative term (wér)” can be replaced by

dex
dw

By differentiating with respect to w both sides of the equation,

(wep) = —(weR) = —ep — weR, €x

w?  ERee

c3 €r — &

B -

we may relate the derivative &% to the derivative 8’ = dB/dw, as follows:

, B ) epw?
Ep=2—— 10.3.10
v=2(L-p e (103.10)

Substituting this into W', we find after some algebra,

L1 "3 (eR + £c) (€g — &¢)2
W = Lo B B C0tER R (10.3.11)
4 weR'- e

This implies that the energy velocity will be equal to the group velocity:

vooPr_1_dwo_
en_W’/_B!_dB_g
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10.4 MDM Configuration - Lossless Case

An MDM waveguide is depicted in Fig. 10.4.1. To gain an understanding of the properties
of the propagating modes, we will assume initially that all three media are lossless, with
&r real positive, and &, & real negative, so that we can set £ = —|&c| and & = —|&].
Without loss of generality, we will also assume that |&.| > |&g|. Following [943], we
distinguish three cases:

L lel =g =leel = pel =1 < Ipsl

2. l&lslecl =g = 1=<|pcl < Ipsl (10.4.1)

3. g =le&l=slecl = pel=lpsl =1
where p. = &/&. and ps = &r/&s. These cases define three regions labeled 1,2,3, on
the p¢, ps parameter plane, as shown in Fig. 10.4.2. Regions 1’,2’,3’ are obtained by
interchanging the roles of . and &;. For typical metals like silver and gold at optical

frequencies, the relevant region is 3. For example, the permittivity of silver at A = 650
nm is & = —15.48 — 1.15j, while typically, & is less than 5.

. X
,J—'Z
y

Fig. 10.4.1 MDM plasmonic waveguide.

metal Ec ¢
dielectric & 2a
metal Es ¢

|Ps| A

@@@

®
@@

0 i > p.l

Fig. 10.4.2 Possible regions in MDM lossless case.

The characteristic equations (10.1.7), (10.1.11) and (10.1.13) can be written in the forms,

tanh(ya + @) = _PeXce _ [pelae

Y Y
Bl (10.4.2)
PsXs Psi s
tanh(ya —y) = —="= = =
Y v Y Y
etva _ (Y = pcote) (Y —psxs) [peloce +y . Ipslas +y (10.4.3)

(¥ + Pecxe) (Y + pscts)  Ipclac—y  Ipslos —y
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tanh (2ya) = _Y(cho‘c + psXs) _ Y(2|pc|0(c + |pslas) (10.4.4)
Yo+ PcepPss Y2+ pelac|pslog

We note also that Egs. (10.1.9) can be written as,

Y = \B? - kier

o = \/BZ ~ K& = \/yz + k3 (g + lech) (10.4.5)

oy = /B2 — K2y = Ay + K (7 + &)

Because we are looking for plasmonic solutions that have real and positive 8, y, &¢, X,
it follows that B and y must be restricted to the ranges > ko./&f and y > 0. Taking
the limit of (10.4.4) as y — 0, and using the Taylor series approximation tanh(x) =~ x,
valid for small x, we obtain the cutoff thickness of the dielectric layer,

1 1
tanh (2ya) = 2ya y(zlpclac+|nslas) a4 N o,
Y2+ Ipclaclpslas [pelae [pslos y=0
& &
2KoAcutoft = <] l&| (10.4.6)

+
ff\/ff + |&c] Ef\/ff + | &l

But the upper limit of 8, and whether dcuofr is an upper or a lower cutoff, will depend
on which region in Fig. 10.4.2 we are. A plot of f versus the film thickness a can be made
by solving Eq. (10.4.4) and varying B over its allowed range,

a= i atanh ( (104.7)

_ Y (pcxe + pscs)
2y

Y2 + Pl Psis

Depending on the mode and region, a may be an increasing or a decreasing function
of B. This can be determined from the derivative of a with respect to 3, given by,

da _pda _ Blpcl(er+lech)  Blpsl(er+1el)  pa (10.4.8)

A~ ydy 2y?ac(piei—y?)  2y?as(piad—y?)  y?

Region 1

Region-1 is defined by the conditions, |&5| < & < |&|, o1, |pcl < 1 < |ps|. Because
|psl = 1 and &g > Yy, it follows that |ps|xs/y = 1. But this means that the equation,
tanh(ya— )= |ps|xs/y = 1, can be satisfied only if ¢ has a j1r/2 imaginary part, that
is, Y = x + j1r/2, with real x, so that

tanh(ya — ) = tanh (ya -X - %) = coth(ya - x)= 1psl o > 1
But then |p.|x/y is also forced to be greater than one because,
[pelexe

tanh(ya + @) = tanh (ya +X+ %T) = coth(ya + x)=
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Thus, with y, x real, we have | coth(ya + x)| = 1 so that |p.|xc/y = 1. The same
conclusion is reached by inspecting Eq. (10.4.3), which requires both denominator fac-
tors to have the same sign since e*Y9 is real and positive. The condition |p¢|otc/y = 1
imposes an upper limit on 8, indeed, we have y? < p2«?, or,

2
pelecl + & o, lecler
B? —kjer < p2(B* +kglecl) = B <k§ = ,
o<f c olec 0 1- p? 0|Ec|—5f

lecler ECEf
< Beo =k =k 10.4.9
B =< B, O”lfcl—ff O\ e+ & ( )

The limit B¢ is recognized as the wavenumber of a surface plasmon at the &p-&.
dielectric-metal interface obtained in the limit of infinite thickness for &f, in fact, the
interface condition y = |p.|&c = —pc&, is realized exactly at f = B¢,. Thus, the
allowed range of B is,

or,

ko/&f < B < B, | (region 1) (10.4.10)

Moreover, for this range of S, the film thickness a is an increasing function of S,
so that its range will be dcyotf < a < oo, therefore, dcyrofr Will be a lower cutoff. Next,
we show that the corresponding field solution will be an antisymmetric-like TM; mode.
The characteristic equations,

coth(ya + x) = Ipelee , coth(ya—x)= Ipslexs
Y Y
can be inverted,
tanh(ya+x)=¢sl ya+x=atanh( Y )
[peloce [peloce
y =
tanh(ya — x) = =<1 a-— =atanh( Y
Ipslexs Y X Ips|os
and separated,
ya = 7atanh( Y ) + atanh( y )
[peloce [ps| s
(10.4.11)
jm 1 % 1 ( % ) Jjtt
=X + “— = —atanh — —atanh +—
¢=x 2 2 (lpc|(xc) 2 Ips|as 2

These have exactly the form of Egs. (10.1.16) with m = 1, so that we have a TM;
mode. The magnetic field is given by Eq. (10.1.6),

Hy cosh(yx + ), x| <a
Hy (x)=14 Hg cosh(ya + @)e %= = x>g (10.4.12)
Hy cosh(ya — @) e x+a) X<-a
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where Hy = jweoEogr/y. Using the identity cosh(x + jrr/2) = jsinh(x), we see that
within the dielectric film, H, resembles an antisymmetric solution (provided x is small),

Hy (z)= Hy cosh(yx + @)= Ho cosh(yx + x + jmr/2) = jHy sinh(yx + x)

Given a film thickness a, the characteristic equation (10.4.4) can be solved by writing
it in the following form,

_Yz tT PcXcPsls

tanh (2ya)
Pc&Xc + Psls

y =
and replacing it by the iteration,

2
+
Yot = — 0T Pe&enPsQsn i 00, a4y n=0,1,2,... (10.4.13)

Pclen + Ps®sn
and initialized at a value of B that lies somewhere in the interval ko./&f < B < B¢, (the
value B = ko./€r should be not be used to initialize because it corresponds to y = 0 and
the iteration will remain stuck at y = 0.)
The iteration can be stopped when a desired level of accuracy is reached, that is, when
|[¥n+1 — Ynl < tol, for some desired error tolerance, such as tol = 107'2, Alternative
iterative methods for this type of problem can be found in [963].

Example 10.4.1: We choose aregion-1 example from Ref.[943] to verify our approach. Consider
the permittivity values:

go=-22%=-4, & =15 =225 ¢=-13"=-1.69

and the two normalized film thickness koa = 0.6 and koa = 0.8. The following MATLAB
code illustrates the iteration (10.4.13), randomly initialized within the interval k()\/ET' <
B < Bc,, and demonstrates the calculation and plotting of the magnetic field profile.

ec = -2A2; ef = 1.5A2; es = -1.3A2; % region-1 has |ec|>ef>|es]|
ko = 1; use normalized units kO=1
a half-thickness of dielectric film
% uncomment for the case kO*a = 0.8

0

o
R R R

.6;
0.

R
[l

8;

R

pc = ef/ec; ps = ef/es; |pc|=0.5625, |ps|=1.3314, |pc|<l<]|ps]|

b0 = sqrt(ef); % b0 = 1.5, lower Timit of beta

bcinf = sqrt(ef*ec/(ef+ec)); % bcinf = 2.2678, upper 1imit of beta
rng(101); % initialize random number generator
binit = (bcinf-b0)*rand(1) + b0; % binit = 1.8965, random initial value
ac = sqrt(binitA2 - ec); % initialize ac,as,ga

as = sqrt(binitA2 - es);
ga = sqrt(binitA2 - ef);

tol = le-12; n = 0; % tolerance and starting iteration index
while 1 % forever Toop

ga_new = -(gaA2 + pc*ac*ps*as)/(pc*ac+ps*as)*tanh(2*ga*a*k0);
if abs(ga_new-ga) < tol, break; end
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ga = ga_new;
be = sqrt(gar2 + ef);
as = sqrt(beA2 - es);
ac = sqrt(beA2 - ec);
n = n+l;
end

% upon exit from loop, print the number of iterations and the effective index beta
n % n = 203 when kO*a = 0.6, and n = 113 when kO*a = 0.8
be % be = 1.9394 when kO*a = 0.6, and be = 2.2127 when kO*a

0.8

psi = atanh(-ga/pc/ac)/2 - atanh(-ga/ps/as)/2 + j*pi/2; % psi = 0.3193 + j*pi/2
% computational error of characteristic equation
E = abs(tanh(2*k0*a*ga) + ga*(pc*ac+ps*as)/(gar2+pc*ac*ps*as)) % 6.95e-13

% be = pwga(2*pi,ef,ec,es,a,binit,1,tol); % alternative calculation using PWGA
% magnetic field profile
x = linspace(-3,3,601)*a; % x in units of a
Hy = j*cosh(ga*k0*a - psi).*exp(kO*as*(x+a)).*(x<-a) + ...

j*cosh(ga*k0*a + psi).*exp(-kO*ac*(x-a)).*(x>a) + ...

j*cosh(k0*ga*x + psi).*(abs(x)<=a); % up to an overall constant

fi11([-3, -1, -1, -31, [-4 -4, 1, 1], [0.9 0.9 0.9]); hold on
fi11([1, 3, 3, 11, [-4 -4, 1, 1], [0.9 0.9 0.9D);
plot(x/a,real(Hy), ’Tinewidth’,2);

axis([-3,3,-4,1]);

xTabel (" {\itx/a}’); ylabel (" {\itH_y}({\itx})’);

title(['magnetic field profile, {\itk}_0{\ita} = ’,num2str(a)l);
1ine([-3,3],[0,0], Tinestyle’,’--", lTinewidth’,0.5);
1ine([0,0],[-4,1],  Tinestyle’,’--",  Tinewidth’,0.5);

text(-2.1,-2,’\epsilon_{s}’);
text(-0.6,-2, \epsilon_{f}’);
text(1.9,-2, ’\epsilon_{c}’);

where the quantity, E, measures the computational error of the characteristic equation
(10.4.4), and the final n is the number of iterations to converge. The computed values are
shown in the comments of the above code segment and printed below.

k()a ﬁ/ko )//k() O(C/k() O(_g/ko W n E
0.6 | 1.9394 | 1.2294 | 2.7859 | 2.3348 | 0.3193 + j1r/2 | 203 | 6.95x107!3
0.8 | 2.2127 | 1.6266 | 2.9826 | 2.5663 | 0.7834 + jrr/2 | 113 | 5.64x107!3

The quantities f3, y, X, X are in units of ky. The magnetic field is shown in Fig. 10.4.3
for the cases koa = 0.6 and koa = 0.8. Because Hy = jweoEosr/y, we have chosen the
(completely arbitrary) constant Hy = j for the magnetic field. Note that as the thickness
increases, the magnetic field tends to be more concentrated on the &¢-¢&. dielectric-metal
interface, because as we saw, the solution tends to the single-interface solution as a —
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magnetic field profile, koa =0.6

magnetic field profile, koa =0.8

Fig. 10.4.3 Magnetic field profiles, Hy (x) versus x for antisymmetric-like TM; mode.

co. The &r-¢& interface cannot support a surface plasmon because it does not meet the
necessary condition |&g| > &7, but the &-¢. interface does because |&c| > &f.

Fig. 10.4.4 shows a plot of the effective index /k( versus the normalized thickness koa.
The computed values of B for the two cases kg = 0.6 and koa = 0.8 are shown on the
graph, as is the lower cutoff thickness Kodcutorf = 0.5448 computed from Eq. (10.4.6). It is
evident from this graph that the thickness a is an increasing function of S.

e =-1.3% e =15% ¢ = -2°
s f c

3
— B/k,
o k=06
27 s
.&C L] Oa = U.
- o koam‘.“=0.5448
£ 24 o B, /k,=2.2678
=1
]
£ 21
g
£
o
18t
% 0.2 04 06 8 1 12

0.
normalized width, koa

Fig. 10.4.4 Effective index, /ko, versus normalized thickness, kopa. Region 1.
The following MATLAB code was used to produce the graph.

ac = sqrt(ef-ec);
as = sqrt(ef-es);
kOa_min = -1/2*(1/pc/ac + 1/ps/as) % 0.5448 - Tower cutoff

be = linspace(b0, 0.9985*bcinf, 401); % plot almost up to bcinf

ga = sqrt(be.A2 - ef);
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ac = sqrt(be.A2 - ec); Example 10.4.2: Consider the following permittivity values from Ref. [943],
as = sqrt(be.A2 - es);
go=-142=-1.96, & =1.5"=2.25 ¢&=-13"=-1.69
% solve tanh(2*k0*a*ga) = -ga.*(pc*ac+ps*as)./(ga.A2 + pc*ps*ac.*as) for kO*a
and the two normalized film thickness koa = 0.3 and kqa = 0.1. The cutoff thickness

kOa = atanh(-ga.*(pc* *as)./(ga.A2 *ps*ac.* 2./9a;
a = atanh(-ga.*(pcracsps*as)./(ga + petpstac.*as))/2./ga is KoQcutorr = 0.4015, calculated from Eq. (10.4.6). Fig. 10.4.5 shows the magnetic field

plot(k0a,be); hold on % be vs. kOa profiles. Fig. 10.4.6 plots the effective index B/k¢ versus film thickness a over the range
plot(kO*al,bel,’.’); % kO*al = 0.6, bel = 1.9394, found above 0 < a < dAcuroft, and demonstrates that 8 is a decreasing function of a. Superimposed on
plot(k0*a2,be2,”.”); % kO*a2 = 0.8, be2 = 2.2127, found above that graph is the approximation of Eq. (10.4.15).
plot(kOa_min,b0,’0’); % a_cutoff corresponds to b0
plot(kOa(end),bcinf,’s’); % add bcinf to the last value of kOa magnetic feld profile, a = 0.1 magnetic field profile, a = 0.3
axis([0,1.2,1.5,31); 2 1
xlabel(’normalized width, {\itk}_0{\ita}’); & & 3 £
ylabel(’effective index, \beta / {\itk}_0"); 1 |
Also, shown is the asymptotic value S, which was added to the last value of the koa E’n 3 Ei
e . < | <
array as a reference, although it is actually realized at koa = co. [} 9 OfF----- N B @
c] : c
= | "
Region 2 » !
Region-2 is defined by the conditions, |&s| < |&c| < &7, or, 1 < |pc| < |ps|. Therefore, 1
both |[pclxc/y > 1 and |ps|s/y > 1 are automatically satisfied, and hence, there is no 9 :
restriction on f other than B > ko./&f. Thus its range is, - - - x(/)a ! 2 3
ko\/&r < B < oo | (region 2) (10.4.14) Fig. 10.4.5 Magnetic field profiles, H, (x) versus x for region 2.
Moreover, for this range of 8, the thickness a is a decreasing function of 8, so that it The following MATLAB code illustrates the iteration (10.4.16). The code for generating
varies over, 0 < d < dcutoff, and therefore, deuofr is an upper cutoff. The characteristic Fig. 10.4.5 is not given—it is the same as that in Example 10.4.1.

equations and magnetic field, Egs. (10.4.11) and (10.4.12), remain the same as in the

region-1 case, so that again, we have an antisymmetric-like TM; mode. ef = 1.5A2; ec = -1.4A2; es = -1.3A2;

As a — 0, we may derive a simplified approximation of the characteristic equation. I;O_=01§_
Since B is large in that limit, it follows that y, &, & are all approximately equal to 3, % a = Oj 1;

and we obtain, after canceling some common factors of f in the right-hand side,
pc = ef/ec; ps = ef/es;

aya _ IPclatc+y |pslas +y apa _ 1Pl +1 psl+1

e = e = , or, b0 = 1.01*sqrt(ef); % could choose any b0 above b_min, e.g., b0 = 10*sqrt(ef)
|Pc|0(c R |ps|0(s R lpc' -1 |l9s| -1 ga = sqrt(bg/\z - ef); % initialize ga),, ac, as ’ ‘
as = sqrt(b0A2 - es);
B ~ L m[lpf‘;l . M] , a—20 (10.4.15) ac = sqrt(b0A2 - ec);
4a [pel =1 |psl—1

tol = le-12; n = 1;
For region 2, the characteristic equation (10.4.4) can be solved for any given value of

a < deyoff by rearranging it in the form, while 1
ga_new = sqrt(-pc*ac.*as*ps - ga.*(pc*ac+ps*as).*coth(2*ga*a*k0));

if abs(ga_new-ga) < tol, break; end
y= \/*Y(pco‘c + Ps&s)coth(2ya) —pe e ps&s ga = ga_new;
be = sqrt(gar2 + ef);
and replacing it by the iteration, for n = 0,1, 2,.. ., initialized just above B = k¢ ./&7, as = sqrt(beA2 - es);
ac = sqrt(beA2 - ec);

n=n+1;

Yn+1 = \/*Yn (Pc&en + Pssn) coth(2yna) —pe Oen PsXsn (10.4.16) end
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psi = atanh(-ga*(pc*ac-ps*as)/(gaAr2 - pc*ac*ps*as))/2 + j*pi/2;

% computational error of characteristic equation
E = abs(tanh(2*k0*a*ga) + ga*(pc*ac+ps*as)/(gaA2+pc*ac*ps*as));

% be = pwga(2*pi,ef,ec,es,a,b0,1,tol); % alternative calculation using PWGA
where the quantity, E, measures the computational error of the characteristic equation,

and the final n is the number of iterations to converge. The calculated values for the two
thicknesses are as follows,

koa 3/’(0 }//ko O(C/ko (Xg/k() [ n E
0.3 2.8886 2.4686 3.2100 3.1677 | 0.0700 + jrr/2 | 99 1.78x10713

0.1 | 11.2518 | 11.1513 | 11.3385 | 11.3266 | 0.1658 + j7r/2 | 205 | 6.01x10~'*
The following MATLAB code generates Fig. 10.4.6.

be0 = sqrt(ef);

as = sqrt(ef-es);

ac = sqrt(ef-ec);

kOa_c = -1/2*(1/pc/ac + 1/ps/as); % upper cutoff

be = Tinspace(be0, 30, 1001);

ga = sqrt(be.A2 - ef);
ac = sqrt(be.A2 - ec);
as = sqrt(be.A2 - es);

kOa = atanh(-ga.*(pc*ac+ps*as)./(ga.A2 + pc*ps*ac.*as))/2./9a;

bapp = Tog((1-pc)/(1+pc)*(1-ps)/(1+ps))/4./k0a; % approximate solution

figure; plot(kOa,be,’-’, kOa,bapp,’--") % graph annotations are omitted
Even though both surface plasmon conditions |&.| > & and |&| > & are violated in
region 2, and therefore, separate surface plasmons cannot exist at those interfaces, yet,
the solution for finite thickness still exhibits peaks at the two interfaces. m]

Region 3

In region-3, we have the conditions, &f < |&| < |&cl, or, [pel < Ips| < 1. We will see that
in this region, there are two types of plasmonic modes, a symmetric-like TMy mode that
has no cutoffs, and an antisymmetric-like TM; mode with a lower cutoff. In addition,
there are TE and TM oscillatory modes with certain lower cutoffs. In particular, the TM;
mode is special in the sense that its oscillatory version also has an upper cutoff beyond
which the mode becomes plasmonic.

In the limit of infinite thickness, both the &¢-&. and &p-¢&; interfaces can support
surface plasmons with corresponding wavenumbers,

EcEf EsEf

y 0 = 10.4.17
g+ &f 5 O\ & + & ( )
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Fig. 10.4.6 Effective index, /ko, versus normalized thickness, koa. Region 2.

Because of the assumption, & < |&s| < |&], it follows that ko./€f < Bew < Bs,co-
We note also the relationships,

pioc —y* = (1-p2) (Bis —B?)

» o ) o\ oo ) (10.4.18)
psos =y = (1= p5) (B5e = B)
Because |pc| < |ps| < 1, it is possible for the ratios |p.|x./y and |ps|xs/y to
be either both greater than one, or both less than one, with the former case leading
to the TM; plasmonic mode, and the latter, to the TMy mode. That both ratios must
be simultaneously greater or less than one follows from Eq. (10.4.3), which requires
that the denominator be a positive quantity. The corresponding ranges of S are easily
determined from Eq. (10.4.18). If |[pclaxc = y, then, B < Beo < Bs 00, and if, |pslats <y,

then, B = Bs.« = Be,«- Thus, the possible  ranges for the two plasmonic modes are,

[peslGes <y Bso <P < 00 (TMy plasmonic mode)
= (10.4.19)
[Pesltes =y ko./€ < B < Bc,o  (TM; plasmonic mode)

For the TMy mode, the film width a is a decreasing function of 8, and varies over
0 < a < o, where a = c at f§ = f5,«. For the TM; mode, the width a is an increasing
function of B varying over the range, dcutoft < d < 0, With dcuroft realized at B = ko, /&7
and given by Eq. (10.4.6), with a = o realized at 8 = B¢ «-

For the TM; case, the characteristic equations are the same as in Eq. (10.4.11), while
those for the TMy mode can be obtained by inverting,

|pel e Ipsl s

Y

tanh(ya + @)= <1, tanh(ya-—y)= <1
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These imply that ¢ must be real, thus, inverting and separating, we have, ef = 1.5A2; ec = -2A2; es = -1.8A2;
kO = 1; a = 0.80;
1 o 1 I pc = ef/ec; ps = ef/es;
ya = Eatanh (7b> + Eatanh (7M>
Y Y (10.4.20) ac = sqrt(ef-ec); as = sqrt(ef-es);
. N . o e acutoff = -(1/ac/pc + 1/as/ps)/2; % units of k0=1
) = - atanh _Pe&e — —atanh _Ps&s
2 2 binit = 1.1*sqrt(ef);

ga = sqrt(binitA2-ef); as = sqrt(binitA2-es); ac = sqrt(binitA2-ec);
which are recognized to have the form of Egs. (10.1.15) with m = 0, that is, a TMy mode.

The characteristic equation can be solved using the iteration (10.4.13) for the TM; mode, tol = le-125 n = 1;

and (10.4.16), for the TMy mode. while 1

ga_new = sqrt(-pc*ac*as*ps - ga*(pc*ac+ps*as)*coth(2*ga*a*k0)); % TMO

Example 10.4.3: Fig. 10.4.7 shows the dependence of B on the width a for the two modes, for % ga_new = -(gaA2 + pc*ac*as*ps)/(pc*ac+ps*as) * tanh(2*ga*a*k0); % TM1

the following permittivity and width parameters from [943], if abs(ga_new-ga) < tol, break; end
2 2 2 ga = ga_new;
& = 1.5 =225, & =-1.8"=-3.24, & =-2°=—-4, koa =0.8 be = sqrt(gar2 + ef);

as = sqrt(beA2 - es);
ac = sqrt(ber2 - ec);

e =18 g=15" ¢ =-2° n=n+1;
4 end
| E = abs(tanh(2*k0*a*ga) + ga*(pc*ac+ps*as)/(gar2+pc¥ac*ps*as));
&£ 35 m=0; % set m=0 for TMO, m=1 for TM1
= psi = atanh(-pc*ac/ga)/2 - atanh(-ps*as/ga)/2 + j*m*pi/2;
S
o
§ % be = pwga(2*pi,ef,ec,es,a,binit,0,tol); % alternative calculation using PWGA
2 250 : % be = pwga(2+*pi,ef,ec,es,a,binit,1,tol);
E J— TM0 mode .
© oll- - - TM, mode , /,.// And, for the magnetic field profiles, using the calculated values of y, &, &s, ¢ from above,
0 lower cutoff| 7
o ka=08 / . .
15 : —d : x = linspace(-3,3,601)*a;
o0 0.2 0.4 0.6 0.8 1

normalized width, % o2

Hy = j*cosh(ga*k0*a - psi).*exp(kO*as*(x+a)).*(x<-a) + ...
j*cosh(ga*k0*a + psi).*exp(-kO*ac*(x-a)).*(x>a) + ...

Fig. 10.4.7 Effective index, /Ky, versus normalized thickness, koa. j*cosh(k0*ga*x + psi).*(abs(x)<=a);
_ . plot(x/a, imag(Hy)); % TMO
The lower cutoff, Kodcurort = 0.6628, was computed from Eq. (10.4.6). Fig. 10.4.8 shows % plot(x/a, real(Hy)); 9% TM1

the magnetic field profiles of the two modes, with the TM; one being symmetric-like,and

the TM;, antisymmetric-like. The computed values of B, y, &, &g,  are in the two cases, )
The H-field constant was arbitrarily set to Hy = j. But then, in the TM, case because  is

mode | B/ko y/ko oclky | xs/ko (1] n E real, Hy is effectively imaginary, whereas in the TM, case, because  has a j7r/2 imaginary
™, |2.7612 | 2.3182 | 3.4004 | 3.2961 _0.6751 427 | 4.68x10-13 part, H, becomes real. This explains the above plotting choices for H,,.

The calculation and plotting of the f-a dispersion curves was done by the MATLAB code,

TM; | 2.0301 | 1.3680 | 2.8498 | 2.7132 | 0.1741 + jmr/2 | 339 | 6.78%x10713

be0 = sqrt(ef);

. . . _ —-12
Also shown are, n, E, the number of iterations to converge with a tolerance of tol = 1071, beinf = sqrt(efrec/(efrec));

and the computational error of the characteristic equation defined as bsinf = sqrt(eftes/(ef+es));
E- tanh(zyan be = Tinspace(1.001*bsinf, 40, 2001); % TMO mode
Yo+ PelePsts ga = sqrt(be.A2 - ef); ac = sqrt(be.A2 - ec); as = sqrt(be.A2 - es);

The MATLAB code for this example is given below, where one should comment/uncomment kOa = atanh(-ga.*(pc*ac+ps*as)./(ga.A2 + pc*ps*ac.*as))/2./9a;
the appropriate lines to generate the TMy and TM; solutions.
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TM0 plasmonic mode, koa =0.8

TM1 plasmonic mode, koa =0.8

¥

H (x)
y

H (x)

magnetic field,
magnetic field,

Fig. 10.4.8 Magnetic field profiles of TMy and TM; modes for koa = 0.80. Region 3.

figure; plot(kOa,be); hold on

be
ga

Tinspace(1.00001*be0, 0.995*bcinf, 2001); % TM1 mode
sqrt(be.A2 - ef); ac = sqrt(be.A2 - ec); as = sqrt(be.A2 - es);

kOa = atanh(-ga.*(pc*ac+ps*as)./(ga.A2 + pc*ps*ac.*as))/2./9a;

plot(kOa,be, ’--'); axis([0,1,0,4.5]);

For the TM, mode, a range of values over Bs. < B < o was used to evaluate the corre-
sponding thickness a, and a range over ko./€f < B < B¢~ was used for the TM; mode. O

10.5 Oscillatory Modes

In addition to the plasmonic modes, there are also oscillatory TE and TM modes char-
acterized by an imaginary y = jkg, with ky = /kier — B2. Because kg is real, the wave-
number B is restricted to the values < ko, /7.

In the lossless asymmetric waveguide case of Sec. 9.12, the positivity of the decay
parameters ., Xs, imposed also a lower limit on S, see Eq. (9.12.3). However here,
Kes = \/,82 —kiecs = \/BZ + k3|&csl, and ¢, s Temain positive even at 8 = 0. Thus,
the range of Bs for all oscillatory modes is

0 < B < ko /&7 | (oscillatory modes) (10.5.1)

The TE,;, modes are obtained by setting p. = ps = 1 in the characteristic equations
(10.1.19), for m =0, 1, 2,...,

kfa

1 atan & + l atan % + 1 mrTT
2 kf 2 kf 2
(TEm) (10.5.2)
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The TM,, modes are indexed by m = 1,2, 3,..., and Egs. (10.1.20) are more appro-
priate because p., ps are negative,

1 k 1 k 1
kra 7atan(— f >+7atan(— ! )+7(m—1)Tr
2 Pee) 2 psexs ) 2

1 kr 1 kf ) 1
= —atan | — — —atan | — + —mTr
¢ 2 ( PcXc ) 2 ( Ps&s 2
All modes have a lower cutoff found by setting § = 0, kf = ko./€f, Xc,;s = Ko/—Ec,ss

in the characteristic equations (10.5.2) and (10.5.3), resulting basically in the same ex-
pression,

2KoAmin = L [atan( _—Ec) + atan( /_—‘ss) + mrr} (TEm)
N/Sf é'f Sf
_ —& [Z&s _
2KoAmin = = [atan( P ) + atan( P ) + (m l)n} (TM,,,)

For all, but the TM; oscillatory mode, there is no upper cutoff thickness, that is, the
upper limit 8 = ko./€f is reached at infinite width, a — . Indeed, using the property
that atan(x) — =71/2 — 1/x as X — o0, we find from (10.1.19) that as 8 — ko./€f and
a — oo, then ky — 0 and ot¢s — Ko\/& — &5, and

(TMmn) (10.5.3)

(10.5.4)

kra +E+le[ L, ! }M or
f T4 g 2 KoberJF — €c  kops JEr — s 2 ’
(m=+=1)Tm 1 1 1
fR o, de=—7— +
2(a-ac) 2ko | peJEF — & Ps&F — &

where "+’ corresponds to TE,; and '—’ to TM,;,. This leads to the approximation for S,

k2 2.2
_ R e B ro _ (m=1)°1T _
B = koer —kp ~ kover = 53 e = KoVE ~ gla —agoke g 4T (1059

The quantity a. is recognized as dcuroft Of Eq. (10.4.6) in the TM case, but in the TE
case, d. is negative and has no special meaning. For large a, one could simply replace
(a — a¢)? by a? in (10.5.6).

The TM; oscillatory case is special because it also has an upper cutoff, which is the
same as the lower cutoff of the TM; plasmonic mode, that is, dcutofr Of Eq. (10.4.6). In-
deed, when m = 1, a common factor of ky can be canceled from both sides of Eq. (10.5.3)
in the limit k; — 0, leading to the expression (10.4.6). Thus, the TM; oscillatory mode
exists only for thicknesses dmin < @ < dcuwott and for 0 < B < ko./&, and then it
becomes plasmonic for dcywofr < a < o and Ko ,/Ef < B < B -

(10.5.5)

Example 10.5.1: Fig. 10.5.1 shows the dependence of 8 on the width a for the oscillatory modes
TM;, TMy, TM3, TEq, TE;, TE;, for the same permittivity values as in Example 10.5.1.

The graphs were generated by calculating the values of a from Egs. (10.5.2) and (10.5.3)
over the range of values 0 < B < ko J&f- For example, the MATLAB code for calculating
the TM;, TEq, TM», and TE; curves was,
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ef = 1.5A2; ec = -2A2; es = -1.8A2;
pc = ef/ec; ps = ef/es;
be = Tlinspace(0, 0.995*sqrt(ef), 201);
kf = sqrt(ef - be.A2); ac = sqrt(be.A2 - ec); as = sqrt(be.A2 - es);
a_tml = (atan(-kf./ac/pc) + atan(-kf./as/ps))./kf/2;
a_tm2 = (atan(-kf./ac/pc) + atan(-kf./as/ps) + pi)./kf/2;
a_te0 = (atan(ac./kf) + atan(as./kf))./kf/2;
a_tel = (atan(ac./kf) + atan(as./kf) + pi)./kf/2;

effective index, B/k o

plot(a_tml, be, ’-’, a_teO, be, ’--’, a_tm2, be, ’-’, a_tel, be, ’--"); x1im([0,5]);
€
s
1.5 1.5
&
<
1f =gt
¥
<
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o
2
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‘ — exact TM
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normalized width, % 0@

normalized width, % 02

Fig. 10.5.1 Oscillatory TE and TM modes, and the approximation of Eq. (10.5.6).

The lower cutoffs and the upper cutoff of the TM; mode were,

k()acumff =0.6628,
koGmin = 0.6011,
k()amm = 1.6483,
koamin = 2.6955,

upper cutoff, TM; mode

lower cutoff, TM;, TE; modes
lower cutoff, TM», TE; modes
lower cutoff, TM3, TE, modes

The graph on the right compares the large-a approximation of Eq. (10.5.6) with the exact

solutions. The approximation is applicable to all but the TM; mode.

]

Example 10.5.2: In this example we look at the TM, plasmonic, and TM; oscillatory and plas-
monic modes. The permittivity parameters are as in Example 10.4.3. In that example, we
determined the field profiles for kga = 0.8, which lies in the plasmonic range for TM; since
koa > KoQcurotr- The allowed thickness range of the TM; oscillatory mode was found in the
previous example to be rather narrow, Ko [dmin, Acutore] = [0.6011,0.6628]. Here, we de-
termine B and the field profiles for an intermediate value of a, such as, kpa = 0.63, which
lies in the oscillatory range for TM;, while TM, remains plasmonic. Fig. 10.5.2 displays the
B-a relationships.

We observe how the oscillatory TM; mode switches to its plasmonic version at a = dcytoft-
The TM, effective index and ( parameter were 8/ko = 2.8685 and ¢y = —0.4292, and were
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Fig. 10.5.2 Effective index of oscillatory and plasmonic modes.

computed by the same code as that in Example 10.4.3 with kga = 0.63. The oscillatory
TM,; index and phase factor were 8/ky = 1.1434 and ¢ = 1.6021, and were computed by
the following MATLAB code, including its magnetic field profile,

ef =
ko =

pc

1.5A2; ec = -2A2; es = -1.8A2;
1; a =0.63;
ef/ec; ps = ef/es;

binit = 0.5*sqrt(ef);

kf = sqrt(ef-binitA2); as

sqrt(binitA2-es); ac

% a = 0.63

sqrt(binitA2-ec);

tol = le-12; n = 1;
while 1
kf_new = (atan(-kf/ac/pc)+atan(-kf/as/ps))/2/a;
if abs(kf_new-kf) < tol, break; end
kf = kf_new;
be = sqrt(ef - kfA2);
as = sqrt(beA2 - es);
ac = sqrt(beA2 - ec);
n=n+1;
end

E = abs(tan(2*k0*a*kf) - kf*(pc*ac+ps*as)/(kfA2 - pc*ac*ps*as))
phi = (atan(pc*ac/kf) - atan(ps*as/kf) + pi)/2

% b
% b

e
e

= pwga(2*pi,ef,ec,es,a,binit,0,tol);
= pwga(2*pi,ef,ec,es,a,binit,1,tol);

x = linspace(-3,3,601)*a;

Hy

% alternative calculation using PWGA

cos(kf*k0*a - phi).*exp(kO*as*(x+a)).*(x<-a) + ...
cos(kf*k0*a + phi).*exp(-kO*ac*(x-a)).*(x>a) + ...

cos(kf*k0*x + phi).*(abs(x)<=a);

plot(x/a, real(Hy));
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Fig. 10.5.3 Magnetic field profiles of TM and oscillatory TM; modes for koa = 0.63.

The iterative method was the same as that discussed in Sec. 9.12 for the asymmetric di-
electric waveguides. The number of iterations to converge and the computational error of
the characteristic equation (10.1.17) were n = 267 and E = 1.01x10~ 1.

The MATLAB code for calculating the B-a dispersion curves for the TM; oscillatory and
plasmonic portions is the same as in Examples 10.4.3 and 10.5.1.

Figures 10.5.4, 10.5.5, and 10.5.6 show the dispersion curves and magnetic field profiles for
the cases kopa = 0.8 and koa = 0.63 for a symmetric MDM configuration with permittivities
& = 1.5% and &5 = & = —2.22. The magnetic field profiles are now either completely
symmetric or antisymmetric. The dispersion curves have the same asymptotic limit for
large a, that is, Bce = Bs, = 2.2678k(. The calculated (normalized by k) propagation
wavenumbers were 8 = 2.4586 and 8 = 1.8197 for the TM, and TM; modes at kpa = 0.80,
and B = 2.5951 and B = 0.6448 for the case koa = 0.63. [m]

4.5 0
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_ 3.5} <
= ~
(=N b ~
w =1
3 2.5 [ e S S
E - TM0 /»_»1:7,
2 - - - TM, plasmonic o -
E 1.5 — TM, oscillatory
5] ) TM1 cutoffs
o ka=0.63
0.5 0
o koa =0.80
0 ; ; ;
0 0.2 0.4 0.6 0.8 1 1.2

normalized width, koa

Fig. 10.5.4 Effective index of oscillatory and plasmonic modes. Symmetric guide.
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TM1 plasmonic mode, koa =0.8
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Magnetic field profiles of TMy and TM; modes for kga = 0.80. Symmetric guide.
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Magnetic field profiles of TM, and TM; modes for kga = 0.63. Symmetric guide.

It should be noted that complex-valued solutions for B (with negative imaginary part)
also exist (and there is an infinity of them), even though we have assumed lossless media
[952]. For example, for the symmetric configuration of Example 10.5.2 at kga = 0.8, the
following are all solutions of the TM, characteristic equation, y tanh(ya) +p.c. = 0,

q ,B/ko y/ko O(C/ko E

0 | 2.4586 1.9480 3.1694 0.022x10714
1 |0.6391 —3.5638j | 0.5902 —3.8589j | 0.7645 —2.9794j | 0.076x10~*
2 | 0.7585—7.7008; | 0.7446 — 7.8442j | 0.7851 —7.4393j | 0.562x107'4
310.7790 — 11.6825j | 0.7727 — 11.7780j | 0.7906 — 11.5108; | 0.289x10~ 14
4 10.7862 — 15.6351j | 0.7827 — 15.7067j | 0.7927 — 15.5069j | 6.671x10~ 4
5| 0.7896 — 19.5770j | 0.7873 — 19.6343 | 0.7938 — 19.4747j | 1.212x10714
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where E = |ytanh(ya)+p.x.| is the computational error. They were computed with
the help of the MATLAB function, pwg, discussed in the next section. The MATLAB code
was as follows,

T1a0 = 2*pi; kO = 1; ef = 2.25; ec = -4; es = ec; a = 0.8; % units of k0=1

pc = ef/ec; ps ef/es;
bcinf = sqrt(ec*ef/(ec+ef));

M=5;qg=(0:M’;

ga0 = 1/k0/a*atanh(-pc) - j*pi*q/a/k0; % justified in next section

be0d = sqrt(ga0.A2 + ef); % vector of initial search points
be = pwg(l1a0,ef,ec,a,be0); % uses built-in FSOLVE to find the solutions
ga = sqrt(be.A2-ef);

ac = sqrt(be.A2 -ec);

E = abs(ga.*tanh(ga*a) + pc*ac);

The first one is the real-valued solution of Example 10.5.2. All of the complex ones
do have positive real parts for y, .. However, the imaginary parts of 3, albeit negative,
are very large and therefore, these modes are highly damped and cannot be considered
as propagating. In fact, for the lossless case, such modes carry no net power in the
propagation direction [952]—see Problem 10.4. For such modes, the power flowing
forward in the dielectric film cancels the power flowing backward in the metal sides.
Indeed, using the MATLAB function, pwgpower, or the results of Problem 10.4, the net
power and the powers in each medium are as follows for the above example,

p Py P Py
2.8401 | 4.0337 | —0.59682 | —0.59682

0 0.2586 | —0.12928 | —0.12928
0.3378 | —0.16891 | —0.16891
0.3531 | —0.17654 | —0.17654
0.3585 | —0.17927 | —0.17927
0.3611 | —0.18055 | —0.18055

Uk W N = O

oS O O O

where P = Py + P + Ps. The units of P are arbitrary. The MATLAB code was,

[P,Pf,Pc,Ps] = pwgpower(kO*a,ef,ec,es,be,0);

where the input be is the vector of 8/k( calculated above. We discuss such anomalous
modes further in Sec. 10.9.

10.6 MDM Configuration - Lossy Case

In the previous section, we ignored losses in the metal cladding and substrate of an
MDM guide in order to simplify the problem and gain some insight into the possible
types of propagating plasmonic modes—their essential feature being the subwavelength
confinement of the fields in the transverse direction.

Here, we assume that the metals are lossy with permittivities that have both negative
real and imaginary parts, & = & — j&c1, Where g < 0 and &7 > 0, and similarly,
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&5 = &R — JEs1, where g5g < 0 and &g > 0. The dielectric film will still be assumed to be
lossless, & > 0. Moreover, as is typically the case in practice, we will assume that the
real parts satisfy the region-3 conditions, & < |&sr| < |€cr|, which imply the existence
of single-interface surface plasmons at both interfaces in the case of infinite thickness.
The propagation parameters, 3, Y, ¢, Xs, become complex-valued, and in particular,
we require that ., &g have positive real parts, and B, negative imaginary part, f =
Br — jB1, with B; > 0, so that the wave attenuates as it propagates along the positive
z-direction, that is, e /A% = e~ JPrZ o=Bi1Z while it remains confined in the transverse
direction, e.g., e~ %X = g~ XerXp=JXaX for x > g. The field expressions and characteristic
equations (10.1.3)-(10.1.16) remain valid.
Let us consider the symmetric case, & = &, whose characteristic equations for the
symmetric TMy mode and antisymmetric TM; mode are ,
_Pee Jjmm

tanh(ya + @)= y (y:T, m=0,1 (10.6.1)

where p. = &f/&c, and y = \/BZ - kiep, otc = \/BZ — ki&.. Equivalently,

2ya+2¢ _ Y — Pc&Xc Y= Jmtt , m=0,1 (10.6.2)

e 3
Y + Pcc 2

In the limit of large separation, a — o, both the TMy and TM; modes, tend to the
single-interface surface plasmon solution. Indeed, because y has a positive real part,
we have tanh(ya + @) — 1, and thus, —p.&. = y, which corresponds to,

Efé&c
w=ko [—— 10.6.3
Bc, 0 £ + &c ( )

A variety of approaches can be taken to solving the characteristic equation (10.6.1).
We discuss three.

First, if the losses are small, £.; < |&cgr|, the solutions for the TMy and TM; modes
evolve smoothly from the corresponding ones of the lossless case, as we verify in the
example below. The results of Problem 10.5 can be used to construct the lossy solutions
from the lossless ones by a first-order approximation in the parameter &.;.

Second, Eq. (10.6.1) can be solved iteratively by turning it into the following iteration
[963], initialized at B = Bc,co,

Yn+1 = —Pc Xencoth(ypa+y), n=0,1,2,... (10.6.4)

and stopping when two successive iterates get closer to each other than some specified
error tolerance, |y, 1 — ¥n| < tol, such as tol = 10712,

Third, we have written a MATLAB function, pwg, which uses the built-in function,
fsolve, to solve the system of two equations consisting of the real and imaginary parts
of the characteristic equation,

E =y tanh(ya+ @) +pccxc =0 (10.6.5)

in the two unknowns, the real and imaginary parts of . It has usage:
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[be,E] = pwg(la0,ef,ec,a,be0,mode,tol) % plasmonic modes for symmetric guides
Ta0 = operating wavelength, kO = 2*pi/l1a0 = free-space wavenumber
ef,ec = permittivities of film and cladding/substrate
a = half-width of film in same units as 1a0
be0 = starting search point in units of kO - can be a vector of choices
mode = 0,1 for TMO or TM1 mode, default mode=0
tol = computational error tolerance, default tol=le-12
be = propagation wavenumber in units of kO - same size as be0

E value of the characteristic equation (10.6.5) - same size as be0

There is also a version, pwga, for asymmetric guides, with similar usage:

10. Surface Waveguides

pcr = ef/ecr;
ber = pwg(la0,ef,ecr,a,bcinr,0,tol1); % lossless solution
gr = sqrt(berA2-ef); acr = sqrt(berA2-ecr);
Dec = imag(ec)*j; % correction to ec
Dg = pcr*gr*(acrA2/ecr+1/2)*dec/(kO*a*(grA2*acr)*(1l-pcrA2*acrA2/grA2)-pcr*(ef-ecr));
Db = gr/ber*Dg;
bel = ber + Db; % approximate lossy solution
num2str([be;bel], ’%2.7f’) % be = 1.2261233 - 0.0026097i % exact from PWG
% bel = 1.2261699 - 0.00261067 % 1st order

[be

,E] = pwga(la0,ef,ec,es,a,be0,mode,tol)

% plasmonic modes for asymmetric guides

The iterative method generally works well for the primary TMy and TM; modes.
However, it is not capable of finding the anomalous complex-mode solutions that are
highly damped. Those can be found using pwg with properly choosing the initial search

points,

as we discuss later.

Example 10.6.1: This example, with parameters taken from [953], illustrates the three numeri-
cal approaches. Consider a symmetric silver-air-silver waveguide at an operating free-space

wavelength of Ay = 650 nm and permittivity of silver’ &, = & =

& = 1 for an air gap of width 2a = 100 nm.

—19.6224 — 0.443j, and

The following MATLAB code computes the propagation parameters f3,y, &, for the sym-
metric TMy mode (¢ = 0) using the pwg function and the 1st-order approximation using
Eq. (10.21.3) of Problem 10.5.

1a0 = 650; kO = 2*pi/la0; a = 100/2;
ef = 1; ec = -19.6224-0.443*j; es = ec;

pc = ef/ec; ps = ef/es;
bcinf = sqrt(ec*ef/(ec+ef));

% la0,a in nm

% bcinf = 1.0265 - 0.00061

tol = le-12;

mode=0;

be = pwg(la0,ef,ec,a,bcinf,mode,tol); % be = 1.2261 - 0.00261

ac = sqrt(beA2 - ec); as = ac; % ac = as = 4.5965 + 0.04751
ga = sqrt(beA2 - ef); % ga = 0.7095 - 0.00451

E = abs(pc*ac + ga*tanh(ga*k0*a));
[P,Pf,Pc,Ps] = pwgpower(kO*a,ef,ec,es,be,0);
Powers = [P,Pf,Pc,Ps];

% ---- 1lst order calculation

ecr = real(ec);
bcinr = sqrt(ecr*ef/(ecr+ef));

% E = 5.5518e-17

% power flow in the three media

% Powers = [1.2175, 1.2328, -0.0076, -0.0076]

% lossless case, ecr = -19.6224
% bcinr = 1.0265

TOur MATLAB function DRUDE, from Sec. 1.12, based on [163], gives & = —15.4758 — 1.1513j.

The numerical values are given in the comments. As expected, energy flow is negative in
the metals and positive in the dielectric. We note that the 1st-order approximation is very
good because & < |&cr|. The iterative version is implemented by the following code
segment and results into the same solution to within the error tolerance tol.

binit = bcinf; % initialize iteration

ga = sqrt(binitA2 - ef);

ac = sqrt(binitA2 - ec);

N =1; % number of iterations to converge
while 1 % forever while Toop

ga_new = -pc*ac*coth(ga*a*k0);
if abs(ga_new-ga) < tol, break; end
ga = ga_new;

be = sqrt(gar2 + ef);
ac = sqrt(beA2 - ec);
N=N+1;
end
N, be % N = 270, be = 1.2261233 - 0.00260971

The iteration was initialized at = B «, but the algorithm is very insensitive to the initial
choice, for example, it converges equally fast with f = 0 or 8 = 10f¢,.

The corresponding magnetic field profile Hy (x) is plotted in Fig. 10.6.1. The following
MATLAB code generates the graph (annotations are omitted.)

x = Tinspace(-200,200,401); % units of nm

Hy = cosh(ga*k0*a)*exp(-kO0*ac*(abs(x)-a)).*(abs(x)>a) + cosh(k0*ga*x).*(abs(x)<=a);
fil11(f-200, -50, -50, -200],[0, O, 1.5, 1.5], [0.9 0.9 0.91); hold on
fi11([50, 200, 200, 501,[0, O, 1.5, 1.5], [0.9 0.9 0.91);

plot(x,real(Hy), ’Tinewidth’,2);

Next, we calculate and plot the S-a dispersion relationship by solving for S over the range
of thicknesses, 5 < 2a < 3500 nm. Fig. 10.6.2 plots the effective phase index Re () /kq
and propagation length L. = —[2Im(f)]~! versus a, where L is plotted in units of ym. The
previously computed solution for 2a = 100 nm is also added to the graph. It is interesting
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Fig. 10.6.1 Magnetic field profile of silver-air-silver guide (Ag = 650 nm, 2a = 100 nm).
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Fig. 10.6.2 Effective index and propagation distance (Ay = 650 nm).
to note that L exhibits a maximum before settling towards its asymptotic limit, with the
maximum occurring approximately at [957],
2amaxko = T/ |1 + Re (&) |
The maximum was added in the graph. The following MATLAB code illustrates the com-

putation using the pwg function as well as the iterative method (again, graph annotation
details are omitted.)

wl 2*a; bel = be;
L1 = -1/2/imag(bel)/k0/1000;

% save previous results for 2a=100
% propagation length in microns

wmax = pi/k0*sqrt(abs(real(ec)+1))
bemax = pwg(la0,ef,ec,wmax/2,bcinf,0,tol);
Lmax = -1/2./imag(bemax)/k0/1000;

% max L at wmax = 1402.49 nm
% bemax = 1.030361 - 0.000577i
% Lmax = 89.5901 microns
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w = (5:10:3500); a = w/2; % vector of gap thicknesses w in nm

% PWG method
% 1a0,ef,ec,bcinf,tol, as above

for i=1:length(w)

be(i) = pwg(l1a0,ef,ec,a(i),bcinf,0,tol);
end
L = -1/2./imag(be)/k0/1000; % propagation length in micrometers
ac = sqrt(be.A2 - ec); ga = sqrt(be.A2 - ef);
E = abs(pc*ac + ga.*tanh(ga.*a*k0)); % vector of computational errors
figure; plot(w,real(be),’-’, wl,real(bel),’.’);
figure; plot(w,L,’-", wl,L1,’.’, wmax,Lmax,’ro’);

% plot effective index
% plot propagation length

for i=1:length(w)
binit = bcinf;
ga = sqrt(binitA2 - ef);
ac = sqrt(binitA2 - ec);
NGD) = 1;
while 1
ga_new = -pc*ac*coth(ga*a(i)*k0);
if abs(ga_new-ga) < tol, break; end
ga = ga_new;
beit(i) = sqrt(gar2 + ef);
ac = sqrt(beit(i)A2 - es);
NCGI) = N(GiD+1;
end % end while-Toop
end % end for-Toop

% initialize iteration

% number of iterations for i-th thickness

% beta for i-th thickness

ac = sqrt(beit.A2 -ec); ga = sqrt(beit.A2 - ef);

Eit = abs(pc*ac + ga.*tanh(ga.*a*k0)); % vector of errors

norm(be-beit) % compare PWG and iterative methods, ans = 2.5818e-12

Fig. 10.6.3 plots the computational error E = |y tanh (ya) +p. .| versus thickness w = 2a,
for both the PWG and the iterative methods, showing that it remains below the specified
error tolerance of 10~'2, The figure also shows a plot versus w of the number of iterations
N required for convergence of the iterative method, where N is saved during the iteration
for each thickness. m]

10.7 Gap Surface Plasmons

The TM, symmetric mode illustrated by the above example is the only mode that exists
for the symmetric MDM guide for all values of the gap thickness 2a, and is known as a
gap surface plasmon polariton (G-SPP) mode [981]. For small values of a, the propagation

wavenumber B becomes very large. Indeed, assuming that |ya| < 1 and using the

approximation tanh (x) ~ X, the characteristic equation (10.6.1) (with ¢y = 0) becomes,

_Pe&e
Y

> y'a=-pe\y?+ (g — &)k}

ya = (10.7.1)
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Fig. 10.6.3 Computational error and number of iterations (A = 0.650 nm, tol = 10~'2).

This is a second-order algebraic equation in the variable y? with solution for y? and S,

2 4 2k2

- 2 4 2k2
Vkger + y2 = \|Ker + 2’[;“2 + \/4’204 + P;ZO (er — &)

For very small a, the quartic term p?}/a* wins inside the above square roots, so
that y*> ~ pZ/a®. Its square root is taken with negative sign, y = —p./a, in order to
guarantee a positive real part for y. This results in the simpler expression for 8 ~ y,

(10.7.2)

B

= . for kopa < 1 (10.7.3)
The same can also be derived from the characteristic equation (10.7.1) when y is large,

yia=-pey? + (e — ek~ —pey = y-= —%

On the other hand, if a is small but not too small so that the quartic term p#/a*
can be ignored inside the square roots of Eq. (10.7.2), then we obtain another simple
expression which works well [981] over a substantial range of a,

(10.7.4)

TM, modes

We saw in Sec. 10.4 that, in the lossless case, region-3 supported antisymmetric TM;
plasmonic modes for ko,/&f < B < B¢, corresponding to the film’s half-width range

450 10. Surface Waveguides

dcutott < d < 0, where for symmetric guides (¢, = &), the cutoff thickness is given by
Eq. (10.4.6) and is obtained by setting, f = ko\/?, or y = 0, in the TM; characteristic
equation,

1 &
= KoQcutoff = — -
y=0 DerJEf — Ec  Ef\[&f — &

tanh(ya)= —

c&c

In the lossy case, because €. and f are complex-valued, an approximate value for
the cutoff with may be obtained by taking the real part of the above expression,

1
k = —Re| —M 10.7.5
0dcutoff € |:pc m} ( )

Example 10.7.1: Here, we look at the TM; modes of Example 10.6.1 that had operating free-
space wavelength of Ay = 650 nm and permittivity of silver &, = &, = —19.6224 — 0.443},
and & = 1 for air. The cutoff width calculated from Eq. (10.7.5) is found to be

Weutott = 2dcutoft = 894.0795 nm

The TM; modes were calculated over the thickness range, Weyioff < 2a < 3500 nm, and the
TM, modes over, 5 < 2a < 3500 nm. Fig. 10.7.1 shows the effective index Re (f) /ko and
propagation distance L = —[2Im(f) | “!in units of nm. The solutions for the specific value,
2a = 1000m, that lies above the cutoff, were also placed on the graphs. The following
MATLAB code segment illustrates the computations.

1a0 = 650; kO = 2*pi/l1a0; ef = 1; ec = -19.6224-0.443%j; es=ec;
pc = ef/ec; ps = ef/es;

bcinf = sqrt(ec*ef/(ec+ef));

tol = le-12;

acut = -real(1/pc/sqrt(ef-ec))/kO0;

wc = 2*acut;

nc = sqrt(ef);

w 5:10:3500; % thickness range for TMO
wl = 1.001*wc:10:3500; % thickness range for TM1

for i=1l:Tength(w)
be0(i) = pwg(la0,ef,ec,w(i)/2,bcinf,0,to01); % TMO
end

for i=1:Tength(wl)

bel(i) = pwg(la0,ef,ec,wl(i)/2,bcinf,1,to1); % TM1
end
neff0 = real(be0); LO = -1/2./imag(be0)/k0/1000; % TMO index & distance
neffl = real(bel); L1 = -1/2./imag(bel)/k0/1000; % TM1 index & distance
w2=1000; a = w2/2; % specific solutions
be02 = pwg(la0,ef,ec,a2,bcinf,0,tol1); % TMO
bel2 = pwg(la0,ef,ec,a2,bcinf,1,tol); % TM1

neff02 = real(be02); LO2 = -1/2/imag(be02)/k0/1000;
neffl2 real(bel2); L12 = -1/2/imag(bel2)/k0/1000;
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Juy

figure; plot(w,neff0,’-", wl,neffl,’ r--", ... ga = sqrt(be02A2 - ef); % transverse wavenumbers for TMO
[w2,w2], [neff02,neff12],’0’, wc,nc,’s’, ’markersize’,9); ac = sqrt(be02A2 - ec); % ga = 0.2690-0.00237; ac = 4.5494+0.04861
psi = 0;
yaxis(1l, 1.15, 1:0.05:1.15); Hy = cosh(ga*k0*a+psi)*exp(-kO*ac*(x-a)).*(x > a) +... % TMO field
xaxis(0,3500, 0:500:3500); cosh(ga*k0*a-psi)*exp(kO*ac*(x+a)).*(x <-a) +... % here, a=1000/2
cosh(k0*ga*x+psi).*(abs(x)<=a);
figure; plot(w,LO0,’-", wl,L1,’r--", [w2,w2],[LO2,L12],’0", ’markersize’,9);
yaxis(0,100,0:20:100) ; figure; fi11([-1500, -500, -500, -1500],[0, O, 2, 2], [0.9 0.9 0.9]1); hold on
xaxis(0,3500, 0:500:3500); fi11([500, 1500, 1500, 500],[0, O, 2, 2], [0.9 0.9 0.91);
plot(x,real(Hy), ’Tinewidth’,2); % plot TMO
effective index, n_; = Re()/ &, propagation length, L = —[2 Im(B)]" xaxis(-1500, 1500, -1500:500:1500); yaxis(0,2, 0:0.5:2);
115 100,
— ™™, ga = sqrt(bel2A2 - ef); % transverse wavenumbers for TM1
--- ™, ac = sqrt(bel2A2 - ec); % ga = 0.1251-0.007217; ac = 4.5432+0.04861
o TM,, TM,, 2a = 1000 801 psi = j*pi/2;
1l o cutoff, w = 894.08 nm|] Hy = cosh(ga*kO*a+ps1:)"-‘exp(—kO"-‘ac"“(x—a))."“(x > a) +... % TM1 field
< 6ot cosh(ga*k0*a-psi)*exp(kO*ac* (x+a)).*(x <-a) +...
5 cosh(kO*ga*x+psi).*(abs(x)<=a);
S s figure; fil11([-1500, -500, -500, -1500],[-1, -1, 1, 1], [0.9 0.9 0.9]1); hold on
L.05y £411([500, 1500, 1500, 5001, [-1, -1, 1, 1], [0.9 0.9 0.91);
20t — ™™, I plot(x,imag(Hy), ’linewidth’,2); % plot TM1
---T™M
- 1
g” o TM,, TM,, 2a = 1000 xaxis(-1500, 1500, -1500:500:1500); yaxis(-1,1, -1:0.5:1);
500 1000 15@g N 2000 2500 8000 8500 0500 1000 15‘(')3) N 2000 2500 3000 3500
gap width 2a (nm) gap width 2a (nm) We note that because of the rather large thickness of 1000 nm, the TM, field resembles
two separate single-interface surface plasmons at the two silver-air interfaces. ]
Fig. 10.7.1 Effective index and propagation distance for TMy and TM; plasmonic modes.
The symmetric TM, and antisymmetric TM; magnetic field profiles Hy (x) for the case 10.8 PEC Limit
2a = 1000 nm are shown in Fig. 10.7.2. They were computed and plotted by the following
MATLAB code segment (annotations are omitted.) Plasmonic waveguides operate near the visible and infrared spectrum and excel at guid-
) ) ing light at decent propagation distances, while being laterally confined at subwave-
, tranverse magnetic field, Hy(x) X tranverse magnetic field, Hy(x) length distances.
TM. mode TM. mode At the microwave regime, MDM waveguides behave very much like ordinary parallel-
g 1 plate TEM transmission lines, or like parallel-plate waveguides supporting TM and TE
fé’ 0.5 modes. The connection to the plasmonic case can be seen in the perfect-electric con-
2 ductor (PEC) limit [961]. We recall from Chapter 1 that the effective dielectric constant
-
. . £ of a conductor is related to its conductivity o (w) by
1| silver silver =z 0
-
«
. .0 (w)
. c) Ec=1—j—— (10.8.1)
0.5 air gap =~ -05) silver silver €ow
air ga
gap The PEC limit assumes that the metals are perfect conductors (o — o), so that
% -1 & — o, and therefore, p. = &¢/&. — 0. In this limit, the characteristic equation (10.6.1)
00 -1000 -500 0 500 1000 1500 -1500 -1000 -500 0 500 1000 1500 j 3
x (nm) x (nm) of a symmetric MDM guide becomes for the even and odd TM modes,
Fig. 10.7.2 Transverse magnetic field profiles for TM; and TM; plasmonic modes. tanh(ya + @)= — Pe&e | ffkoi V= | 0 _Jmm m=0,1

Y gy ’ 2’

x = linspace(-1500,1500,601);
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where we replaced &, = /B2 — k3s. — ko/—&c. This condition then requires that
ya + @ = jirq, with integer g, resulting in the quantized values of y,

_ 1(2q + m)
B 2a

The quantities k. are recognized as the cutoff wavenumbers of the TM modes of a
parallel-plate waveguide with perfectly conducting walls. The corresponding dispersion
relationship is obtained from § = \/yz +kjep = \/k(z)ff — k2, and requires that the guide
be operated above cutoff, ko, /&f > k.

The case g = m = 0, or, y = 0, is special and corresponds to the parallel-plate
TEM transmission line discussed in the next chapter. The TEM property follows from
Eq. (10.1.3), which shows that E, = 0 in this case. Moreover, Ex, Hy become constants,
independent of x, and Ex/H, = no.

TE modes, which generally do not exist in the plasmonic case, correspond to setting
pc = 1 in the characteristic equation (10.6.1), which would have the PEC limit,

tanh(yailp)=—ﬁ—» @—»oo, q;:Jm—Tr, m=20,1
Y Y 2
This condition gives the quantized values for y and TE cutoff wavenumbers:

y =Jjke, ke ., g=0,1,2,..., m=0,1 (10.8.2)

y = jke, kf%amﬂ), 4=0,1,2,..., m=0,1 (10.8.3)

We note that y = 0 is not possible for TE modes.

Example 10.8.1: The following graphs show the magnetic field profiles for a fictitious symmet-
ric MDM guide with Ay = 650 nm, & = 1, with film width of 100 nm, and the successive
values of &, having increasingly larger imaginary parts:

& =—20-10j
& = —20—100j
& = —20 — 1000j
magnetic field, H (x), € =-20 - 10/

magnetic field, Hv(x), €= -20 - 100/ magnetic field, H‘V(IJ, €= —-20 - 1000/

conductor conductor conductor conductor conductor conductor
1 — 1 ] 1
0.5 0.5 0.5
air gap air gap air gap
0 0

-200 -150 -100 -50 0 50 100 150 200 -200 -150 -100 -50 0 50 100 150 200 -200 -150 -100 -50 0 50 100 150 200

x (nm) x (nm) x (nm)

The MATLAB code is the same as in Example 10.6.1. We observe how the magnetic field
tends to the TEM limit, becoming progressively constant, and more quickly decaying in the
metal. The computed values for B, y, &, were,

Blko | y/ko | c/ko
1.20520 — 0.04899j | 0.67656 — 0.08727j 4.74695 + 1.04087j
1.07807 — 0.06220j | 0.42772 — 0.15677j 7.84987 + 6.36099j
1.02333 — 0.02255j | 0.23702 — 0.09736j | 22.59670 + 22.12610j
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10.9 Anomalous Complex Modes

As we mentioned at the end of Sec. 10.5, there exist complex-modes even in the lossless
case, that are anomalous in the sense that they are stable and laterally confined, having
propagation wavenumber, § = Br — jBr, with B; > 0, but with B; so large that they
cannot be considered as propagating, nor are they necessarily evanescent, which would
have Bgr = 0 and B; > 0, although such evanescent modes do exist.

The mode spectrum of MDM guides for the lossless and lossy cases has been studied
in various references such as [952-955,965].

Consider a symmetric configuration (¢; = &5), whose even and odd TM modes must
satisfy the characteristic equation (10.6.1),

Pc&c Jjmtt

tanh(yail[})= —T, ([/= T, m=0,1 (1091)

Because we are looking for anomalous modes that have large values of B, or, y =

\B? + K3&r, we have, ac = +[y? + k3 (gf — &) ~ y. It follows that the right-hand-side

of Eq. (10.9.1) tends to a constant,
tanh(ya + ¢)~ —p., for [B| > ko
But this equation does not uniquely define y, since,
tanh(ya + @)= tanh(ya + ¢ = jrg) = —p,

for any integer g. Replacing ¢ = jm7r/2, for m = 0,1, and inverting, we obtain an
infinite family of possible solutions, which will have large |y| for large values of g,

Jjmt(2q + m)

2a , m=0,1, g=0,1,2,... (10.9.2)

y = %atanh(—pc) +
This is similar to Eq. (10.8.2). By using these approximate ys as the initial search
points of the function, pwg, we may derive the exact values of the anomalous modes.
To clarify the role of the =+ sign choices, we note that in the lossless case (real &, &),
because the characteristic equation has real parameters then if 8 is a solution, so will
be the complex conjugate, B*. Moreover, since the dependence on 8 comes through 2,
it follows that given a solution f, all four choices, +f, =%, would also be solutions.
However, if B = Br — jB; with B; > 0, then the only other physically acceptable choice
would be, —* = —Br — jBi, that also has negative imaginary part. Thus, in the lossless
case the anomalous complex modes come in pairs, {8, —*}, or, =Br —jB1 [952]. The +
signs in Eq. (10.9.2) typically correspond to such pair 8, —*. In the lossy case, however,
this conjugate symmetry is broken, making the two values in the pair 8, —* slightly
different.

Example 10.9.1: Consider again the silver-air-silver guide of Example 10.6.1 with free-space
wavelength of Ay = 650 nm, silver permittivity, & = & = —19.6224 — 0.443j, and & = 1
for an air gap of width 2a = 100 nm.

The following table shows the solutions for the even modes (m = 0), for g = 0,1, 2,3 and
the two =+ sign choices. The computational error vector, E = y tanh(ya + /) +p &, has
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norm ||E|| = 4.3687x10~!4. The second table shows the odd solutions (m = 1). Its error

norm was ||E|| = 9.1312x107 4.

The g = 0 even solution is the fundamental G-SPP mode that we considered in Example
10.6.1. For the rest of the even cases and all the odd ones, we observe that all solutions
Im(B)> 0, and Re(x.)> 0, however,
they cannot be considered as propagating because of their large value of ;. We note also
that they have a y that is predominantly imaginary, so that those modes may be viewed as

are acceptable, in the sense that they have f; = —

oscillatory as opposed to plasmonic.

+ | —0.093808 — 9.695937j
0.101461 — 16.221536j
+ | —0.101459 — 16.216762j
- 0.103452 — 22.730378j
+ | —0.103451 — 22.725607j

w w NN~ = oY
|

0.093313 + 9.747364j
0.101269 — 16.252329j
0.101267 + 16.247564j
0.103352 — 22.752364j
0.103351 + 22.747597j

q B/ko (even modes) y/ko xc/ko
0 1.226123 — 0.002610j | 0.709501 — 0.004510j | 4.596523 + 0.047492j
1| - 0.076360 — 6.424289j | 0.075451 — 6.501643j | 0.057829 — 4.652592j
1|+ | —0.076321 — 6.419272j | 0.075411 + 6.496685j | 0.153066 + 4.647824j
2| = 0.099118 — 12.963768j | 0.098824 — 13.002278j | 0.087286 — 12.183377j
2 | 4+ | —0.099113 — 12.958989j | 0.098819 + 12.997513j | 0.123651 + 12.178607j
3] - 0.102709 — 19.476698j | 0.102573 — 19.502352j | 0.093794 — 18.966223j
3| 4+ | —0.102707 — 19.471926j | 0.102572 + 19.497586j | 0.117154 + 18.961452j

B/ko (odd modes) y/ko /Ko
0.000249 — 2.976418j | 0.000236 — 3.139915j | 3.281442 + 0.067275j
— | 0.093819 - 9.700739j | 0.093325 — 9.752140; | 0.079792 — 8.630150

The tables were produced by the following MATLAB code:

1a0 = 650; kO = 2*pi/1a0; a = 100/2;
ef = 1; ec = -19.6224 - 0.443%j5;

pc = ef/ec; tol = le-12;

q = (0:3)’; m=0;

gal = 1/k0/a*atanh(-pc) - j*pi/2/a/k0*(m+2*q);
ga2 = 1/k0/a*atanh(-pc) + j*pi/2/a/k0*(m+2%q);

gin = [gal.’; ga2.’]; gin = gin(:);
a=1[a";a’]; g=a0a();

gin(L=[1; q(=[1;

bin = sqrt(gin.A2 + ef);

be = pwg(1a0,ef,ec,a,bin,m,tol);

ga = sqrt(be.A2 - ef); ac = sqrt(be.A2 - ec);

E = norm(pc*ac + ga.*tanh(ga*k0*a + j*m*pi/2))

num2str([be,ga,ac], '%12.6f")

B

R

B

R

%

%

%

% 1a0,a in nm
% set ec = -16.6224 for lossless case

% set m=0,1 for even or odd modes

Tist them as -/+ pairs

eliminate duplicate g=0 case

initial search vector

solution vector for beta
gamma and alpha_c vectors

computational error norm

table

0.131131 + 8.625381j
0.091276 — 15.604931j
0.119668 + 15.600160)
0.095539 — 22.294531j
0.115411 + 22.289760j
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We note also that the + pairs for the same value of g are very close to each other. If we
execute the same code for the lossless case (&, = —19.6224), we will find that the pairs
are numerically equal, that is, =g — jB;.

]

Example 10.9.2: This example is from [955], and we have also added the odd modes. A sym-
metric silver-air-silver MDM waveguide at free-space wavelength Ay = 1550 nm, has film
width 2a = A(/4, film permittivity & = 1, and silver permittivity &, = —143.497 — 9.517},
or, & = —143.417 in the lossless limit."

1a0 = 1550; k0=2*pi/1a0; a = 1a0/8;

ef=1; ec=-143.497 - j*9.517%0;

pc = ef/ec;
tol = le-12;

q = (0:4)"; m=0;

gin
bin

be_even

m=1;

pwg(1a0,ef,ec,a,bin,m,tol);

% ec=-143.497 - j*9.517 in lossy case

% even modes TMO, TM2, TM4, TM6, TM8

1/k0/a*atanh(-pc) - j*pi/2/a/k0*(m+2%q);
sqrt(gin.A2 + ef);

% even mode solutions

% odd modes

gin = 1/k0/a*atanh(-pc) - j*pi/2/a/k0*(m+2%*q);

bin

sqrt(gin.A2 + ef);

be_odd = pwg(1a0,ef,ec,a,bin,m,tol);

be = [be_even, be_odd].’; be = be(:);

T™1, TM3, TM5, TM7, TM9

% odd mode solutions

% 1ist modes sequentially

ga = sqrt(be.A2-ef); ac = sqrt(be.A2 - ec);

num2str([be,ga,ac], '%11.5f")

M = repmat([0;1], Tength(qg),1l);

% table

E = norm(pc*ac + ga.*tanh(ga*a*k0 + j*M*pi/2))

% error norm of all modes

The calculated error norms for the lossless and lossy cases were ||E|| = 5.3579%x10~'* and
2.6947x107 4, respectively. The following two tables list the solutions for the two cases.

mode | B/ko (lossless case) y/ko /Ko
0 1.05313 0.33027 12.02523
1 —1.66934j —1.94594j | 11.86214
2 —3.84683) —3.97468j | 11.34456
3 —5.90040j 5.98454j | 10.42508
4 —7.92720j 7.99003j 8.98089
5 —9.94391j 9.99407j 6.67949
6 ~11.95773j —-11.99947j | 0.71391
7 0.00456 — 13.96424j | 0.00455 — 14.00000j 0.00887 — 7.17656j
8 0.00587 — 15.96872j | 0.00586 — 16.00000j 0.00887 — 10.55950j
9 0.00661 — 17.97220j | 0.00660 — 18.00000j | 0.00887 — 13.39787j

TNote that our DRUDE function gives here - = —103.332 — 8.130.



10.10. DMD Configuration - Lossless Case 457

mode B/ko (lossy case) y/ko xc/ko
0 1.05304 — 0.00176j | 0.33004 — 0.00563j | 12.03172 + 0.39534j
1 0.00210 — 1.66945j | 0.00180 — 1.94603j | 11.86889 + 0.40063j
2 0.00077 — 3.84686j | 0.00075 — 3.97471j | 11.35228 + 0.41891j
3 0.00035 — 5.90041j | 0.00035 — 5.98455j | 10.43503 + 0.45581j
4 0.00008 — 7.92719j | 0.00008 — 7.99001;j 8.99646 + 0.52886j
5 —0.00023 — 9.94387j | 0.00023 + 9.99402j 6.71706 + 0.70877j
6 —0.00146 — 11.95650j | 0.00145 + 11.99824j 2.24792 + 2.12461j
7 —0.00453 — 13.96352j | 0.00452 + 13.99928j 0.66911 + 7.20628j
8 —0.00583 — 15.96808j | 0.00582 + 15.99936j 0.45906 + 10.56850j
9 —0.00658 — 17.97159j | 0.00657 + 17.99939j 0.36388 + 13.40199j

The listed mode numbers were the quantities, 2g + m, for g = 0,1,2,3,4, m = 0, 1.
The g = 0 mode is the fundamental G-SPP mode. For the lossless case, modes 1-6 are
evanescent in the sense that they have Sz = 0 and f; = —Im(B) > 0, but they are laterally
confined because «. is positive-real. These modes carry no power in any of the three
media, because the media were assumed to be lossless, so that the factors that appear in
the expressions Eq. (10.1.24) for the transmitted powers are, Re (/&)= Re(B) /& = 0. The
numerical values for the even modes given in [955] differ slightly from ours, but that is
probably due to using different calculation procedures. m]

In this section, we have discussed only the modes of the discrete spectrum. Modes
belonging to the continuous spectrum are not laterally confined. If 8 = g — jBi, then,
the lateral decay parameter is,

e = B2 — K3ec = \[B% — B? — 2jBrB1 — kiec

Continuous modes would have an imaginary &, or, 0(3 < 0. For the lossless case
(&c = —|&c]), this would require that

BrBr =0
2 2 2 2 :
o= — B + kglecl —2 <0 =
c BR B[ []I CI JBRBI {B%—B%+k5£c|<0

The two conditions can only be satisfied with Bz = 0 and B? > kilecl, or, B; >
ko+/|€c]. Such modes have been discussed in [952,955]. and are unbounded laterally,
but decay along the propagation direction as e #1Z.

10.10 DMD Configuration - Lossless Case

A DMD plasmonic waveguide consists of a metal film &, surrounded by two possibly
different dielectrics &, &, as shown in Fig. 10.10.1 . It is operated at optical or infrared
frequencies where the metal has permittivity with negative real part, & = —¢&g — jéy,
&r > 0 and & > 0. The dielectrics may be assumed to be lossless. Moreover, without
loss of generality, we will assume that £, > &5 > 0.

The field and characteristic equations were given by Egs. (10.1.4)-(10.1.16). The var-
ious solution modes have been discussed extensively in the literature, see for example,
[939-945] and the reviews [962,981].
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Fig. 10.10.1 DMD plasmonic waveguide.

As in the MDM case, we begin our discussion by first considering the lossless case,
& = 0, so that we may write, & = —|&r|. Since &c = &, the quantities, p. = &f/¢&,
ps = &/ &s, satisfy the inequality |p.| < |ps|. We note the following relationships,

y = B2 — kier = \[B + K3 g .
y = o + K3 (g0 + |egl)

e = /B2 — kjec = (10.10.1)
y = od + k3 (g5 + |egl)

o5 = +/B? — k&g

which imply that, &, < s < .t Note also,

piot—y*=(p2-1)(B*-B:.)

, , (10.10.2)
piod—y? = (p?—1) (B - B2.)
B2, — kiec = k3 l&fl [L 1 ] (10.10.3)
e 0 0 Ips|l — 1 [pel

where B¢, Bs,~ are the would-be plasmonic wavenumbers of the single f—c and f—s
metal-dielectric interfaces,
2 _ K ecer _ kglerl
o Ec T &Ff pel -1

B2 = kG &ser _ kgl
$e0 &t &f Ips| — 1

(10.10.4)

Clearly, for the single interfaces to support surface plasmons, we must have |p.| > 1
and |ps| > 1. The characteristic equations (10.1.10) can be written in the forms:

oyar2y _ ¥ T [pclote o2ya-2w _ Y+ Ipslas

e ,
Y — Ipclac Y — Ipslas

(10.10.5)

pva _ Y HIpelxe y+ Ipslas y(Ipelete + Ipslats)

Y= Ipclac y—Ipslag Y2 + |pelaclpslos

We are looking for plasmonic solutions that have real and positive B, ¢, X5,y pa-

rameters. There exist, of course, complex-mode solutions as in the MDM case, which
can be derived by taking the large-y limit of Eq. (10.10.6), that is, up to any integer g,

= tanh(2ya)= (10.10.6)

pdva _ piya—emja _ L 1pel 1+1psl y = 1 L+dpel 1+1psl | | Jmg
1-1pcl 1-|psl 4a 1= 1[pcl 1-—Ipsl 2a

TIn the MDM lossless case, we had the complementary inequality, &¢ > &g > .



10.10. DMD Configuration - Lossless Case 459

For all plasmonic solutions with positive real S, it is evident from (10.10.1) that
the lateral confinement conditions &, > 0 and &g > O require that § > kg./€c and
B = ko./€s, which, because &. > &5, reduce into one,

B = ko-/&c (10.10.7)

For such solutions, because Yy is real, it follows from (10.10.6) that in order for
the quantity e*Y? to be positive, the quantities, (y — |pcl ) and (y — |ps| ), must
either be both positive or both negative. If they are both positive, then, it follows from
Eqg. (10.10.5) that ¢ must be real, so the solution is a TMy even-like mode, and when
they are both negative, then, ¢ must have a j7r/2 imaginary part, so that the solution is
a TM; odd-like mode. We summarize,

Y = |Pesl&es >0, Im[y]=0, (TMp mode)
N (10.10.8)
Y = |Pesl@es <0, Im[y]= P (TM; mode)

Thus,  is calculated from Eq. (10.1.7), with m = 0, 1, for TMy or TM;,

Y = %atanh <—%) - %atanh (—%) + %jmrr (10.10.9)

Finally, we recall that the magnetic field is given by,

Hy cosh(yx + ), x| <a
Hy (x)=1{ Ho cosh(ya + @)e %xa = x>g (10.10.10)
Hj cosh(ya — ) e%s(x+a) X<-a

The possible plasmonic solutions can be understood with the aid of the following
diagram that divides the p.—p; plane into five regions [943], as defined below,*

Ipsl 4

® \ pel <1< Ipsl, Ipsl>Ipcl +1

ol pel <1< 1psl, Ipsl < Ipel +1
1< |pcl < Ipsl, Ipsl > Ipel +1
1< |pcl < Ipsl, Ipsl < Ipcl +1

[pel < |psl <1

® © Yo

N
Ll

©)

0 1 > pel

The regions below the diagonal are obtained by switching the roles of &, €5. The one
of most practical interest is region-3, because most metals (like gold and silver) have

TBecause we are working with the variables p¢, ps, our geometry of the regions differs from that of [943],
but the results are equivalent.
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lef| > & = &5, atoptical frequencies and using typical dielectrics with a small difference,
&c — & Next, we determine the nature of solutions in each region, but summarize the
results here,

0. no solution exists

1. TM, mode with lower cutoff, ko./éc < B < Bso, decutoit < a < 00

2. TM,; mode with no cutoff, B > Be,oos 0<a<oo

3. TMp mode with lower cutoff, ko./€c < B < Bs,0, Qcutoff < a < ©

TM,; mode with no cutoff, B > Beoos 0<a< o

4. TMg mode with upper cutoff, Bmax < B < o, Amax = d > 0
TM mode with lower cutoff, ko./éc < B < Bmax,» Acutoff < A < Amax

Region -0

Because |p:| < 1 and x¢ < y, we have (|pc|x. — y)< 0, so necessarily we must also
have, (|ps|as—y) < 0. It follows that the first of Egs. (10.10.2) is automatically satisfied
because B2, < 0 and p? < 1. But, because 2, > 0, the second constraint in (10.10.2)
requires that f < f5,«. On the other hand, in region-0, Eq. (10.10.3) implies that B, <
ko./€f, and combining the two inequalities, B < Bs,» < ko,/€f. Thus, it is not possible
to fulfill condition (10.10.7) and, therefore, no solutions exist in this region.

Region -1

The only difference with region-0 is that now Eq. (10.10.3) implies that B« > ko+/Ec,
and therefore, there can exist a solution with 8 spanning the range,

kovéc < B < Bs,» (10.10.11)

The upper limit, 8 = B, is reached in the limit of infinite thickness a — co.
The lower limit implies a lower cutoff thickness obtained from Eq. (10.10.6) by setting

B = ko and hence, & = 0, y = ko\/m, and & = Ko+/€c — &, resulting in,
|pslvVEc—& _ lerlvEc— ¢
tanh (2KoQcuofr y/Ec + |€¢]) = Pslvec —& _ l&pl/Ec — &

(€ + l&fl Esq/Ec + | &r]

1 lepl /€ — &

2k0acutoff = ————atanh LIAVA A ’ Bcutoff = kO\/ &c (10.10.12)
g+ gl Esq/Ec + | &f]
f f

The argument of the arc-tanh function must be less than unity, but this follows from
the condition Bs,. > ko./€c, which implies the allowed range for &, or for &, [941,942],

Ef|E EF|E
< | f| s ‘ f‘ [4
lerl — & lerl + &c

&g < < & < & (10.10.13)

To decide whether this solution is even-like or odd-like, we look at Egs. (10.10.5).
Because both denominators are positive, then e2Y2*2% will be positive and greater than
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unity, so that ¢ must be real. Therefore, this mode is TM, even-like. As the film thick-
ness increases, it resembles more and more a single surface plasmon at the f'—s interface,
while the f—c interface does not support a surface plasmon because Bg,w < 0.

Example 10.10.1: We consider an example from [943] in order to compare our results. It has
parameters, £ = 2.22, &g = 1.7%, & = —22, and half-width, kga = 0.3. It belongs to region-
1 because |p.| = 0.8264, |ps| = 0.3841, and |ps| — |pc| = 0.5576 < 1. The left graph in
Fig. 10.10.2 shows the transverse magnetic field Hy (x). The calculated mode parameters
were,

koa B/ko y/k() O(C/k() O(S/k() [ E
0.3 | 2.9165 | 3.5364 | 1.9147 | 2.3699 | —0.5794 | 1.1102x107'6

where E is the computational error for the characteristic equation (10.10.6),

y(pclac + |pslas)

E = |tanh(2ya) —
Y Y2+ pclaclpsl s

The solution was obtained with the help of the MATLAB function, pwga,
kO = 1; 1a0 = 2*pi/k0; a = 0.3;
ec = 2.2A2; es = 1.7A2; ef = -4;
pc = ef/ec; ps = ef/es;
tol = le-12;
bsinf = sqrt(ef*es/(ef+es));
[be,E] = pwga(la0,ef,ec,es, a, bsinf, 0, tol); % TMO mode

ga = sqrt(beA2-ef); as = sqrt(beA2-es); ac = sqrt(beA2-ec);

TM, mode, kg =0.3 e =292 ¢ =1.7% ¢.=-22
TAE B E L0 &

i 9
! — TM0 mode
! o kg, = 01304
2 ‘ &7 o B,./ky=32271
=2 1 > o By /k,=29165
N I
= ! b}
£ w R
2 i o
kot I 2
5
i R e R 2
= I T 3 D//—<
I
E% Ef | Sc
- ! 1 : : : :
23 ) = 0 1 P 3 0 0.1 02 03 0.4 0.5
x/a normalized width, kDa

Fig. 10.10.2 DMD region-1, TM; mode.

It can also be computed recursively by transforming the characteristic equation into the

iteration:

Y2t Pele psts
Pce + Psis

Yt Pe®en Pssn
Pc&en + Ps®sn

y = tanh(2ya) = yn41 = tanh(2y,a)

TThe achieved E is actually half of MATLAB's machine epsilon, eps = 2.2204e-16.
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The magnetic field was computed and plotted by the code,

psi = atanh(-pc*ac/ga)/2- atanh(-ps*as/ga)/2
x = linspace(-3,3,601)*a;

Hy = cosh(ga*a - psi).*exp(as*(x+a)).*(x<-a) + ...
cosh(ga*a + psi).*exp(-ac*(x-a)).*(x>a) + ...
cosh(ga*x + psi).*(abs(x)<=a);

fi11(r-1, 1, 1, -11, [-2 -2, 4, 4], [0.9, 0.9, 0.9]);
hold on
plot(x/a, real(Hy), ’Tinewidth’,2);

The right graph in Fig. 10.10.1 shows the f—a dispersion relationship, with the half-width
varying over deyoft < a4 < o, as 3 varies over ko,/é; < B < Bg . The calculated values
were,

Ko@euoft = 0.1304, /& =2.2, P = 3.2271

and the graph was generated by the following code, where for plotting convenience, we
evaluated the solution only up to Koa@max = 0.5 where B has effectively converged to Bs, «,

acut = 1/2/sqrt(ec-ef) * atanh(-ef*sqrt(ec-es)/es/sqrt(ec-ef));
amax = 0.5;

a = linspace(1l.0l*acut,amax, 101); % span interval a_cut < a < amax

for i=1:length(a)

be(i) = pwga(la0,ef,ec,es, a(i), bsinf, 0, tol);
end
be = abs(real(be)); % make sure beta is positive real
plot(a,be, acut,sqrt(ec),’s’, amax,bsinf,’0’);
hold on
plot(al,bel,’.’);
x1im([0,0.51); y1im([1,91)

% here, al = 0.3, bel = 2.9165

Region -2

Here, it follows from Egs. (10.10.3) and (10.10.4) that, 0 < B < Ko+/€c < Be,o. This
excludes a solution that would have, |ps|axs — y < 0, because it would require from
Egs. (10.10.2) that 8 < B~ and therefore, it could not satisfy (10.10.7). On the other
hand, a solution exists that satisfies, |p¢s|cs — y > 0, which requires from (10.10.2)
that 8 = B¢, and B = Bs,, the latter being satisfied a fortiori from the former.

Thus, such solution will have range > B¢, With f = B¢ achieved at infinite
thickness a — oo, and at the other end, § — o as the thickness tends to zero, a — 0.
Interestingly, although the s—f interface can support a surface plasmon, it is not the
limit of one of the modes.

Because |pcslaes —y > 0, it follows from Egs. (10.10.5) that the left-hand sides
e2Yax2 il be negative, and that can only happen if ¢ has a jrr/2 imaginary part.
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Therefore, this solution is a TM; odd-like mode, with ¢ given by (10.1.16),

1 : 1 1
y =  atanh (—%) ~ , atanh (—%) o (10.10.14)

Example 10.10.2: This example is from [943]. It has parameters, €. = 1.92, &5 = 1.32, &f = =22,
and half-width, kpa = 0.15. It belongs to region-2 because |p.| = 1.1080, |ps| = 2.3669,
and |pg| — |pc| = 1.2588 > 1. The left graph in Fig. 10.10.3 shows the transverse magnetic
field Hy (x). The calculated mode parameters were,

koa B/k() }//ko D(C/k() O(S/ko W E

0.15 | 7.8273 | 8.0788 | 7.5932 | 7.7186 | 0.7368 + jm/2 | 1.1102x107'6

where E is the computational error for the characteristic equation (10.10.6),

E= tanh(zya)_)/(zlpclo‘c + ‘ps“xx)
Y2+ Ipclaclps|as

The solution was obtained with the help of the MATLAB function, pwga,

kO = 1; Ta0 = 2*pi/k0; a = 0.15;
ec = 1.9A2; es = 1.3A2; ef = -2A2;
pc = ef/ec; ps = ef/es;

tol = le-12;

bcinf = sqrt(ef*ec/(ef+ec));
[be,E] = pwga(la0,ef,ec,es, a, bcinf, 1, tol);

% run with mode=1

ga = sqrt(beA2-ef); as = sqrt(beA2-es); ac = sqrt(beA2-ec);

It can also be computed recursively by transforming the characteristic equation into the
iteration:

Y = \/_pcfxcpso‘s —y(pcxe + psts)coth(2ya)

Yn+1 = \/*pco‘rn Ps&sn — Y (PcXen + Psp) coth(2ypa)

The magnetic field was computed and plotted by the code,
psi = atanh(-pc*ac/ga)/2- atanh(-ps*as/ga)/2 + j*pi/2
x = Tinspace(-3,3,601)*a;

Hy = cosh(ga*a - psi).*exp(as*(x+a)).*(x<-a) + ...
cosh(ga*a + psi).*exp(-ac*(x-a)).*(x>a) + ...
cosh(ga*x + psi).*(abs(x)<=a);

fi1i(¢r-1, 1, 1, -11, [-2 -2, 4, 41, [0.9, 0.9, 0.9D);
hold on

plot(x/a, imag(Hy), ’Tinewidth’,2); % because cosh(ga*x+psi) = imaginary
The right graph in Fig. 10.10.2 shows the f—a dispersion relationship, with the half-width
varying over 0 < a < oo, as f varies over co > 8 > B¢, With Bce/ko = 6.0849. The
graph was generated by the following code, where for plotting convenience, the solution
was evaluated only over the interval dpmin, < @ < Amax, With Kg@min = 0.1 and Koadmax = 0.5.
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Fig. 10.10.3 DMD region-2, TM; mode.
amin = 0.1; amax = 0.5;
a = Tinspace(amin, amax, 101);
for i=1:Tength(a),
[be(i),Err(i)]= pwga(la0,ef,ec,es, a(i), bcinf, 1, tol);
end
be = abs(real(be)); % make sure beta is positive real
plot(a,be, amax,bcinf, ’o’, ’'markersize’,8);
hold on
plot(al,bel,’.’, ’'markersize’,20); % here al = 0.15, bel = 7.8273
x1im([0,0.5]); y1im([1,9])
Region - 3

In this case, it follows from Egs. (10.10.3) and (10.10.4) that, ko/€c < Bs,e0 < Be,co-
Therefore, the solution that had been excluded in region-2, that would have, |ps| s —
y < 0, is now allowed and will have a range, ko./éc < B < Bs. Moreover, because
[peslces —y < 0, then Eq. (10.10.5) implies that ¢y must be real-valued, and hence,
this is a TMy even-like mode. Setting B = k¢ ./€, defines a lower cutoff thickness, given
exactly by Eq. (10.10.12).

Similarly, the solution that satisfies, |p¢s|xXcs—y > 0, also exists, and as in region-2,
it will have range, B¢ < 8 < o0, and will be a TM; odd-like mode. To summarize, there
are two types of solutions:

TM, with no cutoff, 0<a< oo, Beoo < B <

TM, with lower cutoff, deutorr < @ < 00, Ko+ /Ec < B < Bs,c0

Example 10.10.3: This example is also from [943] and has parameters, &, = 1.9°, &5 = 1.8°,
& = —22 koa = 0.3. It belongs to region-3 because |p.| = 1.1080, |ps| = 1.2346,
[ps| — Ipcl = 0.1265 < 1. The calculated asymptotic values for the TMy and TM; modes
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are, B /ko = 4.1295, Bew/ko = 6.0849, and the lower cutoff, kodcuorr = 0.0506. The

calculated wavenumbers are,

mode | B/ko y/ko oclko | xs/ko 1] E
TMo | 3.1487 | 3.7302 | 2.5109 | 2.5835 —0.1556 1.1102x10716
™, 6.4132 | 6.7178 | 6.1253 | 6.1554 | 0.6215 + j1r/2 | 1.1102x107'6

The MATLAB code is identical to that of Example 10.10.1 for the TMy mode, and to that
of Example 10.10.2 for the TM; mode. The following recursions can also be used for the

calculation,
2 4 Pe®en Ps s
TM, : Vi1 = _ ¥n T Pc&cen Ps&sn tanh (2yna)
Pc&en + Ps&sn
™ : Yn+1 = \/_pc“cn Ps®sn — Y (Pc®en + Pssn) coth(2yya)

TM0 and TM1 modes, koa =0.3
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Fig. 10.10.4 DMD region-3, TMy and TM; modes.

Fig. 10.10.4 shows the magnetic field profiles and the f—a relationships, displaying also
the cutoff point, the specific solutions for kga = 0.3, and the asymptotic values. m]

Region-3 is the most relevant case in practice, and in fact, as we shall see in Sec. 10.11,
the TMy mode becomes in the lossy case the so-called long-range surface plasmon po-
lariton (LR-SPP) mode that has received a lot of attention in the literature [962,981].

Region -4
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This function has the property that, starting at § = ko./€c with a = dcyorr Of
Eq. (10.10.12), it first increases up to a maximum value, say, dmax at some B = Bmax,
and then decreases to zero for § > Bmax. Therefore, we may distinguish two solution

branches:
(lower branch),

k()\/?c =< B = BmaXa

Bmax < B < 0,

Acutoff = A < Amax
(10.10.16)

(upper branch), Amax = a >0

The maximum point, Bmax, dmax, can easily be determined using MATLAB’s built-
in function, fminbnd. Once By is known, the two solutions can be found using the
function, pwga, by initializing it above and below Bax.

Example 10.10.4: This example, from [943], is defined by the parameters, &, = 2.22, &5 = 2.12,
& = =22, koa = 0.15, and has |p.| = 0.8264, |ps| = 0.9070, and Kodcurorr = 0.0341, and
imaginary Bs,«/ko = 6.5593j, Be,co /Ko = 4.8008j.

The maximum point is, Bmax/ko = 4.2090 and Kodmax = 0.1759, and was calculated by
the following MATLAB code, which defines the function F () and passes its negative into
the fminbnd function, with a search interval [./€c, ©), where co is numerically replaced
by the inverse of the machine epsilon,

kO = 1; 1a0 = 2*pi/k0; a = 0.15;
ec = 2.2A2; es = 2.1A2; ef = -2A2;
pc = ef/ec; ps = ef/es;

ga = @(b) sqrt(b.A2 - ef);
ac = @(b) sqrt(b.A2 - ec);
as = @(b) sqrt(b.A2 - es);
F = @) 1/4./9a(b) .* Tog((ga(b)-pc*ac(bh)).*(ga(b)-ps*as(b))./...
(ga(b)+pc*ac(b))./(galb)+ps*as(b)));

% auxiliary functions

bmax = fminbnd(@(b) -F(b), sqrt(ec), 1/eps);
amax = F(bmax);

With Bmax at hand, we search above and below it for the TM, solutions corresponding to
the value koa = 0.15. This is implemented by the code segment,

tol = le-12;

[bel,E1] = pwga(la0,ef,ec,es, a, bmax/2, 0, tol); % Tlower
bel = abs(real(bel));

gal = sqrt(belA2-ef); asl = sqrt(belA2-es); acl = sqrt(belA2-ec);

In region-4, because |p.| < |ps| < 1, neither metal-dielectric interface can support a
separate surface plasmon because both 33,00, %yw are negative. Nevertheless, for suf-
ficiently narrow widths, there is a solution. Because &, < &g < Y, it follows that
[pesles —y < 0, and therefore from Eq. (10.10.8), the solution will be a TM; mode.
Egs. (10.10.2) and (10.10.3) are automatically satisfied and impose no further restric-
tions on the range of B. Thus, B ranges over, ko./é; < B < c. Over this range, we may

think of Eq. (10.10.6) as defining the width a as a function of §, indeed,

a

1 |:(}/+ Ipelexe) (y + ‘ps“xs)] =F(B) (10.10.15)

N @ (y_lpc|(xc) (Y—\Ps|0ls)

[be2,E2] = pwga(la0,ef,ec,es, a, bmax*2, 0, tol); % upper
be2 = abs(real(be2));
ga2 = sqrt(be2A2-ef); as2 = sqrt(be2A2-es); ac2 = sqrt(be2A2-ec);
[Ptot,Pf,Pc,Ps] = pwgpower(a,ef,ec,es,[bel; be2], 0); % transmitted powers
The computed values were,
mode B/k() y/k() O(C/ko O(S/ko W E
lower | 2.9271 | 3.5452 | 1.9309 | 2.5835 | —0.0469 | 1.1102x10716
upper | 6.9626 | 7.2441 | 6.6059 | 6.6383 | —0.1053 | 7.6494x10~ !4




10.11. DMD Configuration - Lossy Case 467

Using the function, pwgpower, the above code segment also calculates the transmitted
powers within each medium, as well as the total power for the two solutions,

mode Piot P P Py
lower 0.1780 | —0.2420 | 0.1964 | 0.2236

upper | —0.1570 | —0.7937 | 0.2520 | 0.3847

As noted in [943], the total power is negative for the upper mode, implying that it has
negative group velocity. See Refs. [965-980] for more on the issue of backward waves and
negative group velocity in plasmonic waveguides.

Fig. 10.10.5 shows the corresponding magnetic field profiles computed from Eq. (10.10.10),
as well as the f—a dispersion relationship, with the above computed points included.

upper and lower TM modes, ka = 0.15 e = 222, e = 212, € = _9?

3 = ™, branches
i a, =0.1759
o upper /| | A &7 B ax/®o = 4209
= SN SN S || o = 00341
= g NS o v Bk, =29271
=~ / Sl & ' )
2, j \,_./ | 2 5 & Byk,=69626
2 7 I Jower °
g it | N Z
=1 / | . s
&% / i AN o
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BN g i &
0 x : x Yo 0.05 0.1 0.15 0.2
-3 -2 -1 o ! 2 3 " normalized width, kg ’
Fig. 10.10.5 DMD region-4, upper and lower TM; modes.
10.11 DMD Configuration - Lossy Case
We assume now that the metal film is lossy, & = —&g — jer, with €g > 0 and & > 0.

The dielectric claddings will be assumed to be lossless with &, > & > 0. We will also
assume that g > &, > &g, which is satisfied by typical metals and typical dielectrics in
the optical and infrared regimes.

The presence of losses causes B to develop a negative imaginary part, § = Br — jBI,
with the wave attenuating like, e Bz = o JBrzo-Piz ag it propagates in the positive z-
direction. The effective index, propagation length, and propagation loss in dB/m are
defined by (f; is in units of nepers,/m),

_Re(B) _ Br 1 1

Nefr ko = ko y L= —m = 2731, dB = 2010g10(e) B[ (10111)

We will discuss the impact of losses, as well as the impact of asymmetry (&; # &),
on the two basic plasmonic modes, the even-like TMj and the odd-like TM; modes.

These modes have drastically different behavior as the film thickness is varied, with
the TMy mode having an increasing propagation length as the film width decreases, while

468 10. Surface Waveguides

the TM; mode has a decreasing propagation length. Because of this property, the TM,
and TM; modes are called the long-range (LRSP) and short-range (SRSP) surface plasmon
modes. Equivalently, the propagation losses, quantified by the value of ;, tend to zero
for the LRSP mode, and to infinity for SRSP, as the film width tends to zero for symmetric
guides (for asymmetric ones, there is a lower cutoff width).

A tradeoff to the LRSP property, however, is that as the film width becomes smaller
and the propagation length longer, the guided wave becomes less confined laterally,
penetrating more deeply into the dielectric claddings. We discuss this below.

The properties of long-range surface plasmons in DMD waveguides have been re-
viewed by Berini [962] with an extensive bibliography, including the impact of asym-
metry. Another review is [981] and earlier [957]. Some of the earliest references on
long-range surface plasmons are [937-942], on which we have based some of our com-
putational examples.

10.12 Symmetric DMD Waveguides

We begin with the symmetric case (&, = &) for which the TM; and TM; modes are ex-
actly even or odd. The characteristic equations (10.1.22) can be written in the equivalent
forms:

eva,  y=0, TMy mode, even, (LRSP)
JT

Y = Pc&c _ e2vat2w _ , (10.12.1)
Y + PcXe —esYa Y = BN TM; mode, odd, (SRSP)
Pedte —tanh(ya), ¢ =0, (LRSP)
——— = —tanh(ya + @)= j 10.12.2
Ya+¥=1 _ omia), = 17" (SRSP) ( )
The even or odd labeling refers to the transverse magnetic field,
Hy cosh(yx + ), x| <a
Hy(x)= 4 Hg cosh(ya + g)e %4 = x>g (10.12.3)
Hj cosh(ya — ) eXx+a) X<-a

The reduced losses for the LRSP case can be intuitively understood by noting that
the ohmic losses are due to the longitudinal electric field E, (x), which has the opposite
symmetry than Hy (x), and it is odd for the LRSP mode, thus, having a zero crossing
within the metal film reducing its strength.

A very efficient way of solving the characteristic equations (10.12.2) is by turning
them into the following iterative algorithm, which converges extremely fast, requiring
very few iterations, like 5-6,

Yn = /0G0 + k§(ec — &)

1
Ke=——ytanh(ya+y) = 1
Pe Qepe = = Yntanh(yna + @)
Cc

(10.12.4)
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The iteration can be initialized at &, = 0. In fact, just one step of the iteration pro-
vides an excellent approximation [981] and results in a simple closed-form expression.

Indeed, from &co = 0, we have, Yo = /&g + k§(ec — &) = ko./€c — &, and the next

¢ and corresponding S are,

1
K1 = —— Yo tanh(yoa + @)
Pc

&2 .
B =kdec + o = kU\JEC + E—g (& — &) tanh? (koa /ec — & + )
f

or, specifically, in the LRSP and SRSP cases, (¢ = 0, ¢ = j11/2),

2
B=ko |&+ i—g (&c — &) tanh® (koa/ec — &)  (LRSP)
2

(10.12.5)

£2
B=ko |&+ E—g (ec — &) coth® (koa/ec — &)  (SRSP)
\ f
The following MATLAB function, dmds, implements the iteration (10.12.4), with the
iteration stopping when two successive values of «. become closer to each other than
a specified error tolerance, such as, tol = 10712, It has usage,

[be,E,N] = dmds(1a0,ef,ec,a,mode,tol,be0); % symmetric DMD guide - iterative solution
1a0 = operating wavelength, kO = 2*pi/l1a0 = free-space wavenumber
ef,ec = permittivities of film and cladding/substrate
a = vector of half-widths of film, in same units as 1a0
mode = 0,1 for TMO or TM1 mode
tol = computational error tolerance, default tol = le-12
be0 = starting search point in units of kO - default be0 = sqrt(ec)
be = vector of propagation wavenumbers in units of kO - size(a)
E = vector of computational errors of characteristic equation - size(a)
N = number of iterations to converge to within tol

In the limit of small thickness a, Egs. (10.12.5) simplify further by making the small-x
approximation, tanh (x) = x,

2
B = ko o z—z (ec — £)? (koa)2  (LRSP)
f
10.12.6
B=ko |&+ & (SRSP) ( )
N g (koa)?

These can also be obtained by applying the same approximation, directly to the
characteristic equations (10.12.2), that is,

ya~-P¥ (rsp) and = ~-P<¥ (rsp), or,
ya y
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1
y’a=-pcxc (LRSP) and ;= ——— (SRSP)
pca

For the SRSP case, substituting o, into B = \/k3&. + o? leads to Eq. (10.12.6). For
the LRSP case, an additional step is required by writing,

—pecxe = y?a = [al + ki (ec — &) ]a

and noting that this implies that «. is already small and order-a, and therefore, the
second-order term (xg can be ignored on the right side, so that, —p.x, = k(z, (ec —&p)a,

. &(5’;77&) (koa) (10.12.7)

1
e =——kj(ec—¢gp)a=k
Pc
resulting in Eq. (10.12.6). Making the further approximation, /1 + X ~ 1+x/2, we obtain
the more explicit relationships for the real and imaginary parts of § in the LRSP case,

2 _ 2
B = kOJeC + ‘Cf—z (c — €p)? (koa)?) = ko /& | 1+ 7&(5”2525” (koa)z} (10.12.8)
f f

Setting B = Br — jBr and & = —&€g — jér, and noting that,

z 2
(ec—&n)?  &(ec—ep)®  (lefl® —ecgf)”  (lepl? + ecer —jecer)®

e; lerl® - lerl® - lepl4

, y ) .
(lepl? + ecer)” — €263 — 2jecer(l&pl? + ecer)
ler |4

where |Ef|2 = E% + e%, we obtain the real and imaginary parts of f [942],

2
(lef|? + ecer) ™ — eke?
2lerl*

Br =ko\E[1+ ec(koa)z]
(LRSP) (10.12.9)

e2er(lefl? + €c€r)

leel4 (koa)*

Br = ko/ec

The long-range property follows from the fact that B; tends to zero for small a.
This remarkable property comes with the tradeoff that as a decreases and the range
increases, the wave becomes less confined laterally. This follows from Eq. (10.12.7)
which shows that the lateral decay constant . also goes to zero with a. Its real and
imaginary parts can be given explicitly by,

ec(lepl® + ecer — jecer)
lerl?

EC(IEf\Z—ECEF‘)

P (koa) = ko

o = ko (koa) (10.12.10)

The factor, |&f12 + €€g, is positive since we assumed &g > 0, therefore, both B; and
the real-part of &, are non-negative, as required for stability and lateral confinement.
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For the short-range mode, both f; and the real part of & increase like 1/a, result-

ing in shorter propagation distances, but more confinement. These follow from the
approximation (10.12.6), as a — 0,

& £c (&g — jer)
X = ——— = —_— SRSP 10.12.11
B ¢ P 0 le712 (koa) ( ) ( )

Example 10.12.1: This example is from [981] and demonstrates the primary features of the
LRSP and SRSP modes. The operating wavelength is 775 nm, the metal film is gold with
& = —23.5 - 1.69j, surrounded by air, &, = & = 1, and the film thickness 2a is varied
over the range 1 < 2a < 210 nm. Fig. 10.12.1 shows the effective index negr = Br/ko as a

function of a for both the LR and SP modes, as well as the propagation length L = 1/(2f;)
in units of pum.

effective index, noe= Re(B)/ ko
1.25

propagation lenth, L = ~[2 Tm(B)] ™
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Fig. 10.12.1 Effective index and propagation length of long and short-range modes.
The graphs were generated with the help of the function, dmds, by the MATLAB code,

1a0 = 775; kO = 2*pi/l1a0; ec = 1; ef = -23.6 - 1.69%j;

pc = ef/ec;

bcinf = sqrt(ef*ec/(ef+ec)); % asymptotic value
ninf = real(bcinf);

Linf = -1/2/k0./imag(bcinf)/1000; % units of microns
w = 1:210; a = w/2; % film thicknesses

tol = le-12; % error tolerance

for i = 1:1ength(w)
[be0(i), EOCi), NO(i)] = dmds(1a0,ef,ec,a(i),0,tol); % LRSP

[bel(i), EL(i), N1(i)] dmds (1a0,ef,ec,a(i),1,tol); % SRSP
end

% [be0, EO, NO] = dmds(1a0,ef,ec,a,0,tol); % vectorized computation

neff0 = real(be0); LO = -1/2/k0./imag(be0)/1000; % LRPP
neffl = real(bel); L1 = -1/2/k0./imag(bel)/1000; % SRSP

Tat 775 nm, the DRUDE function produces, & = —18.57 — 2.008;.
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figure; plot(w,neff0,’-’, w,neffl,’--", w(end),ninf,’s’); % eff. index
figure; semilogy(w,L0,’-", w,L1,’--", w(end),Linf,’s’); % propag. Tlength

g0 = sqrt(ec-ef);

bel0a = sqrt(ec + g0A2/pcA2 * tanh(g0*k0*a).A2); % approximation
bela = sqrt(ec + g0A2/pcA2 * coth(g0*k0*a).A2);

diff0 = norm(be0 - bela); % diff0 = 4.7377e-04
diffl = norm(bel - bela); % diffl = 0.0076

Because of the symmetric geometry, LRSP and SRSP both converge to the same asymptotic
value for large a,

Be,w EcEf ) Br 1
— = [——— =1.0218 - 0.0016 Neer = 5— = 1.0218, L = — = 38.3023
k() Ec + &f J > eff kO ’ ZB Hm

I

The code also computes the approximate solutions using Eq. (10.12.5), but does not plot
them, because they are visually indistinguishable from the exact ones. As a measure of
the approximation accuracy, the norms of the difference between the vector of the exact
Bs and the approximate ones, || — Bapprox|l, was computed for the two cases - the values

are shown in the comments. Fig. 10.12.2 shows the computational errors as defined in the
function dmds,

E = |pcxc+ ytanh(ya)|  (LRSP)
E = |pcx. + ycoth(ya) | (SRSP)
LRSP error, E = Ip o +ytanh(ya)l SRSP error, E = |p o +ycoth(ya)l
-10 -10
10 10
10712 10712
5] 5]
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107" 107"
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Fig. 10.12.2 Computational error.

The error values are small but not quite as small as the specified tolerance, tol = 10712, be-
cause tol measures the closeness of two successive iterates of &, not the value of the error
E. The norms of the error vectors were || E|| = 8.0235x10~ ! and ||E|| = 2.0993x10~10.

The function dmds also calculates the number of iterations required to converge to within
the specified error tolerance. The number of iterations for each thickness are plotted in

Fig. 10.12.3. One observes how quick the iterative method is. m]

Example 10.12.2: This example, also from [981], illustrates the more realistic case of a gold
film at the operating wavelength of 1550 nm, with permittivity, & = —131.9475—12.65 YAl

Tef is from Palik [162], but the DRUDE function gives, &r = —103.3325 — 8.1301}.
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Fig. 10.12.3 Number of iterations to converge.

surrounded by the often-used benzocyclobutene (BCB) polymer dielectric, with &, = & =
1.5352. The film thickness is varied over the range 10 < 2a < 110 nm. The MATLAB code
is identical to that of the previous example, with the change in first two lines,

1a0 = 1550; kO = 2*pi/1a0;
ec = 1.535A2; ef = -131.9475 - 12.657;

Fig. 10.12.4 shows the effective index and the propagation loss measured in dB/mm, and
computed by the formula, dB = 201og,, (e) B; = 8.68589 B;. The approximations (10.12.5)
are still visually indistinguishable from the exact values, and are not plotted, nor are the
number of iterations which are of the order of 4-5.

effective index, ne= Re(B)/ ko propagation loss in dB/mm)

1675 . 3
| — LRSP 10
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Fig. 10.12.4 Effective index and propagation length of long and short-range modes.

Fig. 10.12.5 shows the computational error for the LRSP and SRSP modes, and on the right,
the lateral penetration depth into the two dielectric sides defined by L. = 1/ Re(x.). We
observe the basic tradeoff of DMD guides that even though the gold film has thickness of
nanometers, and the propagation loss is fairly small, the fields are not very well confined
laterally, penetrating at hundreds of micro-meters into the dielectrics. In this regard, MDM
guides provide perhaps a better solution that results in much better lateral confinement,
at the expense of shorter propagation distances. m]
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Fig. 10.12.5 Computational error.

Example 10.12.3: To illustrate the basic tradeoff between propagation distance and lateral

confinement, we compare three waveguides, all operating at 1550 nm wavelength: (a) the
LRSP mode of the DMD guide of the previous example with a 20 nm gold film embedded
in BCB polymer, (b) the complementary MDM waveguide with a 50 nm BCB film and gold
claddings, and (c) a surface plasmon on a single BCB-gold interface. For each case, we
calculate B, @, and the propagation attenuation in dB/mm, dB = 8.686 f;, the propagation
distance, L = (2B;)~!, and the lateral penetration depth into the dielectric side, L. =
1/ Re (). The following table shows the results.

guide | Blko /Ko | dB/mm | L (um) ‘ Le (um)

DMD | 1.537673 — 0.000042j | 0.090632 — 0.000721j 1.50 | 2904.47 2.72

single | 1.548762 — 0.001337j 0.206246 — 0.010042j 47.09 92.23 1.20

865.97 5.02 0.02

MDM | 2.102705 — 0.024595j | 11.690006 + 0.536637j
They were computed by the following MATLAB code,

1a0 = 1550; kO = 2*pi/1a0;
al = 20/2; a3 = 50/2; DMD and MDM half-widths
ec = 1.535A2; ef = -131.9475-12.657; % BCB and gold

R

Ec = [ec; ec; ef]; % interchange ec,ef for MDM
deb = 20%Togl0(exp(1)); % conversion factor to dB
%

tol = le-12; error tolerance

bel = dmds(1a0,ef,ec,al,0,tol); % DMD, 20 nm

be2 = sqrt(ef*ec/(ef+ec)); % single interface

be3 = pwg(la0,ec,ef,a3,be2,0,tol); % MDM, 50 nm, interchange ec,ef
be = [bel; be2; be3]; % propagation wavenumbers

ac = sqrt(be.A2 - EC); % lateral wavenumbers

dBmm = - imag(be) * kO * deb * 1le6; % propagation loss in dB/mm

L = -1/2/k0./imag(be)/1000; % propagation length in microns
Lc = 1/k0./real(ac)/1000; % lateral depth in microns
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num2str([be,ac],’%10.6f’)
num2str([dBmm,L,Lc], ’%10.2f’) % table

They are listed in order increasing propagation loss or decreasing propagation distance,
and decreasing lateral confinement or increasing lateral penetration. m|

Example 10.12.4: One of the earliest investigations of LRSP and SRSP modes in symmetric DMD
guides was Kovacs [937]. The metal film was indium (In) at Ay = 450 nm wavelength, with
permittivity & = —20.358 — 6.019j, symmetrically surrounded by magnesium fluoride
(MgF,) dielectric with &, = & = 1.3822 = 1.9099.

Kovacs computed the propagation parameters for both the LRSP and SRSP modes at three
film thicknesses, w = [10, 30, 50] nm, and noted their basic trends, namely, that the
propagation length increases (decreases) for the LRSP (SRSP) mode as w gets smaller, and
that both LRSP and SRSP tend to the same value (i.e., B¢,) as W increases. The following
MATLAB code reproduces the results of [937],

T1a0 = 450; k0=2*pi/l1a0; ef=-20.358-6.019j; es=1.382A2;
tol = le-12;

w = [10; 30; 50];

[be0,E0,NO] = dmds(l1a0,ef,ec,w/2,0,to1); % LRSP

gald = sqrt(be0.A2 - ef); % EO = computational error
ac0 = sqrt(be0.A2 - ec); % NO = number of iterations
L0 = -1/2/k0./imag(be0)/1000; % units of microns

LcO = 1./real(ac0)/kO0; % units of nm

num2str([w, real(be0), imag(be0), LO, LcO],’%11.5f") % make table

[bel,E1,N1] = dmds(l1a0,ef,ec,w/2,1,tol); % SRSP
gal = sqrt(bel.A2 - ef);
acl = sqrt(bel.A2 - ec);

L1
Lcl

-1/2/k0./imag(bel) /1000;
1./real(acl)/kO0;

num2str([w, real(bel), imag(bel), L1, Lcl],’%11.5f")

bcinf = sqrt(ec*ef/(ec+ef)); % w = inf
gcinf = sqrt(bcinfA2 - ef);
acinf = sqrt(bcinfA2 - ec);

Linf = -1/2/k0./imag(bcinf)/1000;
Lcinf = 1./real(acinf)/k0;

num2str([real(bcinf), imag(bcinf), Linf, Lcinf],’ ’%11.5f")

The computed values of B = Br — jB, propagation length, L = 1/(28;), and lateral
penetration depth into the dielectric, L, = 1/ Re(&,), are given below.
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LRSP
w (nm) Blko L (ym) | L, (nm)

10 1.38905 — 0.00047j | 76.88 512.00
20 1.42100 — 0.00658j 5.44 215.87
50 1.43873 — 0.01443j 2.48 177.69

0 1.44535 — 0.02017j | 1.76 167.26
SRSP

w (nm) B/ko L (um) | L. (nm)

10 1.86878 — 0.25421j | 0.14 55.68

20 1.48238 — 0.04757j 0.75 130.38
50 1.45247 — 0.02707j 1.32 157.60
00 1.44535 — 0.02017j 1.76 167.26

where 8 = B o = \/Ecf/ (Ec + &) at w = co. The norm of the computational error (for the
three thicknesses) and the number of iterations to converge were || Eo|| = 1.5035x107 4,
Ny = 7 for the LRSP case, and ||E; || = 4.9127x107'>, N, = 7 for SRSP. ]

10.13 Asymmetric DMD Waveguides

The main result for asymmetric guides is that, just like the lossless case, the asymmetry
introduces a lower cutoff thickness for the TMy, LRSP, mode, and that the propagation
length increases dramatically as the thickness approaches the cutoff from above, but
at the expense of becoming less confined laterally. For a given film thickness, there is
a critical value of the permittivity &, that achieves much larger propagation lengths as
compared to the symmetric case (&. = &) of the same thickness. Of course, one could
also lower the thickness of the symmetric case to increase the propagation length, as
we saw in the previous section.

To simplify the discussion, we will assume that the metal, & = —&g — je;, where
&r > 0, &7 = 0, and lossless dielectrics, &, & > 0, satisfy the condition €g > &, > &, as
well as the region-3 condition of the lossless case, that is,

— < —+1 (10.13.1)

which implies the following range restrictions on &g, &., also given in Eq. (10.10.13),

ERE ERE
< g < RS o REc < g <ec (10.13.2)
ER — & ER t+ &c
We recall from the region-3 discussion that in the lossless case (¢ = —&g), the

quantity B is equal to eres/ (g — &), and that Eq. (10.13.2) implies the existence of
two modes: a TMy mode with range, ko./€; < B < s, with a lower thickness cutoff,
Acutoff < a < o, and a TM; mode with range, > Bc,«, and no cutoff. The cutoff width
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is realized at B = ko./€c and is given by Eq. (10.10.12),

h lerl/&c — &
Esqy[Ec + |&r]

For a small difference, 0 < (&, — &) < &, &, we obtain a simpler expression, using
the approximation atanh (x) = x,

:| » Beutott = Ko/Ec (10.13.3)

lerl/Ec — &

2k0acutoff =
& ler — &l

(10.13.4)

We will see below that this approximation is also valid in the lossy case with & being
replaced by its complex-valued version, & = —&g — jé.

In the lossy case, because 8 is complex, B = Br — jBI, one can no longer set f =
ko./€c in the characteristic equation to find the cutoff width. Instead, because the cutoff
corresponds to infinite propagation length, one sets f; = 0, or, B = Bg, to obtain a
system of two equations (the real and imaginary parts of the characteristic equation) in

the two unknowns, dcutoff, BR,

Y =Bk + ki (er + jer)
o =+B% — kiec (10.13.5)
K =y ﬁ}ze - k%gs

These can be solved numerically. However, a simple estimate can be obtained by
simply setting Br = ko./€c and taking the complex absolute value of the solution,t

-~ Y (peoe + pscs)

tanh(2ya = ; ’
an. ( Y cutoff) yl + PcXcPsXs

1
Weut = 2dcutoff = ? (10.13.6)

0

atanh ( —EVE T gS)
Es[Ec — &F

This provides a better estimate than Eq. (10.13.4), which is valid for thin films. The
MATLAB function, dmdcut, implements Eq. (10.13.6),

Ec — &Ff

wcut = dmdcut(la0,ef,ec,es); % cutoff film width (vectorized in ec) - same units as Aq

Next, we discuss the numerical solution of the characteristic equation (10.1.13) for
an asymmetric DMD guide of a given film width 2a,

_ Y (pcxe + pscs)

tanh(2ya)=
Y Y2 + PecPss

(10.13.7)

Once this is solved, one can calculate the ¢ parameter from Eq. (10.1.15), by setting
m = 0, or m = 1, for the LRSP or SRSP modes,

_ 1 _ PeXe ) l _ Ps&s 1 .
Y = > atanh( —y ) > atanh( —y ) + ijrr (10.13.8)

T Alternatively, one can simply set & = —&g in Eq. (10.13.6), which would lead back to (10.13.3), see for
example [940].
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and determine the transverse magnetic field,

Hy cosh(yx + ), x| <a
Hy(x)=1{ Ho cosh(ya + @)e %xa = x>g (10.13.9)
Hj cosh(ya — yp)e%sx+a) | X<-a

Eg. (10.13.7) can be solved efficiently using the following iteration proposed in [963],

for n=0,1,2,..., do:

A=—yu coth(Zyna)t\/B% + y& (coth? 2yna) —1)

B= \/y% +2y,A coth(2yna) +A2
1 . .

xc=—(A+B)
Pc

Yni1 = &F + kg (e — &f)

K5 = \/Y%wl + k%(sf — &)

1
Byi1 = E(pcac - Ps&s)

(10.13.10)

where + correspond to the TMy and TM; modes, respectively. The iteration may be
initialized at B = ko./&c. For a symmetric guide, we have B = 0 and the iteration
reduces to that of Eq. (10.12.4). This follows from the hyperbolic trigonometric identity,

> 1 —tanh(x), + sign
— cosh(2x) £4/coth” (2x) =1 = —coth(2X) + ————— = ]
sinh (2x) —coth(x), - sign

The iteration (10.13.10) can be justified by defining the following quantities A, B,

1
A= (pcc + psXs)

2 (Xczi(AJ,-B)
Pc

1 . .
B = _(pctc — pss) P pPss = A% -B?

2

and rewriting the characteristic equation in the form,

Y (pee + pscs) 2yA
tanh (2ya)= — - - - .
anh (2ya) Y2+ PelcPsis y?+ A2 - B2

and then, solving it for A in terms of B, or, for B in terms of A,

A= —ycoth(Zya)t\/B2 + y2(coth? (2ya) —1)
(10.13.11)

B =\/y? + 2yAcoth(2ya) + A2
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The following MATLAB function, dmda, implements the iteration (10.13.10), with the
iteration stopping when two successive values of y, become closer to each other than
a specified error tolerance, such as, tol = 10712, that is, |yn+1 — ¥n| < tol. The function
accepts a vector of widths a, and calculates the corresponding vector of wavenumbers
B. Tt has usage,

[be,E,N] = dmnda(1a0,ef,ec,es,a,mode,tol,bel); % asymmetric DMD guide - iterative solution
1a0 = operating wavelength, kO = 2*pi/Ta0 = free-space wavenumber
ef,ec,es = permittivities of metal film, dielectric cladding and substrate
a = vector of half-widths of film in the same units as 1a0
mode = 0,1 for TMO or TM1 mode
tol = computational error tolerance, default tol=le-12
be0 = starting search point in units of kO - default be0 = sqrt(ec)

be = vector of propagation constants in units of kO - size(a)
E vector of computational errors of the characteristic equation - size(a)
N number of iterations to convergence, until norm(ga_new - ga) < tol

with the computational error defined as,

Y (pcoe + pscs)

E = |tanh(2ya) + —
Y Y2 + PecPs s

(10.13.12)

As discussed in [611], the existence of the cutoff for the LRSP mode, and the proper-
ties of the solutions near it, can be demonstrated by deriving an approximate analytical
solution of the characteristic equation in the case of thin films and small permittivity
difference (&, — &). To simplify the algebra, we will work with units of kg = 1, and
restore ko at the end. Denoting the normalized width by w = 2kga, the characteristic
equation reads

y =B — & = VB + &r + jer

Y (Pe&e + Ps&s)

tanh(yw) = , e =+/B%—¢€ (10.13.13)
Y Y2 + PeePs s c= VB -
X5 = /B — &

Because we are interested in the LRSP mode near cutoff, we will study the solution

near = /&, or, equivalently, when «. is small. Because, &5 = Vg + g0 — &g, if we
assume that (&; — &) < 1, then, «g will also be small. On the other hand, y is not small
because y = Ny &, and |&f| is typically much larger than &.. If we now assume
that the normalized width w = 2kga is small, w < 1, or, more accurately, [yw| < 1,
we may use the approximation, tanh (x) = x, to simplify the characteristic equation,

B Y (Pete + psXs)

tanh( W) XYW=—"7F"FT—"T"T—""— = W= —
Y Y Y? + PecPss

PcXc + Ps&s
Y2 + PelcePs s

Under our assumptions, y? is much larger than the product .o, and we obtain
the further simplification,
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_ Pl + Pss
yz
2

Pc&Xc + Ps&sg = =YW

W =

A K YW
& & &f
or,
2 2 _
s o yw & (gt E—g)W
Es & &f & &
2 )
o3 e y*w oZ 20eytw o ytw?
il B el B
&s &c &f &c EcEf ff

oC+Ec— & oﬁ N 20 (0% + &c — gp)W . (X2 + &0 — gr)2w?
& &2 EcEf &

Ignoring all terms that involve «2, these reduce further to,

A _ O (& —E)w
Es &c &
by (10.13.14)
Ec— & _ 2 (& — &)W N (e — €c)°w
& EcEf &
Let us define the quantities,
g _ (g gl —ecef epl + ecer —jecer
A= = 5 = 5 = 5 (10.13.15)
&f lerl lerl l&f]
2
Ec— & Ec— & & E.—&.|€&
2o B g (oo &)ler) Sl (10.13.16)
&IA| & lep — &cl & ler — el

Setting we = 2Kodcutotr, We see that Eq. (10.13.16) is the same as (10.13.4). Noting
that, (&. — &) /€2 = |A]?W2 = AA*W?2, and canceling a common factor of A from the
second of Egs. (10.13.14), we may rewrite them in the form,

X _ %y Aw
& &c
oW (10.13.17)
A*w? = -5 1 Aw?
&c
and solve them for &, o,
1
Xe -~ (Aw? - A*w?)
Ec 2w
(10.13.18)
Xy

1 ,
== —(Aw? + A*w?)
Es 2w



10.13. Asymmetric DMD Waveguides 481

and after separating their real and imaginary parts, &; = Xcr — J&c1, s = Xgr — JXs,

XcR Agr 2 2 Kt Ap 2 2
—eR e — , — = +
& 2w (W = we) & 2w (W +we)
(10.13.19)
A . A
@=—R(WZ+W§), ﬂ=—1(wz—w§)
&s 2w Ec 2w

where Ag and A; are the real and imaginary parts of A, defined from Eq. (10.13.15) by,

Ag = lerl? + cer |4 EcEr L EeE
lerl? lerl2” lep 2

A=Ag - jA;p, (10.13.20)

Using these results, we can now obtain an approximation to the propagation wave
number B = Br — jBi,

2 2 2 2 :

- o4 [0 Ec Kip — KXoy — 2JXeRKX

B:\/EC-FO(g:«/Sm/l-k?C%«/SC(l-FfC):«/Ec(l-%é R —d J R d)
c

2&c &¢

Using Egs. (10.13.19), the real and imaginary parts are, after restoring the factor ko,

Br =k0\/5—c[1 +

g Ag (W2 — w2)2—A7 (W? + w2)?
2 4w?2

(10.13.21)
ARAr(w* —wd)
4w?

Bi = kovéc &
where, w = 2kopa, and, w, = 2Kodcurort- FOr a symmetric guide (&, = &), we have
W = 0, and Egs. (10.13.21) reduce to (10.12.9).

Although the approximations (10.13.19) and (10.13.21) are valid for small w and
small w¢, they capture the essential properties near cutoff. Above cutoff, both B; and
R are positive as they should be for a proper solution (g is positive, too). As cutoff
is approached from above, B; tends to zero resulting in infinite propagation length,
but at the same time the lateral confinement decreases since x.g also tends to zero.
Below cutoff, both &g and f; become negative, resulting in unbounded waves. We note
also that at cutoff, w = wy, the real part B is somewhat less than k¢./gc, as has been
observed in [941].

Example 10.13.1: The nomenclature “long-range mode” originates with Sarid [939]. Here, we
reproduce the results of that reference. The DMD guide, operated at Ay = 632.8 nm,
consists of a 20-nm silver film of permittivity, & = (0.0657 — 4j)*= —15.9957 — 0.5256,
surrounded by dielectrics & = 1.5% = 2.25 and & = 1.55% = 2.4025.

The cutoff thickness calculated from Eq. (10.13.6) iS Wcutoff = 2dcurort = 18.0929 nm.
Therefore, the chosen thickness of 20 nm, lies close to the cutoff, and we expect long
propagation lengths for the LRSP mode, and poor lateral confinement. Indeed, the calcu-

H ()]
y

magnetic field, |
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lated propagation parameters are given below and agree closely with those of [939],

LRSP SRSP
Blko 1.550707 — 0.000164j | 2.184165 — 0.035423j

y/ko 4.290002 + 0.061199j | 4.557045 + 0.040691j
xc/ko 0.047132 — 0.005394j | 1.539269 — 0.050264j
o/ ko 0.393310 — 0.000646j | 1.587985 — 0.048722j
(1] —-0.3525 - 0.0131j 0.0249 + 1.5716j
error, E 1.0745x10710 1.2194x10714
iterations, N 34 5
L=1/(2B) 307.15 ym 1.42 ym
Le=1/&cr 2136.82 nm 65.43 nm
Ly =1/xr 256.07 nm 63.42 nm

We note the large value of L for the LRSP case, but also its large lateral penetration depth
L. (relative to the film width). By contrast, the propagation lengths of the single-interface
plasmons at the s—f and c—f interfaces are much shorter:

Be,o EcEf . 1
— = =1.681224 — 0.004876j, L=-——— =10.33 um
ko Ec t&f J Im(Bc,oo) H
Bs,o0 EsEf . 1
— = =1.617955 - 0.004346j, L=-——-—- =11.59 ym
ko &+ & / Im(Bs,0) H
LRSP mode SRSP mode
1.6 T T 0.6 T T
£s Ef Sc
14 —
2
x” 0.4
1.2 -
<
Q
o
1 — 1 £
£ 02
g
0.8 £ & £
0.6ttt o
-8-7-6-5-4-3-2-1 01 2 3 4 5 6 7 8 -8-7-6-5-4-3-2-1 0 1 2 3 4 5 6 7 8
x/a x/a

Fig. 10.13.1 Magnetic field profiles, 2a = 20 nm film.

The corresponding magnetic field profiles, shown in Fig. 10.13.1, demonstrate the asym-
metry as well as the poor lateral binding of the LRSP mode. The above were generated by
the following MATLAB code.

1a0 = 632.8; kO = 2*pi/l1a0; a = 20/2;
es = 1.5A2; ec = 1.55A2; ef = (0.0657-4%j)A2;
tol = le-12;

% l1a0,a in units of nm
% error tolerance

[be0,E0,NO] = dmda(la0,ef,ec,es,a,0,tol); % LRSP
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The estimated cutoff widths calculated from Egs. (10.13.4) and (10.13.6) are w. = 15.1993
and w, = 18.0929 nm, respectively. If we use the latter value, w, = 18.0929, we can
compare the approximation (10.13.21) to the exact solution,

‘ exact LRSP approximate
B/ko | 1.550707 — 0.000164; | 1.550799 — 0.000069;
y/ko | 4.290002 +0.061199j | 4.290036 + 0.061233j
c/ko | 0.047132 — 0.005394; | 0.049831 — 0.002139j
s/ko | 0.393310 — 0.000646j | 0.393673 — 0.000271j

gald = sqrt(be0A2 - ef); % EO = computational error
ac0 = sqrt(be0A2 - ec); % NO = number of iterations
as0 = sqrt(be0A2 - es);

[bel,E1,N1] = dmda(la0,ef,ec,es,a,l,tol); % SRSP

gal = sqrt(belA2 - ef);

acl = sqrt(belA2 - ec);

asl = sqrt(belA2 - es);

num2str([[be0;ga0;ac0;as0], [bel;gal;acl;asl]],’%12.6f") % make table

L0 = -1/2/k0/imag(be0)/1000; % units of microns

L1 = -1/2/k0/imag(bel)/1000;

LcO = 1/real(ac0)/k0; LsO = 1/real(as0)/kO0; % units of nm

Lcl = 1/real(acl)/k0; Lsl = 1/real(asl)/k0

pc = ef/ec; ps = ef/es;

psi0 = atanh(-pc*ac0/ga0)/2
psil = atanh(-pc*acl/gal)/2

- atanh(-ps*as0/ga0)/2;
- atanh(-ps*asl/gal)/2 + j*pi/2;

x = linspace(-8,8,1601)*a; % units of half-width a

Hy0 = cosh(ga0*a*k0 - psi0).*exp(as0*(x+a)*k0).*(x<-a) + ...
cosh(ga0*a*k0 + psi0).*exp(-ac0*(x-a)*k0).*(x>a) + ...
cosh(ga0*x*k0 + psi0).*(abs(x)<=a);

Hyl = cosh(gal*a*k0 - psil).*exp(asl*(x+a)*k0).*(x<-a) + ...
cosh(gal*a*k0 + psil).*exp(-acl*(x-a)*k0).*(x>a) + ...
cosh(gal*x*k0 + psil).*(abs(x)<=a);

figure;

fi11([-1 1 1 -1]1,[0.6 0.6, 1.6, 1.6], [0.9 0.9 0.9]1); hold on

plot(x/a, abs(Hy0)); % LRSP

figure;

fil1([-1 11 -1],[0 0, 0.6, 0.6], [0.9 0.9 0.91); hold on

plot(x/a, abs(Hyl)); % SRSP

The effect of asymmetry can also be seen by the distribution of power within the media,

| P || P | P
LRSP | 360.81 | —1 | 296.26 | 65.55
SRSP | 66.87 | —1 | 37.34 | 30.53

They were computed with the pwgpower MATLAB function and normalized to unity within
the metal,

The approximation is fairly good even though &. — & is not that small. The following
MATLAB code was used for this calculation,

A = (ef-ec)/ef; AR = real(A); AI = -imag(A);

wc_app = sqrt(ec-es) / es / abs(A);

wc = abs(1/sqrt(ec-ef)*atanh(-ef*sqrt(ec-es)/es/sqrt(ec-ef)));
w = 2*a*k0;

wc_app_nm = wc_app/k0 % cutoff in units of nm
wc_nm = wc/kO

beR = sqrt(ec)*(1l + ec/2 * (ARA2*(WA2 - wCA2)A2 - ...
AIA2%(WA2 + WCA2)A2)/4/wA2);
bel = sqrt(ec)*ec * AR*AL * (wA4 - wcA4)/4/wA2;
be = beR-j*bel;
ga = sqrt(ber2 - ef); ac = sqrt(beA2 - ec); as = sqrt(beA2 - es);

num2str([[be0;ga0;ac0;as0], [be;gajac;as]l],’%12.6f") % make table

Finally, Fig. 10.13.2 shows the LRSP and SRSP propagation wavenumbers as functions of
the film width 2a, starting at cutoff, 2dcurorr = 18.0929 nm. For large a, the LRSP B tends to
the single-interface S . of the s—f interface, while the SRSP tends to .. Superimposed

on the graph of the imaginary part, is the approximation (10.13.21) evaluated from just
below cutoff for plotting purposes.

The graphs were generated by the following MATLAB code,

w = Tinspace(1.01*wcut,100, 1000); % start just above wcut

[be0,EO0,NO] = dmda(la0,ef,ec,es, w/2, 0,tol);
[bel,E1,N1] = dmda(la0,ef,ec,es, w/2, 1,tol);

% LRSP
% SRSP

wa = linspace(0.8*wcut,100,1001);

[P,Pf,Pc,Ps] = pwgpower(a*k0,ef,ec,es,be0,0); PO =

[P,Pf,Pc,Ps]/-Pf;

[P,Pf,Pc,Ps] = pwgpower(a*k0,ef,ec,es,bel,1); Pl = [P,Pf,Pc,Ps]/-Pf;

For the LRSP case, most of the power is pushed into the & dielectric and out of the metal,
thus, having lower power losses, and longer propagation distances.

% start a bit below wcut

beR = sqrt(ec) * (1 + ec/2 * (ARA2*(wa.A2 - wCutA2).A2 - ...
AIA2%(wa.A2 + wcutA2).A2)/4./wa.A2 * kOA2);
bel = sqrt(ec) * ec * AR*AL * (wa.Ad - wcutA4)/4./wa.A2 * kOA2;
figure; plot(w,real(be0),’-", w,real(bel),’ --");
figure; semilogy(w,-imag(be0),’-’, w,-imag(bel),’-.’, wa,abs(bel),’r--")



10.13. Asymmetric DMD Waveguides

2.25

2.151
2.05¢
1.95f

o
<
~_ 185

Br

1.75f

1.65f

1.55f

effective index

1.45

_1

— LRSP 10
-~ - SRSP

485

imaginary part of B

10 20 30 40 50 60

— exact LRSP [
- - exact SRSP
\ - - - approximate

70 80

film width, 2a (nm)

90 100 0

10 20 30 40 50 60 70 80 90 100
film width, 2a (nm)

Fig. 10.13.2 Real and imaginary parts of wavenumber f.

The computational errors, as measured by the norms of the error vectors Eq and E;, were
IEoll = 3.1757%1071% and ||E; || = 2.0696x10~'4, while the number of iterations to con-

verge (for the entire vector of widths) were Ny = 38 and N; = 10.

]

Example 10.13.2: To see how the approximation (10.13.21) improves for smaller permittivity
difference (&, — &), we consider the same example, but change the permittivity &. to

the hypothetical value, &, =

1.51% = 2.2801, with all other parameters kept the same.

Figs. 10.13.3 and 10.13.4 show the magnetic field profiles of the LRSP and SRSP modes,
and the dependence of f on the film width.

The estimated cutoff width calculated from Egs. (10.13.4) and (10.13.6) is w, = 6.7978 nm

and w, = 6.9964 nm, respectively. Using the latter value, we can compare the approxima-
tion (10.13.21) to the exact solution,

exact LRSP

approximate

Blko
y/ko
O(C/ko
D(S/ko

1.524661 — 0.000226j
4.280658 + 0.061312j
0.210935 - 0.001635j
0.273116 — 0.001263j

1.527059 - 0.000179j
4.281513 + 0.061316j
0.227622 - 0.001199j
0.286201 — 0.000954j

Example 10.13.3: Another early reference on LRSP modes in asymmetric DMD guides is Wendler
& Haupt [940], who considered the dependence of the propagation length as a function of
the permittivity difference (&, — &5). Here, we reproduce their results. The DMD guide
consists of a silver film with permittivity & = —18 — 0.47j at Ag = 632.8 nm." The sub-
strate is fused silica with €5 = 2.1211, and the cover’s permittivity will be varied over the

range 1.9 < &, < 2.35.

The function dmdcut determines the cutoff width given the values of ., &. It can also
be used to find the value of ¢, that would make a given width w = 2a equal to the cutoff
width. This can be done by solving for &, the equation,

dmdcut(Ag, &, &, €)= W

(10.13.22)

TIn the previous example, we used, & = —15.9957-0.5256], our DRUDE function gives, &p = —14.4824—
1.0946j, and the value interpolated from Palik [162] at Ao = 632.8 nm is, &f = —15.8742 — 1.0728;.
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Fig. 10.13.3 Magnetic field profiles, 2a = 20 nm film.
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Fig. 10.13.4 Real and imaginary parts of wavenumber f.

It can be implemented easily in MATLAB, for example, using the fzero function, with & as
the initial search point,

ec = fzero(@(e) dmdcut(la0,ef,e,es)-w, es)

Fig. 10.13.5 shows the propagation lengths (in cm) for the LRSP mode, for three different
film thicknesses, w = 2a = [10,17,30] nm, as a function of the variable &.. For each
case, as & comes close to its critical value calculated from Eq. (10.13.22) that renders w
equal to the cutoff width, the propagation length tends to infinity. To prevent clutter, the
graph has been plotted twice, with the one on the right showing the vertical lines at the
calculated critical values of &,

Eccut = [1.9432, 2.0177, 2.0744, 2.1702, 2.2364, 2.3362 ]

where the left three values correspond to the part of the graph to the left of the dividing
line &, = &. The functions dmda and dmdcut assume that &, > &;,. The cases & < &
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Fig. 10.13.5 Propagation length L vs. permittivity &..

can be handled by interchanging the roles of &., 5. The following MATLAB code segment

generates the right graph,

1a0 = 632.8; kO = 2*pi/Ta0;
ef = -18-0.47j; es = 2.1211;
tol = le-12;

% 1a0 in nm

ec = linspace(1.9, 2.35, 2000); % 1.9 <= ec <= 2.35

w = [10, 17, 30];

for i=1:length(ec),
eci = max(ec(i),es); esi = min(ec(i),es);
be = dmda(1a0,ef,eci,esi, w/2, 0, tol);

L(i,:) = -1/2/k0./imag(be)/1e7; % units of cm

end

L(L<0) = NaN; % ignore all negative L’s that lie beyond the ec-cutoffs
semilogy(ec, L(:,1), '-’, ec, L(:,2), ’'--", ec,L(:,3),’-.");
Tine([es,es], [10A-3, 10A3], linestyle’,’:’); % es=ec dividing line

for i=1:Tength(w)
eccut(i) = fzero(@(e) dmdcut(lal,ef,e,es) - w(i), es);
escut(i) = fzero(@(e) dmdcut(la0,ef,es,e) - w(i), es);
Tine([eccut(i),eccut(i)], [10A-3,10A3], Tinestyle’,’:’, ’color’,
Tine([escut(i),escut(i)], [10A-3,10A3],  Tinestyle’,’:’, ’color’,
end

)
)

% interchange es,ec when ec<es

% ec cutoff lines

Fig. 10.13.6 shows the propagation lengths as functions of film thickness, with &g = 2.1121

and five values of &,

& = [2.1211, 2.1256, 2.1700, 2.2200, 2.3000]

The graphs were generated by the MATLAB code,
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Fig. 10.13.6 Propagation length L vs. film width.
es = 2.1211;
ec = [2.1211, 2.1256, 2.1700, 2.2200, 2.3000];
tol = le-12;

wcut = dmdcut(1a0,ef,ec,es); % dmdcut is vectorized in ec

style = {*=7, 'r==", ':', '-.*

b--"};

for i=1:1ength(ec),

w = linspace(wcut(i), 50, 2001); % compute for w >= wcut only

if i==1

be = dmds(1a0,ef,es, w/2, 0, tol); % use dmds when ec=es
else

be = dmda(1a0,ef,ec(i),es, w/2, 0, tol);
end

L = 1/2/k0./abs(imag(be)) * le-7; % units of cm
semilogy(w,L,style{i});

Tine([wcut(i),wcut(i)], [10A-3,10A3],  Tinestyle’,’:’, ’color’,’r’);

end

The cutoff widths corresponding to the five &, values, calculated from Eq. (10.13.6), are,

Weut = 2dcut = [0, 2.8644, 9.9815, 15.2990, 24.3452] (nm)

and have been placed on the right graph, which is the same as the left one. As the width
comes close to one of the cutoff widths, the propagation length becomes very large. 0O

10.14 Note on Computations

The characteristic equations of plasmonic waveguides are generally difficult to solve
accurately because of the complex-valued nature of the permittivity parameters. We
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have been unable to come up with a single algorithm that works robustly for both MDM
and DMD waveguides over a wide range of material parameters. Instead, we have pre-
sented a variety of solution approaches, which could be viewed as tools to be tried.
Our PWG and PWGA functions may work, but one must choose a starting point that
is near the true solution. The iterative methods that we discussed work under many
circumstances, but not always. We tried to give sufficient code examples to clarify
these methods. The plasmonic waveguide literature is somewhat lacking of published
numerical examples that could be used as benchmarks, with some notable exceptions
[937,939,940,953,955,956,963].

10.15 Sommerfeld Wire

The problem of a TM surface wave propagating along a cylindrical conductor was solved
by Sommerfeld in 1899. He showed that the finite conductivity of the conductor was
essential in localizing the wave near the surface of the conductor, while exhibiting very
low attenuation along its length [982,983,1293]. The planar version of this problem is
the Zenneck surface wave that we discussed in Sec. 7.10.

The lateral localization is not particularly good but can be improved by adding a
dielectric coating on the surface of the conductor as considered first by Harms and
studied later in detail by Goubau [984-999]—a configuration generally referred to as a
Goubau line, or a Harms-Goubau line. We discuss this further in Sec. 10.19.

Even though the attenuation along the conductor is very low, these early waveguiding
systems, envisioning propagation at long distances of tens of meters or even kilometers,
did not catch on for use at RF, primarily because of the poor lateral localization, which
could be disturbed by nearby objects, imperfections or bends along the line.

With the rapid development of terahertz applications in the past two decades, inter-
est in the Sommerfeld and Goubau lines has been revived for use at THz frequencies,
providing a viable means of waveguiding at relatively short distances (e.g., centimeters),
with low attenuation and high degree of confinement. We discuss the interplay of fre-
quency, conductor radius, and dielectric coating in Sec. 10.19.

The THz band typically spans the range of [0.1, 10] THz, or, [0.03, 3] millimeter,
and lies between the microwave and infrared/optical bands. There are a large number of
THz applications in astrophysics, remote sensing, plasma diagnostics, spectroscopy in
chemistry and biology, gas identification, complex molecular dynamics, DNA signature
detection, communications, medical imaging, and imaging for homeland security, drug
enforcement, pharmaceuticals, biosensing, and non-destructive testing in manufactur-
ing for quality and process control.

For example, Wien’s radiation law relating black body temperature and the frequency
of the maximum of the Planck spectrum is, f = 58.7891 T, where f is in GHz and T in
degrees Kelvin. Thus, the Big Bang cosmic microwave background at 2.725 K peaks at
f = 160.2 GHz, which lies at the low end of the THz band; similarly, interstellar gas
clouds at temperatures of 30 K correspond to f = 1.76 THz."

Interest in THz imaging for homeland security arises because several everyday ma-
terials, such as clothing, paper, plastics, wood, and ceramics are transparent to THz

TSome historical references on the CMB, and its data fitting, may be found in [129-137].
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waves. Medical imaging at THz is also a very promising area because THz radiation
does not have the same harmful effects as X-rays.

Several reviews and applications of THz technology may be found in the following
(very incomplete list of) references [1017-1053].

The Sommerfeld wire is an infinitely long cylindrical conductor of radius a and finite
conductivity o, immersed in air, as shown in Fig. 10.15.1. The permittivities of air and
conductor are taken to be €; = €p and

o
Jwes =jweg+0 > €. =€) —J © (10.15.1)

with relative permittivities,

€ Y €
ge=-S=1-j—, &g="2=1 (10.15.2)
€o () €o

The conductivity o is assumed to be a constant in frequency, but it can also be taken
to be frequency-dependent, as given for example by Drude’s law (see Sec. 1.12),

Odc

0= ———, T =collisional time, g, = conductivity at DC (10.15.3)
1+jwoT

Fig. 10.15.1 Sommerfeld wire, shown in cylindrical coordinates.

Using cylindrical coordinates and assuming, with Sommerfeld, a TM wave with cylin-
drical symmetry, it follows from Egs. (9.1.23) and (9.1.24) by setting 0, = 0 and H, = 0
that only the field components E, E,, Hg will be non-zero and will be functions only of
the radial distance p, satisfying the equations:

10 0E, 2 2 2 2
i E, = = —
pap(pap)+y =0, y =w"ue—-p
(10.15.4)
JB OE, 1 jwe OE,
=2E =2 Hy=—F,=-"—
’ y? op ¢ nmm g y> op

where we assumed the usual t,z dependence, e/®t=J8Z and replaced nm = B/we.
Egs. (10.15.4) must be solved in each region (inside and outside the conductor) using
the appropriate values of €, and hence y. The E and H tangential fields must be matched
at the surface of the conductor (i.e., at p = a).

The most general solution of the above cylindrical Helmholtz equation for E, is a
linear combination of the 0™ order Bessel functions of first and second kinds, Jo (yp)
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and Yo (yp), or of the Hankel functions, H\"? (yp) = Jo (yp) £jYo (yp).' Letus denote
any of these functions, or linear combinations thereof, by Co (yp), and note that they
satisfy the property 0Co(yp)/0p = —yCi(yp), that is, the corresponding 15 order
Bessel function. Then, the solutions of Eq. (10.15.4) can be written in general as,

JB

jkoe
E,=Colyp), E,=22Ci(yp), Hg=L5C)(yp) (10.15.5)
y noy

where y? = w?pge — B2 = kie — B2, and ko = w./Ho€o, No = v/Ho/€p are the vacuum
wavenumber and impedance, and € = €/€(, and we assumed non-magnetic media. Note
the equivalent expression for kog/no = w./H€yE//Ho/ €0 = WEYE = WE.

Within the conductor (p < a), only the function J, is acceptable because Y (u)
diverges for u = 0. Outside the conductor (p > a), because the fields must decay to
zero for large radial distances (p — o), the Hankel functions are the appropriate choice.
In particular, we have the following asymptotic expansions for large u = ug + juy,

H(()l,Z) (u) = i etj(u—n/4) _ 2 . e:j(uRfrr/4)eiu1
U T (ug + jup)
(1,2) 2 +j(u-31/4) 2 +j(ur—3m/4) ,Fu;
H,""(u) =,/ —e~ = |—F——e" e
U T (ug + jus)

thus, H(()l) (u), (resp. H(()Z) (u)), is decaying somewhat faster than exponentially in uy,
provided u; > 0, (resp. u; < 0). With these choices, the fields inside and outside the
conductor are as follows, with A, B to be determined:

(10.15.6)

O0<p=<a a<p<oo

E, =AJo(ycp) E, = BH" (yp)

E, =AJ—B11<ycp> E, =B{§H§“(yp)

(10.15.7)

pJXoéa Jko&a

Hy = ATK0E I 0en) Hy = HY (vp)
Noy Y

\/ ofc B? =4 ofa B?

These expressions must be multiplied by the common factor e/®t=7Z_ It will turn
out that y has positive imaginary part, thus, justifying the choice of H {1) (u) instead
of H {2) (u). The matching of the tangential fields, E, and Hg on the surface of the
conductor, at p = a, yields the two conditions:

AJo(yca)= BHS" (ya)

| Jkose (10.15.8)

noy

k
Ji(yea)=B B’ O;“

H{" (ya)

TFor definitions and properties of Bessel functions, see [1790] or [1822], which are available online.
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We note that the matching of the normal D-field, D, = €E, = entuH¢ = Hg B/ w,
is equivalent to the matching of Hy. Dividing the two sides of Egs. (10.15.8) results in
the following characteristic equation from which the wavenumber § may be determined:

y = kea - B ¥ H (ya) _ ye Jo(yea)
ye=\kiec— g2 |G HiV(ya) & Jilyed

For all good conductors, such as copper, aluminum, and gold, and for frequencies
up to and including the THz band, the permittivity €. can be approximated accurately
by its imaginary part, which is much larger than unity:

(10.15.9)

. O . O g
Se=1—j— n—j— =eJT2 " (10.15.10)
WEH WEy WEo

For example, we have for copper, o = 5.75x107 siemens,/m, and with [ in units of THz:

A 1.03x10°
weg f

so for all f up to 10 THz, the imaginary part is at least 5 orders of magnitude greater than

the real part, e.g., at f = 10 THz, we have &c = 1 —j 1.03x10°. The same approximation

is also valid if one uses the Drude model for o of Eq. (10.15.3) up to the THz range.

Because the wavenumber f is of the order of ky, it follows that the lateral wavenumber

Y within the conductor will also be very large and can be approximated by

=Jk3e. — B2 = ko /&c = koe T4 9 (10.15.11)

WweEn

for example, for copper at 1 GHz, we find y. = (1 — j)4.7645x10° per meter, and at
10 THz, y = (1 —j)4.7645x107. For typical conductor radii of millimeters, it follows
that the quantity y.a will be very large, e.g., for a = 1 mm, we have
yea = (1—j)4.7645x10%, at1l GHz
yea = (1 —1)4.7645><104, at 10 THz
For such large complex arguments, the ratio Jo(yca)/J1 (yca) may be replaced by

Jo(yca)lJ1(yca) = j. Indeed, using the asymptotic expansions [1790], valid for large
complex argument u,

Jo(u)~ \/%cos (u— %) ;i) = \/%COS <”_%T)

we find after setting u = ug + ju; and using some trigonometric identities:

Jou) _ cos(u—7) =_,COS(L1R—%
Ji)  cos(u-3F) cos(ug — 7§

) cosh(uy) —jsin(ug — ) sinh (u;) .
T - s
1

) sinh (uy) —jsin(ug — 7 ) cosh(uy)

in the limit |u;| — oo, where s = sign(uy). Thus, the ratio is +j for large u with neg-
ative imaginary part, like y.. A more accurate approximation, which we employ in our
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numerical solution of the characteristic equation (10.15.9), follows from the asymptotic
expansions in [1790]:

Jo(u) - Py (u) —js Qo (u)

R - X (10.15.12)
L T P —jsoi )
where again, s = sign(Im(u) ), and we defined the polynomials in 1/u:
9 3675 1 75
Po=1=56w? T eewi QW= gy T a(guy
) 3 0 (10.15.13)
15 4725 105
P =1+ - =— - —
1) I ER i TR HE

The approximation (10.15.12) can be used whenever |Im(u) | > 700. For |Im(u) | <
700, the built-in MATLAB function besselj gives accurate results. The MATLAB func-
tion, J01, in the EWA-toolbox, implements the evaluation of the ratio Jo(u)/J; (u) for
any value of u using this improved approximation. It has usage:

y = J01(u); % evaluates the ratio Jo(u)/J; (u), vectorized in u

To solve the characteristic equation (10.15.9), Sommerfeld made two approxima-
tions: first, he replaced the Bessel function ratio by Jo (yca)/Ji(yca) = j, and y. by
Ye = ko/€c, and second, he assumed that the quantity ya is small and used the follow-
ing approximations [1790] for the Hankel functions, valid for small argument u — 0:

c ; c
Jow)=1, mW~3mGl>,%Wm;mmﬂmwmﬂmGl>
T 2 s 2j
u 2 e ; 2j
Jl(u)zg, Yiw=-—, Hy" (u)=J1(u)+jY1(u)= ——
Tu Tu
and for the ratio:
HY (u) eCu
%y . ~-uln (—) (10.15.14)
H;"' (u) 2j

where C is the Euler-Mascheroni constant, C = 0.577215..., so that e¢ = 1.78107.
With these simplifications, Eq. (10.15.9) reduces to:

J€ako
c :
yram(€Ya) _dzako | yzz_aiﬁ (10.15.15)
2 ) Ve CY>
In -
2j

which Sommerfeld then proceeded to solve iteratively, for n = 0,1, 2,...,

J€ako . .
— Sommerfeld iteration
a./&c

2 =N jeqak 10.15.1
Yn+1 | eCyna initialized at y3 = _JEa%o (10.15.16)
n 72j a./&c
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The approximation and iteration works well for frequencies in the GHz range. But,
as discussed by King and Wiltse [994], in the THz range the quantity ya is no longer
small enough to justify the approximation. Our approach to solving Eq. (10.15.9) is to
rewrite it in the following form:

= Hfl) (ya) €ayc Jo(yca)
HY (ya) & Ji(yca)

Noting that y2 — y? = k3 (& — &4), or, Yc = \/k3(gc — £4) +¥?, Eq. (10.15.17) can
then be turned into the following iteration, for n = 0,1, 2,...,
Ye = k%(fc - 5a)+Y%

H{l) (yna) €ayc Jo(yca)
H (yna) & Ji(yca)

(10.15.17)

Y

(10.15.18)

Yn+1 =

It can be initialized at By = 0.9kq, Yo = +/kgca — B3, or something similar. The
iteration does not require any approximations beyond the use of our function J01 for
the ratio of the Bessel functions. It uses the built-in MATLAB function besselh for the
evaluation of the Hankel functions. The following MATLAB function, sommer, in the EWA
toolbox, implements the iteration (10.15.18):

[be,ga,gc,E,N] = sommer(a,f,sigma,tol,be0); % Sommerfeld wire
[be,ga,gc,E,N] = sommer(a,f,sigma,tol); % (be0 = 0.9%k0)
[be,ga,gc,E,N] = sommer(a,f,sigma); % (tol = 1le-10)

% a = wire radius in meters

% f = vector of frequencies in Hz

% sigma = wire conductivity in siemens/m, scalar or same size as f
% tol = computational tolerance, default, tol = le-10

% be0 = initializing vector, size(f), default, be0 = 0.9%kO0

% be = vector of propagation wavenumbers, (rads/m), same size as f
% ga = lateral wavenumber in air, (1/m), size(f)

% gc = lateral wavenumber in conductor, (1/m), size(f)

% E = computational error of characteristic equation, size(f)

% N = number of iterations to converge, scalar, represents all f’s

To clarify the construction of the function, we list below the essential part of the code:

%

c0 = 299792458; % speed of Tight, m/sec

ep0 = 8.854187817e-12; % vacuum permittivity, farad/m
tol=1e-10; % default error tolerance

w = 2*pi*f; kO = w/c0; % f can be a vector

ec =1-3j * sigma./w/ep0; % sigma must be scalar or size(f)
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be0 = 0.9%k0; % initialize iteration
g2 = sare(k0.n2 - be0.n2); Yo = 0.745951 — 0.308983,]
’ y1 = 0.147818 + 0.255109
while 1 % Tloop forever y2 = 0.115696 + 0.255973 j
gc = sqrt(ga.A2 + k0.A2.*(ec-1)); Y3 = 0.113805 + 0.256030j
gnew = besselh(1,1,ga%*a)./besselh(0,1,ga*a).*J01(gc*a).*gc./ec; Y4 = 0.113692 + 0.256039
if norm(ga-gnew)<tol, break; end ys = 0.113685 + 0.256040,j
N = N+1;
d 9a = gnew; It is evident that after the third iteration, y has effectively converged. Following Sommer-
en feld, we use the third iterate, y = y3 = 0.113805 + 0.256030j, to calculate f3:
ga = gnew; % converged values > . B —ko . _s
gc = sqrt(ga.A2 + k0.A2.*(ec-1)); B =+/ki — y? =20.959705 — 0.001390j = Ko = (5.9874 — 6.6330j)-10
be = sqrt(k0.A2 - ga.A2);
E = abs(ga.*besselh(0,1,ga*a)./besselh(1,1,ga*a) - gc.*J01(gc*a)./ec); which agrees with Sommerfeld’s rounded result of (8 — ko) /ko = (6.0 — 6.6j)-107°. We
o see also that the phase velocity is essentially that of ¢o, Vpn = w/Re ()= 0.999940c.
The attenuation constant f; = —Im(f) can be expressed in dB/m by 8.686 8; = 0.0121
We note that the computational error is defined from the last computed y as follows. dB/m, which is very low and corresponds to an effective propagation length of 1/8; =
. 2 > 719.34 meters along the wire. On the other hand, the lateral attenuation in air is effectively
Setting y. = \/k§(&c — €a) +Y?, L . .
measured by 1/Im(y)= 3.91 meters, which is unacceptably large. The calculation using

our function sommer is implemented by the MATLAB command:

1
y H" (ya)  yc Jo(yca)
= |5 - (10.15.19) Ib E.N] = sommer(a,f,sigma):
&a Hl (ya) e J1(yca) e,ga,gc,kE, = sommer(a,t,sigma);
where E is a vector when f is a vector of frequencies. and produces comparable results:
_ i ; B—ko _ " .10-5
Example 10.15.1: We consider the two examples discussed by Sommerfeld in Ref. [983]. The B = Br = jBr = 20.959706 — 0.001390j rads/m = ko (5.9907 - 6.6333) -10
first one is a copper wire with conductivity o = 5.75x107 siemens/m, and radius of 1 mm, y =0.113788 + 0.256080j
at a frequency of 1 GHz. We iterated (10.15.16) five times, with the MATLAB code: Ve = (4.7645 — 4.7645)-10° =  yo— Ko /€ = —(2.3054 + 2.3048 ) 1074
_ -13
ep0 = 8.854187817e-12; % farad/m, E = 1.94x10
c0 = 299792458; % m/sec N = 186
f = 1le9; % 1 GHz
w = 2%pi*f; % rads/sec Sommerfeld’s second example is a platinum wire of radius of a = 2 ym and conductivity
k0 = w/c0; % kO = 20.958450, rads/m one eighth that of copper, o = (5.75/8) - 107 siemens/m, at a vacuum wavelength of Ao = 1
sigma = 5.75e7; % siemens/m meter, or frequency f = co/A¢. With these changes in parameters, the results from the
ec = 1+ sigma/j./w/ep0; function sommer are:
a = le-3; % 1 mm ’
C = 0.577215664901533; % Euler constant B — BR _jBl = 8.4603 — 62561J rads/m
g0 = sqrt(-j*k0/a./sqrt(ec)); % initialize y =7.5210+ 7.0374j = Im(y) '=0.1421 meters
ga = g0; G=[gal; % save iterates in G ) , .
K5 ye=(1-/)-9.2231-10* = yca=(1-j)-0.1845
_ —14 _
for d=1:K E=1.95x10"", N =278
ga = g0./sqrt(log(exp(C©)*ga*a/2/3)); 8.6868; = 54.34 dB/m, ;! = 0.1598 meters
G = [G;9al;
w
end Vph = — = 0.7427 ¢
Br
num2str(G,’ %1.6f’) % print table of iterates

This solution agrees with Sommerfeld’s, 8 = 8.5 —6.5j, which he obtained using a modified
form of his iteration that does not assume large values of y.a and does not replace the ratio
of Bessel functions by Jo (yca) /J1 (yca) = j, but still using the small-argument expansions
of the Hankel functions. ]

generating the iterates:
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Example 10.15.2: Here, we repeat the calculations of the previous example (for the copper wire)

IE (o)

\ — exact
\ - - - asymptotic
0.8 | ®  20-dB drop 0.8t
0.6 1 _ o6f
G \ S,
\ ;E“
0.4 \o 1 0.4
\
0.2 0.2r
0 H H H 0 H H
0 1 2 3 4 5 0.999 0.9995 1 1.0005 1.001

using the same MATLAB code with f = 10 THz. The results from the function sommer are:

_ —k )
B =Br —jBr =2.0959 - 10° — 1.9187j rads/m = % = (3.2780 — 9.1549) -10°°
0

y = (5.3212 + 7.5573j)-10> = Im(y) '= 0.0013 meters

Yo = (4.7645 — 4.7645j)-107 =y — Ko/ = —(2.3049 + 2.3048) -10°
E=1.73x10"", N =26

8.6868; = 16.67 dB/m, B;' = 0.5212 meters

where kg = 2.0958x10° rads/m. The Sommerfeld iteration does converge, but to the
wrong limit, (8 — ko) /ko = (=2.9511 — 6.2879)-1075. We note that the lateral decay
length in air is now only, Im (y) ~' = 1.3 millimeters, and although the attenuation of 16.67
dB/m, or, 0.1667 dB/cm, is much larger than in the previous case, it is still acceptable for
propagation lengths of the order of cm.

external electric field, Ez(p) internal electric field, Ez(p)

radial distance, p, (mm) radial distance, p, (mm)

Fig. 10.15.2 Longitudinal electric field profiles, outside and inside the conductor.

Fig. 10.15.2 shows the profile of the electric field | E, (p) | outside and inside the conductor,
normalized to unity at the surface. This normalization fixes the values of the coefficients
A, B inEq. (10.15.8) so that A Jo (yca) = BHS" (ya) = 1. Thus, the field E, (p) is,

e R

E;(p)= (10.15.20)
HY" (yp) N
HY (ya)’ N

The field outside the conductor is easily computed and plotted, in the left graph, with the
help of the MATLAB function:

Ez = @(r) abs(besselh(0,1,ga*r) / besselh(0,1,ga*a));

10. Surface Waveguides

The graph also superimposes the asymptotic form of the Hankel function from Eq. (10.15.6),
that is, for p > a, E, (p) can be approximated by,

L2 e
H(()”(ya) nyp

Moreover, the 20-dB point is also included on the graph. It can be determined by using the
built-in function fzero to solve the equation |E, (p)|?> = 1072, which gives p = 3.3 mm.
The MATLAB code is as follows and uses the previously constructed function Ez(r):

r_dB = fzero(@(r) Ez(r)-1/10, a);

with initial search point near p = a. The calculation of the field inside the conductor
is, on the other hand, very difficult numerically, because the quantity y.a = (4.7645 —
4.7645j) -10% is very large, and MATLAB returns the value Jo (y.a)= co. Within a narrow
layer near the surface, p & a, we can use the large-argument asymptotic expansion of
Jo (u) from [1790] to approximate the ratio Jo (y.p)/Jo (yca) in terms of the polynomials
defined in Eq. (10.15.13):

Jo(ycp) _ Polycp)+jQo(ycp) |a eivelo-a)

Jo(yca) - Po(yca)+jQo(yca) 4

for pSa (10.15.21)

Within this narrow layer, the ratio of the polynomials is effectively equal to unity, as is the
ratio \/a/p, thus the entire expression is given by the exponential e/Y¢(#~@  We note the
rapid exponential decay, |e/Yc(P=@ | = g=%c(a=P) ‘where o« = —Im(y,) is very large and
positive. The graph on the right was obtained by applying Eq. (10.15.21) over the narrow
range, 0.999a < p < a.

The rapid attenuation is essentially a manifestation of the skin effect, indeed, . is related
to the skin depth of a good conductor &, = 1/ = \/owuy/2, as discussed in Sec. 2.8.
This follows by approximating y. by

Lo e . [owpy 1
~ ko/Ec = w €. [l1-jJ— =~ w €. |—j—=(010- —_— =
Ye = Kov/Ec VHo€o Jweo VHo€o Jweo (1—-J) > 5
To better visualize the fields inside and outside the conductor on the same plotting scale,
we consider a different example that has, f = 1 THz and a = 1 um, and the same 0 =
5.75x107. In this case, the solution obtained from the function sommer has parameters:

ya = 0.0008 + 0.0016,j
yea = 15.0665 — 15.0665

Fig. 10.15.3 shows the field profile |E, (p) | evaluated using Eq. (10.15.20), plotted on a log-
log scale and on an absolute scale. Since J,(0) = 1, the value of the field at the center of
the conductor (p = 0) is small but non-zero, |E,(0)| = 1/|Jo(yca) | = 3.2979x1075. O

Example 10.15.3: Here, we compare three cases of a copper wire with conductivity, o = 5.75x107

siemens/m, and radii, a = 0.01 mm, a = 0.1 mm, and a = 1 mm, and study the depen-
dence of the Sommerfeld wave on frequency over the range 10 GHz < f < 10 THz. The
solutions are obtained in the three cases by the MATLAB code:
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Fig. 10.15.3 Longitudinal electric field profiles.

c0 = 299792458; % m/sec
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for i=1:length(f)
Ezl = @(r) abs(besselh(0,1,gal(i)*r) / besselh(0,1,gal(i)*al));
Ez2 = @(r) abs(besselh(0,1,ga2(i)*r) / besselh(0,1,ga2(i)*a2));
Ez3 = @(r) abs(besselh(0,1,ga3(i)*r) / besselh(0,1,ga3(i)*a3));
ri(i) = fzero(@(r) Ez1(r)-1/10, al)*1000; % lateral radius in mm
r2(i) = fzero(@(r) Ez2(r)-1/10, a2)*1000;
r3(i) = fzero(@(r) Ez3(r)-1/10, a3)*1000;
end
figure; loglog(ff,rl,’b-’, ff,r2,’r--", ff,r3,’k:’)
attenuation in dB/cm = 0.08686 - BI 20-dB lateral extent osz(p)
10 . . 10°
2 N

lateral radius, (mm)
=
=)

—
=

— a=0.01 mm

sigma = 5.75e7; % siemens/m

ff = logspace(-2,1,300); f = 1lel2*ff; w = 2*pi*f; % THz

al = le-5; [bel,gal,gcl,E1,N1] = sommer(al,f,sigma); % case 1
a2 = le-4; [be2,g9a2,gc2,E2,N2] = sommer(a2,f,sigma); % case 2
a3 = le-3; [be3,ga3,gc3,E3,N3] = sommer(a3,f,sigma); % case 3

---a=0.1mm
B | a=1mm

0.03 0.1

0.3 1 3 10

10

0.01

0.03 0.1

The number of iterations to converge and the norms of the computational errors were:

N; =239, N;=198, N3=159

lE1ll = 1.1130x107'2, ||Eo|l = 0.9234x107'2, ||E3|| = 1.2927x107 2

Fig. 10.15.4 shows on the left the attenuation in dB per cm, given by, dB = 0.08686 - S,
defined in terms of the negative imaginary part of § = Bgr —jB;. The right graph shows the
effective lateral radius of the field outside the conductor, defined as the distance where
the field E, has dropped to 1/10 its value at the surface, or, 20 dB down. It is obtained as
the solution in p of the equation,

1

=— 10.15.22
10 ( )

H" (yp)

E (p)| =
|E,(p) | ‘Hé“(ya)

which is solved using the built-in function fzero. The attenuations and 20-dB distances
were computed and plotted by the following MATLAB code:

db = 20*10g10(exp(1)); % 8.6859 dB/neper

dBl = -db * imag(bel) / 100; % attenuations in dB/cm
dB2 = -db * imag(be2) / 100;

dB3 = -db * imag(be3) / 100;

figure; Tloglog(ff,dB1,’b-", ff,dB2,’r--’, ff,dB3,’k:’)

f (THz)

0.3
f (THz)

Fig. 10.15.4 Attenuations and 20-dB lateral distances vs. frequency.

phase velocity

0.9995[
°
& 0.999f
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0.9985[ q
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---a=0.1mm
““““ a=1mm
0.998 R R R T T
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Fig. 10.15.5 Phase velocities vs. frequency.

Within the 1-10 THz range, the attenuations remain fairly small for propagating at dis-
tances of cm, while the lateral footprint of the wave is of the order of 1 cm or smaller.
Finally, Fig. 10.15.5 plots the phase velocities vpn = w/Br versus frequency, showing
some dispersion, but not much, in the THz range. [}
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10.16 Power Transfer and Power Loss

The power transmitted along the wire in the positive z-direction is attenuating with
the factor |e=hz|* = ¢=2P1z_ The part that flows along the wire on the air side is the
useful amount of power that gets transmitted. The part that flows inside the conductor,
together with the amount of power that flows into the wire across its cylindrical surface,
is entirely dissipated into Ohmic losses, as we verify below. The time-averaged Poynting
vector has two components, one along z, and one along the radial direction inwards:

1 1 . . 4 . L1
P = ERe(EX H*) = ERe((ZEZ +PEp) x(pHY)) =z Re(E HY) prRe(EZH;g)

1
2

The total power transmitted is obtained by integrating 2, over the cross-sectional
area outside the wire, i.e, over a < p < oo:

o) o) 1
Pr = J P,2mpdp = J S Re(EpHg)2mpdp
a a 2
Similarly, the amount of power flowing through an annular area, a < p < r, is given by,
1

"1 Brkoga
Pr(r)=| =Re(E,Hj)2mpdp = ~|B|*
(1) Lz e(EpHg)2mpdp = Bl nolyl?

‘
[ |1V (yp) |* 2mtpdp

a
where we used Eq. (10.15.7), and we must multiply this expression by the attenuation
factor e~2A1%. Thus, the total transmitted power is Pt = Pr (r) | ,_ . Using the indefinite

integral [1790],

m[yH" (yp)H{" (y*p)]

(1) (1) _
JHI (yp)Hy' (y*p) 2mtpdp = —2mp mly?] (10.16.1)
we obtain,
1 ﬁ k 2 (1) (1) (1% _ (1) (1) (%
B 2 Brkoga2m alm[yH, ' (ya)H, (y*a)] —r Im[yHy ' (yr)H; (y*r)]
Pr(r)= ~|B| 5 2
2 Nolyl Im[y?]

Since the Hankel functions attenuate like p~1/2e=PIm®) for large p, it follows that
the total transmitted power will be given by,

Pr

(1) (1) (%
_ 1,2 Brkota [Zm mm([yHy" (ya)H" (y a>]} (10.16.2)

2 nolyl? Im[y?]

Dividing P7(r) by P, we obtain the fraction of the total power contained in the
annular region, a < p < r, see also [985,994]:

Pr(r) . Im[yrHi"” (yr)H{" (y*r)]
_1- 0 = (10.16.3)
Pr m([yaH" (ya)H{" (y*a)]

Example 10.16.1: For the copper wire of Example 10.15.2, Fig. 10.16.1 shows a plot of P7 (¥) / P,
which also includes the radius at which the power ratio is 95%, found to be, ¥ = 2.85 mm,
by solving the equation P7 (r) /Pt = 0.95 with respect to ¥. Assuming the same parameter
values as in Example 10.15.2, the following MATLAB code generates the graph,
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P =@(r) 1 - imag(ga*r.*besselh(0,1,ga*r).*conj(besselh(1,1,ga*r))) / ...
imag(ga*a*besselh(0,1,ga*a).*conj(besselh(1,1,g9a*a)));
r0 = fzero(@(r) P(r)-0.95, 2*a) % search near 2*a

plot(r/a,100*P(r),’b-", r0/a,100%P(r0),’r.’); hold on;
fi11(fo,1,1,01,[0,0,105,105], [0.9 0.9 0.91);

The 95% power radius and the 20-dB radius discussed earlier are just alternative ways of
defining a measure for the lateral extent of the wave. m]

transmitted power
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Fig. 10.16.1 Transmitted power vs. radial distance.

Next, we discuss power losses. In a lossy medium with complex-permittivity €, =
€R — J€r, the energy flux into a volume within the medium is dissipated completely into
Ohmic losses. This is justified by the following result, first considered in Problem 1.5,
that follows from Maxwell’s equations:

Py, = —§ %Re[EX H*].dS= J %Re[E- JE1dV = Plogs (10.16.4)
N Vv

where Jior = J+ jwD is the effective current density in the medium that accounts for a
conduction and a displacement current. For our wire, we may assume J= ocFEand D =
€oE so that J is given by the effective permittivity defined through, jwe. = o + jwey,

Joot =J+jwD = TE + jweoE = jwecE
Noting that Re (jwe:) = Re (jw (€g — j€r)) = wer, we may rewrite (10.16.4) as follows,
— 1 * 1 * —
Pin=—— ¢ Re[EXH*]-dS = —we; E-E*dV = Pjyss (10.16.5)
2 Js 2 1%
For our wire, we; = o, but in general, if the dielectric displacement current term

had a complex permittivity, e.g., D = €4E = (€4r — j€q4r) E, then it would also contribute
to the effective €y, that is, we; = 0 + wey;.
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We will verify Eq. (10.16.5) explicitly for a length-L segment of the wire, as shown
in Fig. 10.16.2. Using the solution (10.15.7), the power loss will arise from both com-
ponents E,, E,. Because of the cylindrical symmetry, the volume element will be dV =
21rp dp dz, with the z-dependence given by e 212, Then, we find for Pjyss,

1 . .
Ploss = Ewel JVUEZ'Z + |E,D‘Z] dv

2
‘l}fﬂ'z [J1(yep) 2] - e72P1% . 2mpdp dz
c

l ) L ra )
S IA1 wey JO L (1o (yep) 2 +

1 1—e2hL
S AP wer |
5 14l I< >

. )JO[UO(YCPHZ |'B‘|2|Jl<ycm|]znpdp

Fig. 10.16.2 Length-L section of Sommerfeld wire.

where we performed the z integration to get,

L _
J o 2Bi gy — 1 — e 2BiL
0 2B

The Bessel function integrals can be done explicitly [1790]:

m[y#Jo(yta)Ji(yca)]

a
I
JO IJo(yep) |2 2mtpdp = 2110

Im[y?2]
(10.16.6)
a . Im (yca)Jo(yka)
11 em 2 2mpdp = o Y1 Ve JolyEa)]
0 Im[y¢]
It follows that Pjss Will be,
_ o 2BiL w?2maer
Ploss |A| ( ) ZBI
THE (10.16.7)

m(y?Jo(yZa)J(yca)] + e mlycJi (yea) Jo(yia)]

Im[y?]

The power influx into the cylindrical volume of Fig. 10.16.2 consist of the follow-
ing parts: the power entering the volume at the cross-sectional area at z = 0, minus
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the power exiting the cross section at z = L, plus the power entering perpendicularly
through the cylindrical area. Thus, using Eq. (10.15.7), with Hy = Ajwec]1(yep)/ye,

a L
Pm=—j;T-dS=J' P, —J Pp2madz
S 0

zZ=

J Re(EpH¢)2npdp J Re(E Hy) 2madz

= %\Aﬁ(l - e*zf"'L)j [Jﬁjl(ycm = Jl(yé‘p)] empdp +

+

L i ek
%IAIZ L Re [Jo(yca) J;iec J1 (yé‘a)} ce bz omadz =
C

wRe[Bef]

1
:*\A|2 1-—¢ —2BrL
2 ( ) [ycl?

I T (yep)J1(yip) 2mtpdp +

1 w 21Ta er
+ S A2 (1 — e 2Bl Im | Jo(yca) —$ 1 (yEa)

2 Yc
where in the last term we used the identity Re[—jC]= Im[C]. Finally, using Eq. (10.16.6),
we obtain the net power flowing into the cylindrical volume:

_ LA (1 = omyw2ma Re[Beg] Im[yc]i (yea) Jo(yéa)] |
2 lycl? Im[y?]
, (10.16.8)
+%|A\2<1— *2“)‘” ma Im[]o(yca) Jl(yca)]

It is left as an exercise in Problem 10.7 to show the equality of the two expressions in
Egs. (10.16.7) and (10.16.8). Canceling some common factors, this amounts to showing
the equality of the following two sides:

2B1 Re[Bei]| Im[ycJi(yea)Jo(yta)]
lycl? Im[yZ]

+Im[Jo(yca)%J1(y?a)] =

B2 (10.16.9)
e Im[ycJi (yea)Jo(y¥a)]

Im[y?2]

m[y#Jo(y¥a)Ji(yeca)] +

10.17 Connection to Zenneck Surface Wave

We mentioned earlier that the Zenneck surface wave is the planar limit of the Sommerfeld
wave. Indeed, in the limit of large radius, a — oo, the ratios of both the Hankel functions
and the Bessel functions in the characteristic equation (10.15.9) converge to +j, resulting
in the equation:

Y _Ye (10.17.1)

&a &c
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which is precisely the characteristic equation of the Zenneck case that we considered in
Sec. 7.10. Solving it for  gives rise to,

2 2

Eakc &a &
—_—, =k s =k 10.17.2
cate VTN e Ve O e, + & ( )

For completeness, we give the form of the fields above and below the interface at x = 0,

x<0 x>0

E, = EgelYex E, = EgelYX

(10.17.3)

air &,

x Ex = Eg— elYeX Ex = Eg B givx
Z Ye Y
y ko&;

. kOSa .
H, - E elvex | | = E, <04 piyx
Y noye Y e

where Ej is a constant. These agree with the results of Sec. 7.10 after remapping the
notation by the replacements, z — —x, x — z,ky — B, k; — y, Kk, = Yc.

They can be derived more directly by solving the TM propagation problem in carte-
sian coordinates using Egs. (9.3.10), and applying the boundary conditions at the planar
interface. They can also be derived as the large-radius limit of the wire solutions. To see
this, let us renormalize Egs. (10.15.7) with respect to their values at the surface of the
conductor, i.e., by replacing A, B from the relationship, A Jo (y.a) = BH(()1> (ya) = Ey,

0< p<a a< p<o
Jo(yep) Y (yp)
E, = Ey 202 E, = E,—9~F
27 Jolyea) 2 H (ya)
£, g B iver) | g B H (vp) o4
P70y Jo(yea) Y H (ya) (10.17.4)

Jjkoge Ji(yep) Jjkoga H{" (yp)

Hy = E Hy=E
¢ noye Jotvea) | 77" noy HY (ya)

Ye =\k(2)5c—B2 Y:Vk(z)fa_ﬁz

In this form, the boundary condition for E, is automatically satisfied, whereas that
for Hy leads directly to the characteristic equation (10.15.9). Since x is measured with
respect to the planar conductor surface, before we take the limit for large radius, let us
make the replacement, p = a + x. Then, using the asymptotic expressions (10.15.6), we
obtain the following limits, as a — oo with fixed x,

(yp) y(p—a) _ | oYX _, oJ¥X
Ho (ya) \/ a+x

M q ivio=ay g=imiz — _j | D pjyx  _joivx
Y (ya) p a+x
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from which the x > 0 expressions in Eq. (10.17.3) are obtained. The corresponding
asymptotic expressions for Jo(u),J; (u) are given as follows [1790], assuming that u
has a large and negative imaginary part,

Jo(u) = icos(u— w=m/4) " Im(u)< 0
\ tu ~\ 2mu

(10.17.5)

W=3m/4) " 1m(u)< 0

and from these we obtain the limits, which give rise to the x < 0 expressions in (10.17.3),

JoyeP) [ jjvep-a) _ [ A ivex _. givex
Jo(yca) p a+x

J1(yep) A yeto-a) gojmiz _ i [ A jyex i givex
L AL AP = eJYc e — eJYeX o _jelYe
Jo(yca) P TV a+x J

Like the Sommerfeld wave, the Zenneck wave exhibits a strong skin effect within the
conductor, but weak bounding on the air side, and low attenuation in the direction of
propagation. For a good conductor, we have |&.| > &,, and we can approximate &, and
Yc as in the wire case,

o ko./€c 1—j 2
_ = OvVEC Lk ~ =
Jw€0 Ye . 0VEc 5 o oW

1+t
c

Thus, the fields are attenuating rapidly, within a skin depth 9, inside the conductor,
elYeX x @IX/0pXI0 — oJXI56-IXI/5 for x < 0, but not so rapidly outside since |y| < ko.
Indeed, we have in terms of the dimensionless parameter o/ (we€g) > 1, setting £, = 1,

_ Ycéa _ ko/Ec _
&c &c NG

=YR+JYr, YR=YI= < ko

WEy

similarly, the propagation constant  has a very small imaginary part,

O S O
B = Br Jﬁl—ko\/l+gc—koJ1+6C_1~ko(1 56 ) = ko =ik o

10.18 Skin Effect for Round Wire

The Sommerfeld wave provides a nice illustration of the skin effect in a round wire.
Within the wire, the total current density includes both the conduction and displacement
currents,

J=0E+ jweoE = (0 + jweg)E = jweE

For a good conductor, we typically ignore the displacement current, writing, J = oE.
For either J, the current density in the z-direction is proportional to E,, and therefore,
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we have the same relationship as (10.15.20). Indeed, writing E; (p)= AJo(ycp) from
Eg. (10.15.7), and setting, J, = jwecE,, we have,

Jz(p) _ Ez(p) _ Jo(ycp)
Jz(a)  Ez(a)  Jolyca)’

If we make the approximation y. =~ ko,/& =~ (1 — j)Jopow/2 = (1 — j)/§, then
the results are equivalent to those obtained by the standard textbook treatments of the
skin effect that (i) ignore the displacement current, (ii) assume no z-dependence, and
(iii) consider the fields only inside the wire. Here, the z-dependence comes from the
assumed factor e /A% which could be set to unity for distances that are much less than
a wavelength, z < 1/kg = 1/B.

A typical plot of Eq. (10.18.1) is depicted in Fig. 10.15.3. The numerical issues re-
garding the evaluation of the ratio (10.18.1) were discussed in Example 10.15.2. Within
a very narrow layer of width of a few skin depths & from the surface, p = a, the ratio
decays exponentially with distance, |e/Y<(P=@) | = g=(a-p)/5

The total current I flowing in the z-direction is obtained by integrating J, (p)=
JwecE; (p)= jwecA Jo(ycp), over the cross-sectional area of the wire:

p=<a (10.18.1)

Jwe
Ye

a a
I= JO Jz(p)2mpdp = 21 jwec A L pJo(ycp)dp = 2Tma A Ji(yca) (10.18.2)
where we used the indefinite integral, [ uJ (u)du = uJ; (u), and the fact that J; (0) = 0.
From Eq. (10.15.7), we recognize this as, I = 21ma Hg (a), which is a consequence of
Ampere’s law, obtained by integrating Hy around the contour p = a. From the current
1, we may derive the internal impedance of the wire (per unit wire length):

;_El@) _ AJo(yca) _ YcJo(yea)
ZWHAJ(;/)EC]] (yea) 2mrajwec Ji(yca)
c

and with the approximations, y. =~ (1 —j)/0 = (1 — j)\/ouow/2, and, jwe, = T, we
obtain the standard textbook formula,

yeJo(yea)

= —~——*"—"— | (impedance of round wire) (10.18.3)
2rta o J1(yca) P

In the low-frequency limit, a/é = a/ougw/2 — 0, we may use the following second-
order Taylor expansion, valid for small u,

uo(u) _ u?
2J1 (u) 8

to obtain,

T mato 2Ji(yea) | malo

1 yeaJo(yca) N 1 |:17 (Yca)z}
8

or, because, y2 = (1 —j)?/8% = (1 —j)2 w0 /2 = —jwyo,

. Ho
+ -
J® 811

Ziow = (low-frequency wire impedance) (10.18.4)

maz o
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Comparing with Z = R + jwL, we obtain the standard low-frequency DC resistance
and the internal self-inductance per unit length of the wire,

1
Lo Mo

= 10.18.
mazo’ 81 (10.18.5)

On the other hand, for high frequencies, a/é = a./ougw/2 — o, we may replace
the Bessel function ratio by Jo/J; = j, and jy. = (1 +j) /9, to get,

1+J

cmaso | (high-frequency wire impedance) (10.18.6)

Zhigh =

Eq. (10.18.6) is originally due to Rayleigh [1293]. Recalling from Sec. 2.8 that the
surface resistance of a good conductor is Ry = 1/(0°d), we may rewrite (10.18.6) as,
1+ (I+J)Rg
T 2madso 2ma

Zhigh (10.18.7)

The DC resistance per unit length of a wire of arbitrary cross-sectional area S is given
by R = 1/(S 0) and is derived by assuming that the current density is uniform over the
area S. For the round wire, we have S = 1ma?. At high frequencies, the same formula
would imply from (10.18.6) that § = 271rad, that is, the current is effectively confined to
flow within a narrow ring of radius a and width 9, as shown in Fig. 10.18.1.

low frequency high frequency

Fig. 10.18.1 Effective areas of current distribution at low and high frequencies.

We note in passing that the low frequency self-inductance L of Eq. (10.18.5) is usually
derived using energy considerations, by considering the magnetic energy enclosed in a
unit-length cylindrical volume of the conductor, and setting,

Lip- rl H22mpd
5 = 2110 peTTpap

Since the current density is assumed to be uniform, the amount of current enclosed
within a radius p is given by J,7rp?, with total current I = J, ra?. Then, Ampére’s law
gives J,Ttp? = 21wp Hy (p), resulting in, Hy (p)= J,p/2 = Ip/(21a®). Inserting this
into the above energy relation we find,
1L12_“012J03 _ 1k

dp 2 - =t
0 2 81T 81T

2 T 4mat

The same expression for H¢ can also be obtained from (10.15.7) in the low-frequency
limit, y. — 0, by using the small argument expansion J; (y.a)~= y.a/2.
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Finally, we comment on Ampére’s law applied to the outside of the wire. In Fig. 10.15.3,
the field E,, outside the wire, is due to the displacement current only. If we apply
Ampere’s law to a contour of radius r, with r > a, the total enclosed current, I, =
21tr Hy (1), would consist of both the conduction and the displacement currents. The
current density, J, = jweE,, is given as follows inside and outside the conductor, from
(10.15.7),

JjwecAJolyep), p=<a
Jz(p)= {

jweoBH (yp), p=za

The total current crossing the area of radius ¥ > a can be split into two parts:
r a r
Io= | 2med = | rempdo+ | gi2mpdp
a

a r
= L AJo(yep) 2mpdp + J BH" (yp) 2mpdp
a

Jweo Jweo

JOC 1 (yea) + [.2an v HY (yr) —2maB = HY (ya)]

Ye

=2TMa A

= ZWVB% H]m (yr)=2mrHg(r)

where we used Egs. (10.15.7), the boundary conditions (10.15.8), and the indefinite inte-
gral, qu(()“ (u)du = qum (u).

The skin effect is discussed in most textbooks. A few references are [1054-1058], in
which one can find additional ones, including historical references.

10.19 Goubau Line

The Goubau line, or Harms-Goubau line, refers to a TM surface wave propagating along
a dielectric coated conductor, depicted in Fig. 10.19.1. It was considered first by Harms
in 1907, and studied extensively in the 1950s by Goubau as an alternative to the Som-
merfeld line that provides better lateral confinement [984-999]. Interest in the Goubau
line has been renewed in the 2000s for use in THz applications [1000-1016].

In the Sommerfeld wire, the finite conductivity of the conductor was essential in
order to render the lateral wavenumber complex-valued for lateral confinement. In the
Goubau line case, this is not necessary and we will initially assume that the conductor is
perfect and that the dielectric coating is lossless. Ohmic and dielectric losses can then
be taken into account approximately.

In Fig. 10.19.1, let a, b be the inner radius of the conductor and the outer radius
of the dielectric coating, so that the coating thickness is, d = b — a, and let &4 be the
relative permittivity of the coating. Assuming cylindrical symmetry, the TM wave will

TIncidentally, our ECE Department at Rutgers awards yearly the “Georg Goubau Memorial Prize” to a
graduating senior for excellence in the study of Electromagnetics.
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v

Fig. 10.19.1 Goubau line, shown in cylindrical coordinates.

have field components E,, E,, Hy that satisfy Eq. (10.15.4),

10 oE, 2 2 _ 2 2
Le +Y’E, = — ke -
paf)(paﬂ) yEem 0y ek
(10.19.1)
_ _JBOE; _ _ Jkoe OF,
T Ty op P T Tney? op
with the assumed factor ¢/®!=JAZ and solution given as in Eq. (10.15.5),
j jkoe
E;=Colyp), Ep= {;B Ci(yp), H¢ = JRE o) (yp) (10.19.2)

noy

where Cj, (yp), n = 0, 1, are linear combinations of the Bessel functions J, (yp), Y, (yp),
or, the Hankel functions, H ’(11,2) (yp).

Because the conductor was assumed to be perfect, and the dielectric, lossless, we
are looking for solutions that have a real-valued propagation wavenumber f. Let us
denote the lateral wavenumber within the dielectric coating by h = \/k3es — B2. It may
be assumed to be real-valued. But outside the coating, within the air, the wavenumber
Ya = 1/kgea — B2 must necessarily be pure imaginary in order to guarantee that the
fields decay rapidly at large radial distances. Setting for example, y, = jy, with positive
y, it follows from Eq. (10.15.6) that the Hankel functions H ,(ql) (yap) will decay as follows
with increasing p — oo,

2 i 1 2
HWD = HW (f ~ YP e jCnilm/A = [ o-yp 10.19.3
n (Yap) n Uyp) T!'Jype e j”+1 'lT)/pe ( :

Thus, y2 = —y? = k3e, — B2, or, y = /B2 — k3&,. Since both y and h are real-valued, it
follows that 8 must lie in the range,

\ Ko/ea < B < ko/ed ] (10.19.4)

The Hankel functions for imaginary argument are related to the modified Bessel
functions of second kind, via the relationship [1790],
T

Kn(u)= Ej”“Hﬁ,“ (Gu), u>0 (10.19.5)
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which have the same asymptotic form as (10.19.3), for large positive u,

Kn(u) ~ ,/% U (10.19.6)

Thus, on the air side (p > b), instead of working with H, ,(,1) (jyp), it proves simpler
to express the field solutions in terms of K, (yp). The Helmholtz equations (10.19.1)
remain the same with the replacement, y> — —y?,

bin (paEZ> -YE, =0, y*=p° —k(z)fa
pop \" op
(10.19.7)
_JBRE,  _ jkota OF;
Ty o TP T noy? op

The solutions are found after using the relationship, 0Ky (yp)/0p = —yK; (yp),

ikoe
E,=EKo(yp), Ep= —El%;Kl(yp) , Hg = —ElﬁKl(ym (10.19.8)

where E; is a constant. Within the dielectric coating, a < p < b, the solution will be
a linear combination of Jo(hp), Yo (hp), say, Zo(hp)= Jo(hp)—AYq(hp), and will be
given by (10.19.2),

ko€
B 7 hpy, Hy =BT 70 hp)  (1019.9)
h r]()h

E; =EoZo(hp), Ep=E

where Ej is a constant, and Z; (hp)= J; (hp)—AY;(hp). To determine A, we demand
that E, vanish on the surface of the perfect conductor, that is, at p = a,

h
E,(a)=0 = Zy(ha)=Jo(ha)-AYo(ha)=0 => A= % (10.19.10)

In summary, the field solutions are given as follows, in the coating and in the air,

a<p<b b<p<o
E, = EqZy(hp) E; = E1Ko(yp)
_ . JB __p I8
E, = E " Z1 (hp) E, = -E; y Ki(yp) (10.19.11)
jkOSd jkofa
Hgy =E Zy(h Hy=-E“—-K
o =Eom 4 p) ® oy 1(yp)
h = \kiea — B y =\B2 — kieq
and Zy, Z; are defined as the functions,
_ _Jo(ha)
Zo(hp) = Jo(hp) Yo (ha) Yo(hp)
To(ha) (10.19.12)
a
Zy(hp) = J1(hp)—=" Y1 (hp)

Yo (ha)
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The boundary condition at the conductor surface (p = a) is built into the solution.
The boundary conditions at the coating-air interface (p = b) are the continuity of the
tangential electric and magnetic fields, E,, H¢, resulting in the conditions:

EoZy(hb) = E1 K¢ (yb)

ikoe ikoe (10.19.13)
JX0¢d 7 (hp) = —Elﬁmyb)

E
’ noh

Dividing the two sides, we obtain the characteristic equation that determines the prop-
agation wavenumber f3,

h =lk3eq — B2
Y = \/BZ - kg)fa

where we may set €; = 1 from now on. One way to solve this equation iteratively, is to
first cast it in the form,

h Zy(hb) __y Ko(yb)
&a Z1(hb) &a K1 (yb)

(10.19.14)

Y 1 Ki(yb) Zo(hb) _

S=—— = - =F 10.19.15
h = ea Kolyb) Zi(hb) ~ P ( )
and then solve the left-hand side for S,
Y _ LZ _ B? *kg _ 2
p=FB) = 5= e — B2 =F=(B), or

_ 1+ &4F%(B)
B=ko\| T g T FE(B) (10.19.16)

This can be turned in the following recursion, for n = 0,1, 2,...,

_ 1+ &qF? (Bn) _
Brvi=rkoy| T gy CFBy T (1-7)Bn (10.19.17)

where we introduced a relaxation parameter, 0 < r < 1. The recursion can be initialized
somewhere within the 8 range (10.19.4), for example, By = 0.9k(./€5. The following
MATLAB function, goubau, in the EWA toolbox, implements this iteration:

[be,ga,h,N,E,pd]
[be,ga,h,N,E,pd]

goubau(a,b,ed,f,r,tol,be0)
goubau(a,b,ed,f,r,tol) (beo

0.999*%k0*sqrt(ed))

[be,ga,h,N,E,pd] = goubau(a,b,ed,f,r) (tol = 1le-10)
% a,b = inner and outer radii [meters]

% ed = relative dielectric constant of coating (ed>1)

% f = vector of frequencies [Hz]

% r = relaxation parameter (0 < r <= 1)

% tol = computational tolerance, default tol = le-10

% be0 = initializing vector, size(f), default, be0 = 0.999*k0*sqrt(ed)
%

% be
% ga

propagation wavenumber [rads/m], size(f)
Tlateral decay constant [1/m], size(f)
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% h = Tateral wavenumber in dielectric coating [rads/m], size(f)
% N = number of iterations to converge, scalar, represents all f
% E = computational error of characteristic equation, size(f)

% pd = proportion of transmitted power in dielectric coating

The iteration is stopped when two successive iterates are to within a prescribed
error tolerance, that is, |Bni1 — Bnl < tol, typically with, tol = 10719, or smaller. The
output parameter p, represents the proportion of transmitted power residing within
the dielectric coating, and is a measure of confinement. Its calculation is explained
below. The computational error output E is the difference between the two sides of
Eq. (10.19.15) for the last computed iterates,

oy

Goubau [985] and King and Wiltse [994] made certain approximations to the char-
acteristic equation to cast it in a more manageable form. Such approximations are not
necessary in the above iteration, which is implemented using MATLAB’s built-in Bessel
functions. The iteration is applicable over a wide range of frequencies, including THz.

Once the fields are determined for the ideal conductor and lossless dielectric case,
they can be used to calculate the attenuation coefficient « (in nepers/m) along the line,
following the procedures discussed in Sec. 9.2, that is,

_ Ploss

2Pt

where Pj, is the power loss per unit conductor length, and Pr, the transmitted power.

The power loss P consists of a part due to the losses in the conductor, assuming

a large but finite conductivity o, and a part due to the losses in the dielectric coating,

assuming a small (negative) imaginary part for the dielectric permittivity, €;. The two
parts are given by,

(10.19.18)

WHo

1
P.=¢ = Rg|Hwnl?dl, Rs=
c §C2 s| tanl N 20

(10.19.19)

1 )
P, = ~we J E|*dsS
d > 1 s | |
where C is the periphery of the conductor, i.e., the circle of radius p = a, and Hy,, is
the tangential magnetic field on the surface, i.e., Hy (p) for p = a, and Ry is the surface
impedance of the conductor. For the dielectric, S is the cross-sectional annular area
defined by a < p < b. Thus, the total loss is given by,

’ 7 ’ 1 z 1 b P
Plogs = Pe+ Py = 5 Ry |Hg (a) {Z(Zna)+§w61 L [IE£|? + |Epl?] 2rpdp  (10.19.20)

The transmitted power is obtained by integrating the z-component of the Poynting
vector on the cross-sectional areas of the coating and the air side,

o0

b
Pr = J ! Re[Eij;)] 21Tpdp+J

1 *
5 .2 Re[E,H}] 2mtpdp (10.19.21)
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From the solutions (10.19.11), we obtain,
k§e3 | Eol?

pipe Ziha)+
0

, 1
PlOSS = E RS(ZTTG)

b 2 b
+ % |Eol?we; U Z5(hp) 2mtpdp + %j Z3i (hp) 2npdp]
a a

1 kogaB |Eo|? 1 ko€aPB |E1|?
2 noh? 2 noy?

Let us define the following normalized integrals that can be derived with the help of
related integrals in [1790], and after using the condition Zy (ha) = 0,

Py

b 0
J Z} (hp) 2mpdp + L K3 (yp) 2mpdp
a

I b? 73} (hb)—Zy(hb) Z, (hb)
= — Z'2 h = —F5 " 1 -1
U= Z2ha) @ L tthe)pdp = 45 72 (ha)
12 (P, _ b*> Z%(hb)+Z§(hb)
V= Zha) a L L PP = T ey (10.19.22)
Z2hb) 1 2 [ o
W= 2 tha) K2 yb) @ J, Kiterpdo -

_ Zi(hb) b* Ko(yb)K>(yb)-Kj(yb)
Z3(ha) a2 K2 (yb)
where the subscript 2 refers to the Bessel functions of order two. Using the relationships

(10.19.13) and (10.19.14), and setting £, = 1, we may express Pl’oSS and P7 in terms of
the quantities U, V, W,

., k3€3 Z3 (ha) [R tano g
’ _ 2 2 20%d “1 =5 o fai : :
Plogs = [Eol™ma” == 75 [“ 2hoes P10 N V)] (10.19.23)
1 Bkoe3 Z3 (ha) [ 1 -
pr= L impemat PO AR [ Ly ]
2 no h? €a

where we introduced the loss-tangent for the dielectric, €; = €4tan 6. Dividing, we
obtain the total attenuation coefficient, with the Ry term representing the conductor
losses, and the tan 6 term, the dielectric ones,

, Rs notan9(32U+h2V)
_Pioss _ ko a = 2keea (10.19.24)
2Pt Bno Loew
&d

Eq. (10.19.24) is equivalent® to the results of [996]. By taking appropriate limits as
d/a= (b - a)/a — 0,we may obtain the approximation given by King-Wiltse [994],

Ry N No tan 6 gBZ
ko a kosqa a
= . 10.19.2
O‘app 25’)0 igﬂ_i (O 9 5)
gqga 2yb

2 2
Tafter using the Bessel function identities [1790], Co (u) +Ca (u) = u Cy(u), Ko(u)—Kz(u)= 4 Ki(u).
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L d b-a b
where, to the same order of approximation, we can replace, 2 = a ~ In )

It follows also from Eq. (10.19.23) that the proportion of the transmitted power
within the dielectric (one of the outputs of the function goubau) is given by,
1
—U
&d

1 = proportion of power in dielectric coating (10.19.26)
—U+Ww
&d

Pa =

The following MATLAB function, goubatt, implements Egs. (10.19.24) and (10.19.25):

[atot,ac,ad,app,pd] = goubatt(a,b,ed,f,be,sigma,tand)

BN

a,b = inner and outer radii [meters]

ed = relative dielectric constant of coating (ed>1)

f = vector of frequencies [Hz]

be = propagation wavenumber [rads/m], size(f), obtained from GOUBAU
sigma = conductivity of inner conductor [siemens/m]

tand = Toss tangent of dielectric coating

R R R R R R R
|

atot = total attenuation coefficient [nepers/m], size(f), atot = ac + ad

% ac = attenuation due to conductor [nepers/m], size(f)

% ad = attenuation due to dielectric [nepers/m], size(f)

% app = total attenuation coefficient [nepers/m], King-Wiltse-Goubau approx
% pd = proportion of transmitted power in dielectric coating

R R

conversions: dB/m = 8.68589 * atot = 20*Togl0(exp(1l)) * atot
dB/100ft = 8.68589 * 30.48 * atot

R

The Goubau TM mode discussed in this section is the lowest mode propagating along
a dielectric-coated metal wire. Higher modes exist and their cutoff frequencies have been
discussed in [995,998]. The cutoff condition occurs when the lateral wavenumber y in
air becomes zero and the wave is no longer bound to the vicinity of the wire, becoming
a leaky mode. Since y? + h? = k3 (g4 — 1), it follows that when y = 0, then h takes
the value, hy = ko+/€q — 1. The characteristic equation (10.19.14) then implies that
Zoy (hob) = 0, or, equivalently [998],

Zo(hob) = Jo(hob) =AYy (hob) = Jo (hob) _Jolhod) Yo(hob)=0, or,
Yo (hoa)
Jo(hob) Yo (hoa)—Jo(hoa) Yo (hob)= 0|,  hg =kov/eqg — 1 (10.19.27)

For given dimensions a, b, this determines the maximum operating frequency of the
lowest TM mode, or, conversely, given a frequency f and inner radius a, it determines
the largest radius b such that operation is restricted to the lowest mode. The MATLAB
function, gcut, constructs this function, which may then be passed into fzero, to de-
termine the cutoff frequency or cutoff radius b, or, into the function plot as an aid for
choosing the initial search points for fzero,

G = gcut(a,b,ed,f) % Goubau line cutoff
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a,b = inner, outer radii [meters]
ed = relative permittivity
f = frequency [Hz]

constructs the function:
G = JO0(hO*b).*YO(hO*a) - JO0(h0*a).*YO(hO*b);
vectorized either in b, or, in f

to be used with FZERO to find cutoff frequency or cutoff radius b:

fc = fzero(@(f) gcut(a,b,ed,f), f0); % search near f0
bc fzero(@(b) gcut(a,b,ed,f), b0); % search near b0

a convenient initial search point is the lowest cutoff
of the planar version: f0*d0 = cO/sqrt(ed-1)/2, b0 = a+d0

0

3R 3R R R R R R R X R R R R R R R R

the function can also be used to plot G vs. f or vs.b

Example 10.19.1: In order to get an idea of what the fields look like inside and outside the
dielectric, consider an unrealistic example that has too large radii, a = 0.9 cm, b = 1
cm, to be of practical importance in THz applications. The dielectric permittivity is taken
to be &4 = 2.54 (e.g., polystyrene rexolite), and the frequency, f = 100 GHz. Fig. 10.19.2
shows the longitudinal electric and magnetic fields, E, (p), Hg (p) as functions of the radial
distance p. Note that E, vanishes at p = a, and both are normalized to unity at p = b.
The following MATLAB code generates the graph of E,:

tangential electric field tangential magnetic field

1 2.2
[ dielectric 9 [ dielectric
0.9 — E-field — H,field
0.8 ® 20-dB radius 18 ®  20-dB radius
0.7 B 1.6 1
06 : ] 14
2 05 3 12
2" 0.4 S
0.3 0.8
0.2 0.6
4
0.1 0
0 0.2
€ air 0
095 1 1.1 1.2 1.3 1.4 095 1 1.1 1.2 1.3 1.4
p (cm) p (cm)

Fig. 10.19.2 Tangential electric and magnetic fields.

ed = 2.54;

a = 0.9-2; b = 1.0e-2; % meters

f = 100e9; % 100 GHz

rel = 0.5; % relaxation parameter

[be,ga,h,N,E,pd] = goubau(a,b,ed,f,rel); % uses default tol=1e-10

A = besselj(0,h*a)/bessely(0,h*a);
Z0 = @(r) besselj(0,h*r) - A*bessely(0,h*r);
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% Ez in dielectric
% Ez in air

Ezd = @(r) abs(Z0(r)/z0(b));
Eza = @(r) abs(besselk(0,ga*r)/besselk(0,ga*b));

r20 = fzero(@(r) Eza(r)-1/10, b) * 100; % 20-dB radius in cm

r = Tinspace(a, 1.4%b, 400); % plot range, a <= rho <= 1.4%b

Ez = Ezd(r).*(r<b) + Eza(r).*(r>=b);

figure; fi11([0.9,0.9,1,1],[-0.1,1,1,-0.1], [0.9 0.9 0.91); hold;
plot(r*100,Ez,’b-", ’linewidth’,2);

plot(r20,1/10,’r.’, ’markersize’,22);

x1abel1(’\rho (cm)’); ylabel(’ [{\itE_z}(\rho)|’)

We observe how the electric field is concentrated in the vicinity of the dielectric surface
at p = b. The percentage of the transmitted power residing in the dielectric coating is
100 pg = 64.63%. A measure of the localization of the wave near the surface is the 20-dB
radius defined as that distance p at which the E, field in the air has dropped to one-tenth
its value at the surface (i.e. by 20 dB). It is obtained by solving for p the equation,

E,(p)| |Koyp)| 1
E,(b) 7‘1(0()/[7) 10 (10.19.28)

We find, p = 1.1451 cm, that is, only 1.45 mm from the dielectric surface. The 20-dB
radial distance for the magnetic field is found in a similar fashion by solving the following
equation, whose solution is p = 1.1449 cm,

Hg (p) Ki(yp) 1
=00 = (10.19.29)

' Hy (b) K, (yb) 10
The computed wavenumbers were, [fB,y,h]= [26.0121, 15.4070, 20.9542] cm~!, the
number of iterations of the iterative algorithm was N = 12, and the computational error,
E =1.11x10715, with an assumed tolerance of, tol = 10710, O

Example 10.19.2: This example is from King-Wiltse [994]. Consider a copper wire of radius, a =
0.995 cm, coated with a polystyrene dielectric of permittivity, ; = 2.54, and thickness,
d =b —a = 0.005 cm, so that the outer radius is, b = a + d = 1 cm. The conductivity of
copper is 0 = 5.75x107 siemens/m. The frequency is varied over, 10 < f < 1000 GHz.

The MATLAB code segment below, calculates the propagation wavenumber S, as well as
the phase and group velocities, vpn, = w/f, V4 = dw/dp. The graphs are shown in Figs.
10.19.3 and 10.19.4.

c0 = 299792458; % NIST value, m/sec, speed of Tight

ff = logspace(1,3,201); log-spacing in GHz, 10A1 <= ff <= 10A3

R R

f = 1e9*ff; Hz

w = 2*%pi*f;

ed = 2.54; % polystyrene

sig = 5.75e7; % copper conductivity
a = 0.995e-2; % meters

b = 1.000e-2; % d = b-a = 0.005e-2
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tol = 1le-10; rel = 0.3; % tolerance and relaxation parameters

[be,ga,h,N,E] = goubau(a,b,ed,f,rel,tol); % coated
figure; semilogx(ff,be/1000,’b-") % beta in rads/mm
vph = w./be; % phase velocity

figure; semilogx(ff, vph/c0, ’b-’)

vg = diff(w)./diff(be); % group velocity
figure; semilogx(ff(l:end-1), vg/cO, ’b-’)

For comparison, the uncoated Sommerfeld wire of the same radius, b = 1 cm, is calcu-
lated by the following code. In addition, the corresponding 20-dB radii of the coated and
uncoated cases are computed and plotted in Fig. 10.19.5, in which the right graph shows
an expanded view of the frequency subrange, 500 < f < 1000 GHz.

[bu,gau] = sommer(b,f,sig); % uncoated case, Sommerfeld wire

for i=1:length(f), % 20-dB radii
Ezc = @(r) abs(besselk(0,ga(i)*r)/besselk(0,ga(i)*b));
Ezu = @(r) abs(besselh(0,1,gau(i)*r)/besselh(0,1,gau(i)*a));

% coated
% uncoated

rc(i) = fzero(@(r) Ezc(r)-1/10, b) * 1000;
ru(i) = fzero(@(r) Ezu(r)-1/10, b) * 1000;
end
figure; Tloglog(ff,rc,’b-’, ff,ru,’r--"); % coated and uncoated 20-dB radii
ffs = ff(ff>100); rcs = rc(ff>100); % 500 <= f <= 1000 GHz sub-range

figure; plot(ffs, rcs, ’'b-’); % plot over sub-range

propagation wavenumber,

30

B (rads/mm)
—- [ )
CRE S

=
=)

.

0 L
10 20 30 50
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f (GHz)

Fig. 10.19.3 Propagation wavenumber, f3.

Fig. 10.19.6 shows the attenuation coefficients for the coated and uncoated cases, com-
puted and plotted by the following MATLAB code. The King-Wiltse approximation was
restricted to the range f > 100 GHz in order to more closely compare our results to those
of [994]. The right graph shows separately the attenuations due to the conductor and the
dielectric losses. The loss tangent for the dielectric was taken to be tan 6 = 0.001.
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Fig. 10.19.4 Phase and group velocities in units of cy.
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Fig. 10.19.5 Lateral 20-dB radii.

tanth = le-3;

[atot,ac,ad,app] = goubatt(a,b,ed,f,be,sig,tanth);

db100ft = 8.68589%30.48%atot; % convert to dB/100ft
dbc = 8.68589%30.48*%ac;
dbd = 8.68589%30.48%ad;
dbapp = 8.68589%30.48*app;
fl = ff(ff>=100);

dbl = dbapp(ff>=100); % restrict King-Wiltse to f>100 GHz

dBu = -8.68589%30.48*imag(bu); % uncoated case

% coated
% uncoated

figure; loglog(ff,dbl00ft,’b-’, ff,dBu,’r--’, f1,dbl,’k:’);
figure; loglog(ff,dbc,’b-", ff,dbd,’ r--’, ff,dbl00ft, k:’);

We observe that the coated case has substantially narrower lateral confinement, as quan-
tified by the 20dB radii, than the uncoated case, but at the expense of much larger attenu-
ation. However, in THz applications, lateral confinement is more important than attenua-
tion, because the relevant propagation distances are short, i.e., centimeters. [}
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Fig. 10.19.6 Attenuation coefficient.

Example 10.19.3: Here, we explore the properties of the Goubau line over the THz frequency

B (rads/mm)

10’

range, 0.1 < f < 10 THz. Our choice of parameters a, b, &4, and results are similar to
those of Refs. [1014,1027]. We choose a = 100 um, and two values of the permittivity of
the dielectric coating, &5 = 2.54, corresponding to a polymer, and a higher value, €5 = 9.
For each &4, we compare two coating thicknesses d;, d», one thin and one larger near the
cutoff thickness determined by (10.19.27),

for ¢4 =2.54and &4 = 9

for €4 = 2.54
for €4 =9

dliblfa:lo Hm,

dzzbzfa:loo Hm,
d, =b, —a =50 um,

For the computation of the attenuations, we will assume a copper inner conductor of
conductivity o = 5.8x107 siemens/m, and a loss tangent of tan & = 0.001 for both types
of dielectric coatings.

Figs. 10.19.7 and (10.19.8) show the computed propagation wavenumber f3, and the corre-
sponding phase velocity vpn = w/p.

propagation wavenumber, €,=9

propagation wavenumber, e, = 2.54

B (rads/mm)

Fig. 10.19.7 Propagation wavenumber.
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€, =254, phase velocity, Voh = © /B g,=9, phase velocity, Voh = © /B

Fig. 10.19.8 Phase velocity.

We note that f =~ ko for low frequencies, switching gradually to B = ko./€4 at higher
frequencies. This can be seen more clearly from the phase velocities, switching from near
Co tonear ¢/ /&4. Over the relatively flat parts of the phase velocity, the group velocity will
also be flat and equal to the phase velocity, implying that there will be very little dispersion.
The flat parts are wider for the thicker coatings and cover the 1-10 THz range. Indeed,
from the definitions of the group and phase velocities, one can show the relationship,

dw Vph

w
- = = — = — 10.19.30
Veh =g Yo T g YT 1 BV ( :

where v, = dvph/dw, so that if vy, is constant over a band of ws, then so is v,4. The
MATLAB code for computing 8 and generating Figs. 10.19.7 and (10.19.8) is as follows,

c0 = 299792458; % NIST value, m/sec, speed of light

ff = logspace(-1,1,100); % log-spaced in THz, 0.1 <= ff <= 10
f = lel2*ff; w = 2*pi*f; % f in Hz

a = 100e-6; % 100 microns

ed = 2.54;

% ed = 9; % uncomment this 1line for ed = 9
rel = 0.001; % relaxation parameter

dl = 10e-6; % coating thickness

if ed==2.54, d2 = 100e-6; end
if ed==9.00, d2 = 50e-6; end

bl = a+dl;
[bel,gal,h1,N1,E1,Pd1l] = goubau(a,bl,ed,f,rel); % uses tol=le-10

b2 = a+d2;
[be2,ga2,h2,N2,E2,Pd2] = goubau(a,b2,ed,f,rel);

figure; Toglog(ff,bel./1000,’b-’, ff,be2./1000,’r--"); % rads/mm

vl = w./bel/cO0; v2 = w./be2/c0; % phase velocities

522 10. Surface Waveguides

figure; semilogx(ff, vl1, ’'b-’, ff, v2, ’r--");

The percentage of power in the dielectric coating is shown in Fig. 10.19.9. We note that
for the thicker coating almost 100% of transmitted power is contained in the coating, over
the 0.5-10 THz range. The graphs were generated by the code,

figure; semilogx(ff, 100%*Pdl,’b-’, ff, 100*Pd2,’r--’);

power in dielectric, € = 2.54 power in dielectric, € = 9

0.1 0.3

10 0.1 0.3 1
f (THz)

1
f (THz)
Fig. 10.19.9 Percentage of power in dielectric coating.

The attenuations in dB/cm were computed by the following code and plotted in Fig. 10.19.10.

attenuation coefficient, €= 2.54
10 T T T

attenuation coefficient, € = 9

10
E E
s S
g0 8
3 3

107

— d=10pm
- ; ; ---d =100 um
0.1 0.3 3 10

1
f (THz)

Fig. 10.19.10 Attenuation coefficient in dB/cm.

sigma = 5.8e7; % copper conductivity
tand = le-3; % loss tangent

atl = goubatt(a,bl,ed,f,bel,sigma,tand);
at2 goubatt(a,b2,ed,f,be2,sigma,tand);

dbcm = 20*10g10(exp(1))/100;
figure; loglog(ff, atl*dbcm,’b-’, ff, at2*dbcm,’r--")

% convert to dB/cm
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The attenuations are high, but still acceptable for propagation over short distances of the
order of centimeters. The above frequency plots do not necessarily imply single-mode
operation, because frequency range my exceed the cutoff frequencies of the lowest TM
mode. The calculated cutoff frequencies with the help of the function, gcut, are as follows,

&4 = 2.54 E4=9

thickness d; | f. = 12.0776 THz | f. = 5.2990 THz

thickness d» | fc = 1.2008 THz fe = 1.0577 THz

Single-mode operation is below these frequencies. They were computed by the following
MATLAB code in which Eq. (10.20.6) was used as the initial search point for fzero,

bl = a + di;
f10 = c0/2/sqrt(ed-1)/d1;
fcl = fzero(@(f) gcut(a,bl,ed,f), f10)

b2 = a + d2;
20 = c0/2/sqrt(ed-1)/d2;
fc2 = fzero(@(f) gcut(a,b2,ed,f), f20)

For the remainder of this example, let us fix the frequency to f = 10'2 Hz, or, 1 THz. Figures

10.19.11 and 10.19.12 show the dependence of the wavenumber $ and phase velocity Vpn

on the coating thickness. As the thickness increases, and more of the wave resides in the
coating, the phase velocity tends to that of the dielectric, i.e., co/./€4.

propagation wavenumber, € = 2.54 propagation wavenumber, € = 9

70 70
60 60[
g E 50
£ 50 g 50
@ E}
o o
& <
£ g
40 ~ 401
@ a
30 / 301
20 20
0 20 60 80 100 120 0 10 30 40 50

40 20
thickness, d (um) thickness, d (um)

Fig. 10.19.11 Propagation wavenumbers vs. thickness at 1 THz.

The MATLAB code for generating these graphs is as follows. The power residing in the

coating and the attenuations are also computed and plotted in Figs. 10.19.14 and 10.19.13.

The function goubau is vectorized in the frequency variable f, but not in the thickness b.
Therefore, the solution for each thickness must be determined with a loop,

ffo = 1; f0 = 1el2*ff0; w = 2*pi*f0;

sigma = 5.8e7; tand = le-3;

if ed==2.54, dd = linspace(1,120,120); end % dd in microns
if ed==9.00, dd = linspace(1,50,50); end
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phase velocity, v = 0/B, €= 2.54 phase velocity, v = 0/B, €= 9
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Fig. 10.19.12 Phase velocity vs. thickness at 1 THz.
d = dd*le-6; b = a+d; % d,b in meters
for i=1:length(d)
[be(i),~,~,~,~,Pd(i)] = goubau(a,b(i),ed,f0,rel);
[atot(i),ac(i),ad(i)] = goubatt(a,b(i),ed,f0,be(i),sigma,tand);
end
v = w./be/c0; % v in units of c0
cm = 20*10g10(exp(1))/100; % conversion to dB/cm
figure; plot(dd, be/1000, ’b-’) % be in units of rads/mm
figure; plot(dd, v, ’b-")
figure; plot(dd,100*Pd,’r-")
figure; plot(dd,atot*cm,’b-’, dd,ac*cm,’g--", dd,ad*cm,’ r--")
power in dielectric, e, =2.54 power in dielectric, g,=9
100
90F
80F
70f
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Fig. 10.19.13 Power in dielectric vs. thickness at 1 THz.

The thickness range for each ¢4 was determined by finding the maximum thickness from
the cutoff condition (10.19.27). For the given a, f, the MATLAB function gcut can be used
to find the cutoff width, as well as to plot the cutoff function (10.19.31) versus b, as shown
in Fig. 10.19.15,
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attenuation coefficient, & = 2.54

utot

o (dB/em)
o (dB/em)
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Fig. 10.19.14 Attenuation vs.

cutoff function, G(d), €, = 2.54
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attenuation coefficient, € = 9
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Fig. 10.19.15 Cutoff thickness at 1 THz.

G(b)= Jo(hob)Y((hoa

The computed values of the cutoff thicknesse
d. =119.88 um for €54 = 9. The MATLAB code

f0 = 1lel2; a=100e-6;

d0 = c0/2/sqrt(ed-1)/f0;
b0 = a+d0; % ini

dc = fzero(@(b) gcut(a,b,ed,f0), b0) -

dd = Tinspace(0,200,201); d = dd * le-6;

b =a+ d;

)—Jo(hoa) Y (hob) (10.19.31)

s were d. = 52.88 um for £; = 2.54, and
is given below,

% see Eq. (10.20.6)

tial search point for fzero
a; % cutoff thickness

% dd in microns, d in meters

figure; plot(dd,gcut(a,b,ed,f0),’b-", dc*le6, 0, 'r.’);

In conclusion, for THz applications, one can
Goubau line that allows single-mode operation,
uation, and low dispersion.

find a range of parameters a, b, &4 of the
high lateral confinement, acceptable atten-
m]
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10.20 Planar Limit of the Goubau Line

The planar limit of the Goubau line, shown below, consists of a planar conductor with
a thin dielectric coating of thickness, say, d. It may be thought of as the limit of the
Goubau line as the radii a, b tend to infinity, such that the difference, d = b — a, remains
finite. It was originally studied by Attwood [988] as a simplified version of the Goubau
line. The conductor is assumed to be perfect and the dielectric, lossless.

air &,
X
d I dielectric &4 Z
conductor Y

To see how this evolves from the Goubau solution, let us rewrite Eq. (10.19.11) in a
normalized way by making the substitutions for the constants Ey, E1,

Ey Ey

Ep— -0 E
07 Z,(hb) ! o(yb)

a<p=<b b<p<o
Zy(hp) Ko (yp)
— E, 20M1P) E, = Eg .2~
Ez=Eo 7 (hb) # =B R (yb)
JB Zy(hp) JjB Ki(yp)
E,=Ey5 ———— E,=-Ey— ——— 10.20.1
¢ =50 7, (hb) P~ 750 Ko(yb) ( )
Jjkoga Zi(hp) Jkoga Ki(yp)
Hy =E S Hy = —Ey -2 12
¢ =50 oh Zo(hb) ¢ ® noy Kolyb)
h = \kiea — B? y =B% - kieq

The boundary condition at p = b is automatically satisfied for E,, whereas that for
H is equivalent to the characteristic equation (10.19.14). Following the same limiting
procedure as in Sec. 10.17, we set, p = a + x, and, b = a + d, and take the limit a — o
with x, d kept fixed. In this limit, we may replace the Bessel functions by their asymptotic
forms [1790], for n = 0,1,

Jn(u) = 2 cos (uf - E)

T™u

Yo(u) = \/z sin (u T n—”) (10.20.2)
Tu 4 2
Kn(u) =1/%e’“

Using (10.20.2) and some trigonometric identities, we find the following asymptotic
forms, and limits as a — o,
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Zothp)  |b sin(h(p-a)) [a+d sin(hx)  sin(hx)

Zo(hb) ~ \ p sin(h(b-a)) a+x sin(hd)  sin(hd)

Zi(hp) _ [b cos(h(p—a)) _ [a+d cos(hx) __cos(hx) (10.20.3)
Zo(hb) p sin(h(b-a)) VNa+x sin(hd) sin(hd) o

Ko(yp) _ Ki(yp) _ \/E_e—y(p—h) _ ja+d Lo Y(x=d) _ pmy(x-d)
Ko(yb)  Ko(yb) p a+x
For example, we have for n = 0, 1,

Jo(ha)
Yo (ha)

_ 2 [COS(I’I 737E>7cos(ha—n/4) sin(h 7E7n71'r>]
~\ mthp P=4 7" 2 ) sintha—m/4) Pmy™

B 2 —sin(h(p—a)-nm/2)

~\ hp sin(ha — 11/4)

The characteristic equation (10.19.14) simplifies as follows, at p = b, or, x = d,

h Zo(hb) _ 'y Ko(yb) h sinthd) _ _y
&q Z1(hb) &a K1 (yb) ’

Zn(hp) = Jn(hp)- Yo (hp)

" &4 cos(hd) &a’

h anthdy= 2
&d &

a

(10.20.4)

As shown by King-Wiltse [994], this simplified form of the characteristic equation
can be used as a substitute of (10.19.14) at higher frequencies, near THz. Similarly, the
field solutions (10.20.1) become,

0<x=<d d<Xx<oo

E; =Ey % E, = Ege Y (-4

B=s OJWB % Ex = ‘EOJ:?B ey (10.20.5)
Hy = -Ej jll;?);d % H, = —onnkt)i);“ o Y (x=d)

h = kjeq — p2 y = \/m

where they must be multiplied by e/®t~J8Z_ The tangential component E, vanishes on
the (assumed perfect) conductor at x = 0, and it matches the air side at x = d. The
matching of Hy at x = d is equivalent to Eq. (10.20.4).

As in the case of the Goubau line, the cutoff condition is y = 0, which implies
through (10.20.4) that tan(hod) = 0, hg = ko+/€4 — 1. The lowest cutoff corresponds to
hod = 1, or, expressed as a frequency-thickness relation,
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Co

d=—2_ 10.20.6

f 24/&q — 1 ( )

The characteristic equation (10.20.4) can be solved recursively using the same itera-
tive procedure as for the Goubau line, that is, by writing it in the following form,

y_ 1 -
=, )= FB)

with €, = 1, and solving the left-hand side for 3,

_ 1+ &4F%(B)
B=ko\| T @R F2(B) (10.20.7)

and turning it into the recursion, forn = 0,1, 2,...,

_ 1+ &4F?(Bn) B
Bt =rkoy| 1 s g Trg, b (10.20.8)

where r is a relaxation parameter, 0 < r < 1. The following MATLAB function, attw,
implements this iteration:

[be,g,h,N,E,pd] = attw(d,ed,f,r,tol,be0) % Attwood surface waveguide
[be,g,h,N,E,pd] = attw(d,ed,f,r,tol) (be0 = 0.999*%k0*sqrt(ed))
[be,g,h,N,E,pd] = attw(d,ed,f,r) (tol = 1le-10)

% d = coating thickness [meters]

% ed = relative dielectric constant of coating (ed>1)

% f = vector of frequencies [Hz]

% r = relaxation parameter (0 < r <= 1)

% tol = computational tolerance, default tol = le-10
% be0 = initializing vector, size(f), default be0 = 0.999*k0*sqrt(ed)

% be = propagation wavenumber [rads/m], size(f)
% ga = lateral decay constant [1/m], size(f)

% h = Tateral wavenumber in dielectric coating [rads/m], size(f)
% N = number of iterations to converge (for all f)
% E = computational error of characteristic equation, size(f)

% pd = proportion of transmitted power in dielectric coating
The attenuation coefficient may be computed by,

_ Ploss

2Pt

where Pj . is the power loss per unit conductor length, and Pr, the transmitted power.

The two parts of Pj due to the losses in the conductor and to the losses in the

dielectric coating are given as follows, relative to a finite strip in the y-direction of
width, Ay = 1 meter,

(10.20.9)

1

7 7 ’ . 1 d
Ploss = P+ Py = ERS |H, | \XZO + S wer JO [IE,1? + |Ex|?] dx (10.20.10)
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where, in terms of the loss-tangent of the dielectric, €; = €p & = €9 &4 tan 0. The trans-
mitted power is obtained by integrating the z-component of the Poynting vector on a
dx - Ay cross-sectional area of the coating and the air side,

00

d
Pr :J lRe[EXH;“]abHI L RelE H ] dx (10.20.11)
02 d 2

Using the solutions (10.20.5), the indicated integrals can be done easily, resulting in,

. |Eol’kjed { r]otan9< 2[ sin(2hd)] 2[ sin(2hd)]>}
PIOSS_Zn(Z)hZSiHZ(hd) Ry + 2Ko€a ,8 d+ o +h°|d - oh

|Eo|?Bkoe? 1 [ sin(Zhd)] cos? (hd)
T= T 735 07 = d+ +
4no h?sin“ (hd) | €4 2h Yy

where we used Eq. (10.20.4) and set &; = 1. Dividing, we obtain the total attenuation
coefficient, with the R term representing the conductor losses, and the tan 0 term, the
dielectric ones,

Re+ M(BQ[dJr sin(2hd)]+h2[(d7 sin(2hd)])

_ ko s 2koeg 2h oh

= o . [ sin(2hd)] cos? (hd) (10.20.12)
—|d+ +
&d 2h Y

It also follows from the expression for Pr that the proportion of the transmitted
power within the dielectric is given by,
i[d N sin(2hd) ]
&4 2h
; 2
i[d N sm(Zhd)] N cos® (hd)
&d 2h Y

The following MATLAB function, attwatt, implements Egs. (10.20.12) and (10.20.13):

= power in dielectric (10.20.13)

pa =

[atot,ac,ad,pd] = attwatt(d,ed,f,be,sigma,tand)

R

d = coating thickness [meters]

ed relative dielectric constant of coating (ed>1)

f vector of frequencies [Hz]

be = propagation wavenumber [rads/m], same size as f, obtained from GOUBAU
sigma = conductivity of inner conductor [siemens/m]

tand = Toss tangent of dielectric coating, scalar, or, size(f)

BN

R R R R R R
I n

atot = total attenuation coefficient [nepers/m], size(f)

% ac = attenuation due to conductor [nepers/m], size(f)
% ad = attenuation due to dielectric [nepers/m], size(f)
% pd = proportion of transmitted power in dielectric coating

R R

conversions: dB/m = 8.68589 * atot = 20*Togl0(exp(1l)) * atot
dB/100ft = 8.68589 * 30.48 * atot

R
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Example 10.20.1: This example is from [988] and demonstrates that the planar version behaves
very similarly to the Goubau line with respect to the dependence of the wavenumber 8 and
attenuation « on frequency and coating thickness.

Consider a copper planar conductor with conductivity o = 5.8x107 siemens/m, covered
with a dielectric coating of permittivity €; = 4. Three coating thicknesses are compared,
d; = 1 mm, d, = 5 mm, and d3 = 10 mm, over the frequency range, 0.3 < f < 30 GHz.
Figs. 10.20.1 and 10.20.2 show the propagation and lateral wavenumbers S, y, as well as
the phase velocities, vpn = w/f, and percentage of power in the dielectric for the three
thicknesses.

propagation wavenumber, B lateral wavenumber, y
10 T T 10 T T

— d=1mm — d=1mm
---d=5mm ---d=5mm
©d =10 mm ©d =10 mm b

B (rads/m)
v (/m)

0 -2
10 - - v 10
0. 0.

3 3
f (GHz) f (GHz)

Fig. 10.20.1 Propagation and lateral wavenumbers, 3, y, vs. frequency.

phase velocity power in dielectric
™ ™ 100 ™ T
— d =1mm ., -
1 1 90]1--- d =5 mm R
T ol d=10mm
0.8 1 2ot
* 5 60
- 0.6F S g | !
3 Tinne g » ;
0.4 | = 40f /
30f
02— d=1mm 2070 :
---d=5mm 10f E -
d =10 mm e
8,3 1 3 10 30 8,3 1 3 10 30
f (GHz) f (GHz)

Fig. 10.20.2 Phase velocities and power in dielectric.

As in the Goubau line case, the wavenumber f switches gradually from near 8 = kg to near
B = ko./€4. As the coating thickness and frequency increase, the power confinement in the
coating increases, while the field strength outside the coating decreases with distance, as
measured by the value of the decay constant y~!. The following MATLAB code generates
the graphs,

c0 = 299792458;
ed 4;
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dl = 1le-3; d2 = 5e-3; d3 = 10e-3; % meters

ff = 3*logspace(-1,1,100); % 0.3 <= ff <= 30 GHz
f = ff * 1le9; % Hz

rel = 0.01; % relaxation parameter
[bel,gal,h1,N1,E1,pdl] = attw(dl,ed,f,rel);
[be2,g9a2,h2,N2,E2,pd2] = attw(d2,ed,f,rel);
[be3,ga3,h3,N3,E3,pd3] attw(d3,ed,f,rel);

vl = w./bel/cO; v2 = w./be2/c0; v3 = w./be3/c0;

figure; loglog(ff,bel,’b-", ff,be2,’r--’, ff,be3, ’k:’)

figure; loglog(ff,gal,’b-’, ff,ga2,’r--’, ff,ga3, 'k:’)

figure; semilogx(ff,vl,’b-’, ff,v2,’r--’,ff,v3,’b:")

figure; semilogx(ff,100*pdl,’b-’, ff,100%pd2,’r--’, ff,100%pd3,’k:’);

The attenuations in the conductor and the dielectric are shown in Fig. 10.20.3. The loss
tangent in the dielectric was assumed in [988] to arise from a very small conductivity, i.e.,

04 T4
tand = —— =

, 04 =6.6667x10"* siemens/m
WeEy WEYEG

attenuation in conductor attenuation in dielectric

© d =10 mm

10 30 0.3 1

3 3
f (GHz) f (GHz)

Fig. 10.20.3 Attenuations in conductor and dielectric coating.

The MATLAB code generating the graphs was,

ep0 = 8.854187817e-12;
sigma = 5.8e7;
sigd = 6.6667e-4;

% NIST value, vacuum permittivity
% copper conductor
% dielectric

w = 2%pi*f;
tand = sigd./w/ep0/ed;

[atl,acl,adl] = attwatt(dl,ed,f,bel,sigma,tand);
[at2,ac2,ad2] = attwatt(d2,ed,f,be2,sigma,tand);
[at3,ac3,ad3] = attwatt(d3,ed,f,be3,sigma,tand);

db = 8.68589; % convert to dB/m
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figure; loglog(ff,db*acl,’b-’, ff,db*ac2,’r--’, ff,db*ac3,’k:");
figure; loglog(ff,db*adl,’b-’, ff,db*ad2,’r--", ff,db*ad3,’k:’);

As expected, the attenuation in the dielectric increases with thickness and frequency. 0O

10.21 Problems

10.1

10.2

10.3

10.4

Prove Eq. (10.3.8). To do so, introduce the following polar forms,
—&p = ep +jer = leplel®, —gp —ec = &g — &c + jer = |ep + gclef®

Then, using Eqgs. (10.2.6) and some trig identities, show that Eq. (10.3.8) reduces to the equiv-
alent condition,

l&r] (sin @ +sin(Pp — 0)) + & (sin0 — sinp) = & (1 + \§C|>
.

Then, verify this condition by first proving the relationships,

&r

Ec &l &1
iné =17 Ter + el
c

sin(¢p —0)= —————— | si
¢ lerl - e + &cl &

sin¢g =
Prove Egs. (10.3.9)-(10.3.11) and thereby prove the equality v4 = Ve, for the lossless case of
surface plasmons along a single metal-dielectric interface.

Using some hyperbolic trigonometric identities, show that Eq. (10.1.6) for the transverse
magnetic field in a plasmonic waveguide can be written in the following equivalent forms,
which are commonly found in the literature,

cosh(y(x—a))—%sinh(y(x—a)), x| <a
Hy(x)=H, -{ e %, xza (10.21.1)
[ Pcc . os (x+a)
cosh(2ya)+7 sinh(2ya) | e®s , X<-a
and
Ps&s .
cosh(y(x +a)) + ?smh(y(x-#a)), x| <a
Hy(x)=H; -y [cosh(2ya) +p—S;S sinh(2ya)] e %x@ = x>gq (10.21.2)
eds(x+a) | X<-a

and show that the new constants H;, H, are related to Hy of Eq. (10.1.6) by

H, = Hypcosh(ya + ), H, = Hgycosh(ya—y)

Consider a symmetric MDM plasmonic waveguide with film width 2a and permittivities &f
and &. = &, and assume lossless media so that & is real positive and &, real negative. We
saw at the end of Sec. 10.4 that complex modes can exist in the lossless case that are highly
damped and carry no net power in the propagation direction. Consider a TM; complex mode
with B = Br —jB1, Y = Yr +Jy1, and &, = &g + j«y, satisfying the characteristic equation,
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10.6

tanh(ya)= —pc&Xcly, pc = &/ €. The magnetic field is given by Eq. (10.1.5) with ¢ = 0.
By integrating the z-component of the Poynting vector over the transverse x-direction, show
that up to an overall positive constant, the powers flowing within the dielectric film and
metal sides are given by

Br | sinh(2ygra) sin(2yja) Br [ cosh(2ygra)+ cos(2y;a)
Pr="— + , 2P.="—
&f 2YR 2yr Ec 2R
Using the characteristic equation, prove that P = —2P,, so that the net power is zero,

P = Py + 2P. = 0. Hint: Prove and use the following two results, g &; = yrYyr, and

sinh(2ygra)+j sin(2y;a)
cosh(2yra)+ cos(2y;a)

tanh((yr +Jjyna) =

Consider a symmetric MDM plasmonic waveguide with film width 2a and permittivities &¢
for the dielectric film and & = &; for the metal sides. Let B,y, & be the propagation
parameters for the corresponding symmetric solution satisfying the characteristic equation,
ytanh(ya)= —pc&., where p. = &¢/€c. Show that if & is changed by a small amount A&,
that is, &, — & + A&, then the propagation wavenumber changes from S to B + Af, where

DAY
kopc (k()) <k(2)€C * 2)

20( Z(XZ
(koa)<yk8“) (1— %) — pe(&r — &)

Computer Experiment: Anomalous Complex Modes. This problem is based on [952]. Consider
an MDM guide that has . = & = —10, & = 1, and film width 2a = A¢/4. It corresponds to
a lossless case, and therefore the modes will come in pairs, =8 — jBi, and (except for the
even g = 0 mode) carry no net power. The following two tables show the computed even
and odd modes, where the index g and the =+ signs refer to Eq. (10.9.2), and even and odd
correspond to the index m = 0,1 in Eq. (10.9.2).

AB=2 Ay, Ay= - Age (10.21.3)

Y
B

q B/ko (even modes) y/ko /Ko

0 1.21340 0.68728j | 3.38709

1| - 0.07361 — 3.87013j | 0.07127 — 3.99720j | 0.12755 — 2.23356j
1|+ | —0.07361 — 3.87013j | 0.07127 + 3.99720j | 0.12755 + 2.23356j
2| - 0.11711 — 7.93691j | 0.11620 — 7.99965j | 0.12768 — 7.27992j
2|+ | —0.11711 — 7.93691j | 0.11620 + 7.99965j | 0.12768 + 7.27992j
3| - 0.12317 —11.95816j | 0.12274 — 11.99990j | 0.12772 — 11.53251j
3|+ | —0.12317 - 11.95816j | 0.12274 + 11.99990j | 0.12772 + 11.53251j
q B/ko (odd modes) y/ko ¢ /ko

0 —1.50304j 1.80531j | 2.78224

1| - 0.10788 — 5.91526j | 0.10637 — 5.99917j | 0.12764 — 4.99950j
1|+ | —0.10788 — 5.91526j | 0.10637 + 5.99917j | 0.12764 + 4.99950j
2| - 0.12109 — 9.94970j | 0.12048 — 9.99982j | 0.12771 — 9.43388j
2 | + | —0.12109 — 9.94970j | 0.12048 + 9.99982j | 0.12771 + 9.43388j
3| — 0.12441 — 13.96418j | 0.12409 — 13.99993j | 0.12773 — 13.60144j
3| + | —0.12441 — 13.96418j | 0.12409 + 13.99993j | 0.12773 + 13.60144j

a. Following Example 10.9.1, write MATLAB code that verifies the entries in the above
tables. In addition, calculate the corresponding error norms of the two tables.
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10. Surface Waveguides

b. For all cases, calculate the net power for each mode, as well as the amount of power
and its direction flowing in the metal and the dielectric media. Note that the g = 0
even mode is the fundamental G-SPP mode. The g = 0 odd mode is truly evanescent in
the sense that it has g = 0 and f; = —Im () > 0, and it is laterally confined since &,
is positive real. This mode carries no power in any of the three media—explain why.

Verify the equality Eq. (10.16.9). As a preliminary step, use the definition, y2 = kje. — g2 =
k3 (g — jer) — (Br — jB1)?, to show the following relationship,

2B1 Re[Bel1-1BI%er = &c Im[y2] +&; y?

The Zenneck surface wave was discussed in Sec. 10.17 with field solutions given by Egs. (10.17.3).
Consider a rectangular volume, LyLy L, within the conductor whose top side coincides with
the interface with the air side, as shown below.

X
)—5
y

You may assume L, = 1 meter. Following a similar discussion as that carried out for the
Sommerfeld wire, show that the power flowing into this volume from all sides is given by,

Re[ycef] | Re[Bef] ]
21 - lyel? 20c - [yel?

air &,

L, conductor &,

L,

1
Pin=w E€0|Eo\2(1 — e 2Bilz) (1 — gm2elx) [

where & = —Im(y.)> 0. Similarly, show that the power dissipated into Ohmic losses
within the LyLy L, volume is given by,

1 , = - erlBl? + elycl®
P = —€nlEo|?(1 — e 2BiLz) (1 — p—2&clx P T elldel
loss 2 0‘ 0| ( )( ) Zﬁl'ZO(c'D’clz

where & = —Im(&.). Finally, using the relationship y2 = k3&. — B2, show that P, = Ploss.

The planar limit of the Goubau line discussed in Sec. 10.20 is obtained in the limit a,b — o,
such that the thickness, d = b — a, is kept constant. Show that the attenuation coefficient
(10.20.12) of the planar case is obtained as the limit of the Goubau line attenuation (10.19.24).
To do so, use the asymptotic forms (10.20.2) inside the integrands of Egs. (10.19.22) to show
the following limiting forms for the U, V, W,

b cos? (hd)

W:az y

U:%-[d+sm(2hd)}, V:é-[d—sm(Zhd)],

2h 2h

Then, use these into (10.19.24) and apply the planar limit.



